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Preface

About this Book

This book is a collection of notes and exercises based on the mathematics courses offered
at Dunman High School.! The scope of this book follows that of the 2025 H2 Mathemat-
ics (9758), H2 Further Mathematics (9649) and H3 Mathematics (9820) syllabi for the
Singapore-Cambridge A-Level examinations.

Notation

All definitions, results, recipes (methods) and examples are colour-coded green, blue, purple
and red respectively.

Challenging exercises are marked with a “4” symbol.

The area of a polygon A1 A,... A, is notated [A1 Ay ... A,]. In particular, the area of a
triangle ABC' is notated [AABC].

For formatting reasons, an inline column vector is notated as (z, y, z)T.

Let n be a positive integer. Then [n] represents the set {1,2,...,n}.

Contributing

The source code for this book is available on GitHub at asdia0/TripleMath. Contributions
are more than welcome.

!These notes are unofficial and are not endorsed by the school. Any mistakes are entirely mine.
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1 Equations and Inequalities

1.1 Quadratic Equations

In this section, we will look at the properties of quadratic equations as well as their roots.

Proposition 1.1.1 (Quadratic Formula). The roots « and [ of a quadratic equation
ax?® + bx + ¢ = 0, where a # 0 can be found using the quadratic formula:

_ —bE Vb — dac

a, B g
Proof. Completing the square, we get
b\* b
ar’ +br+c=alz+ — ——+c=0,
2a 4a

which rearranges as

2a 2a v 2a
O

Definition 1.1.2. The expression under the radical, b> —4ac, is known as the discriminant
and is denoted A.

Proposition 1.1.3 (Nature of Roots).
e If A > 0, the roots are real and distinct.
e If A =0, the roots are equal.

e If A <0, the roots are complex.

Proof. Let the roots to the quadratic equation az? 4+ bz + ¢ = 0 be a and 5. By the
quadratic formula,
b, VA

= — 4+ —.
@, f 2a 2a

Clearly, if A > 0, then v/D > 0, whence the two roots are different. If A = 0, then v/D = 0,
whence a = 8 = —b/2a. If A < 0, then v/D is not real, whence o and 3 are complex. [J

Remark. Not only are o and 3 complex, but they are also complex conjugates. We will
cover this later in §13.
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Proposition 1.1.4 (Vieta's Formula for Quadratics). Let o and (3 be the roots of the
quadratic az? 4+ bx + ¢ = 0, where a # 0. Then

oz—f—ﬁz—g, aﬁzg.

Proof. Since a and (8 are roots, we can rewrite the quadratic as

ax2+bx+c:a(:v—a)(x—ﬁ):a[mQ—(a%—ﬁ)x—l—aﬂ}.

Comparing coefficients yields

1.2 System of Linear Equations

Definition 1.2.1. A set of two or more equations to be solved simultaneously is called a
system of equations. If the system has only equations that contain unknowns of the
first degree, it is a system of linear equations.

Definition 1.2.2. A system of equations is said to be consistent if it admits solutions.
Conversely, if there are no solutions to the system, it is said to be inconsistent.

Example 1.2.3. The system

3z + 6y =3
3xr+8y=9
is consistent, since x = —5, y = 3 is a solution. On the other hand, the system
3z + 6y=3
6+ 12y =7

is inconsistent, as it does not admit any solutions (why?).

Proposition 1.2.4. If a system of linear equations is consistent, it either has a unique
solution or infinitely many solutions.

Proof. Geometrically, if a collection of lines has more than one common point, they must
all be equivalent. O

1.3 Inequalities

Fact 1.3.1 (Properties of Inequalities). Let a,b,c, € R.
e (transitivity) If a > b and b > ¢, then a > c.
e (addition) If @ > b, then a +¢ > b+ c.

e (multiplication) If @ > b and ¢ > 0, then ac > bc; if ¢ < 0, then ac < be.
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1.3.1 Solving Inequalities
In this section, we introduce two main methods of solving inequalities.

Recipe 1.3.2 (Graphical Method). Plot the function and observe which z-values satisfy
the inequality.

Recipe 1.3.3 (Test-Value Method).
1. Indicate the root(s) of the function on a number line (i.e. where f(z) = 0).
2. Choose an x-value within each interval as your test-value.

3. Using the test-value, evaluate whether the function is positive/negative within that
interval.

Note that the test-value method is only useful for inequalities where one side is 0, e.g.

f(z) > 0.
Sample Problem 1.3.4 (Test-Value Method). Solve the inequality 2z — z2 > —3.
Solution. In order to apply the test-value method, we must first make one side of the

inequality O:
2 —ax?> -3 = 22 -2 -3<0.

Since 22 — 2z — 3 = (x + 1)(z — 3), the critical values are x = —1 and z = 3. Picking
r= -2, =0and z =4 as our test-values, we see that x> — 22 — 3 is only negative on
the interval (—1,3). Hence, the solution is [—1, 3]. O

In the case where the function is rational, i.e. f(x)/g(x), there is an additional method
we can use.

Recipe 1.3.5 (Clearing Denominators). Multiply the square of the denominator, i.e. [g(z)]?,

throughout the inequality.

Note that the square ensures that the sign of the inequality is preserved.

1.4 Modulus Function

Definition 1.4.1. The modulus function |z|, where z € R, is defined as

x if x>0,
|z| = .
—x ifz <0O.

The modulus function can be thought of as the “distance” between a number and the
origin (the number 0) on the real number line.

Fact 1.4.2 (Properties of Modulus Function). For any = € R and k& > 0,
o |z| >0.

|:C2} = |z|* = 2% and V22 = |z

lz] <k <= —k<uz<k.

x| =k <= z=—-korz=kF.

|| >k <= < —korz>k.



2 Numerical Methods of Finding Roots

2.1 Bolzano’s Theorem

The following theorem forms the basis for finding roots numerically.

Theorem 2.1.1 (Bolzano's Theorem). Let f(x) be a continuous function on the interval
[a,b]. If f(a) and f(b) have opposite signs, i.e. f(a)f(b) < 0, then there exists at least
one real root in [a, b].

Additionally, if f(x) is strictly monotonic on [a, b], then there is exactly one real root in
[a, b].

2.2 Numerical Methods for Finding Roots

A numerical method for finding roots typically consists of two stages:
1. Estimate the location of the root

Obtain an initial approximate value of this root.

2. Improve on the estimate (via an iterative process)

An iterative process is a repetitive procedure designed to produce a sequence of
approximations {z,} so that the sequence converges to a root. The process is
continued until the required accuracy is reached.

In this chapter, we will look at three numerical methods for finding roots, namely linear
interpolation, fixed point iteration and the Newton-Raphson method.

2.3 Linear Interpolation

Linear interpolation is a numerical method based on approximating the curve y = f(z) to
a straight line in the vicinity of the root. The approximate root of the equation f(z) =0
is the intersection of this straight line with the z-axis.

2.3.1 Derivation

Figure 2.1
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Suppose f(x) = 0 has exactly one root « in the interval [a, b], where f(a) and f(b) have
opposite signs. By the point-slope formula, the line connecting the points (a, f(a)) and

(b, f(b)) is given by

v fla)= O T,y
At the point (c,0),
_ f(b) = f(a) _ af(b) — bf(a)
O—f(a)—ﬁ(c—a) = C—W.

Linear interpolation can be repeatedly applied by replacing either the lower or upper
bound of the interval with the previously found approximation.

2.3.2 Convergence

Convergence of the approximations is guaranteed for linear interpolation. However, how
good the estimation is depends on how "straight” the graph of y = f(z) is in [a, ], i.e. the
rate at which f’(z) is changing in [a, b]. This rate also affects the rate of convergence: if
f'(x) changes considerably, the rate of convergence is slow; if f/'(z) does not change much,
the rate of convergence is fast.

2.4 Fixed Point lteration

Fixed point iteration is used to find a root of an equation f(z) = 0 which can be written in
the form x = F(x). The roots of the equation are the abscissae of the points of intersection
of the line y = x and y = F(z).

2.4.1 Derivation

Let a be a root to f(z) = 0. Since f(z) = 0 can be written in the form = = F(z), we
clearly have a = F(a). Now observe that we can replace the argument o with F'(«):

a=Fla)=FoF(a)=FoFoF(a)=....

Assuming certain conditions on F' which we will see below, the repeated composition of
F(z) converges to the root a:

a=FoFoFo---o0F(x).

2.4.2 Geometrical Interpretation

Geometrically, fixed-point iteration can be seen as repeatedly ”reflecting” the initial
approximation point (z1, F(x1)) about the line y = z, while keeping the resultant point on
the curve y = F(x).
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A

Figure 2.2

2.4.3 Convergence

Convergence is not guaranteed. The rate at which the approximations converge to «
depends on the value of |F'(z)| near a. The smaller |F'(z)| is, the faster the convergence.
It should be noted that fixed-point iteration fails if |F'(x)| > 1 near a.!

+

i H H

O T2 I T3

Figure 2.3: Divergence occurs when |F’(x)| > 1 near a.

More rigorously, by the Banach fixed-point theorem, fixed-point iteration converges to « if and only if F
acts as a contraction mapping around a, i.e. |F'(z)| < 1 near x = a.
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2.5 Newton-Raphson Method

The Newton-Raphson method is a numerical method that improves on linear interpolation
by considering the tangent line at the initial approximation to the root.

2.5.1 Derivation

Figure 2.4

Let a be a root to f(z) = 0. Consider the tangent to y = f(z) at the point where z = ;.
In most circumstances, the point (z2,0) where this tangent cuts the x-axis will be nearer to
the point («,0) than (z1,0) was. By the point-slope formula, the equation of the tangent
to the curve at x = x1 is

y = f(@1) = f(@1) (@ — 21).
Since (x2,0) lies on the tangent line, we have
o (1)
f'(@1)
By repeating the Newton-Raphson process, we are able to get better approximations to a.
In general,

Tn+l = Tp — f/(l‘ )
n

To =2

2.5.2 Convergence

The rate of convergence when using the Newton-Raphson method depends on the first
approximation used and the shape of the curve in the neighbourhood of the root. In
extreme cases, these factors may lead to failure (divergence). The three main cases are:

e |f/(x1)] is too small (extreme case when f’(z1) = 0),
e f'(x) increases/decreases too rapidly (|f”(x)]| is too large),

e z is too far away from «.
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Figure 2.5: Divergence occurs when x; is too far away from «.
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3 Functions

3.1 Definition and Notation

Definition 3.1.1. A function f is a rule or relation that assigns each and every element
of x € X to one and only one element y € Y. We write this as f: X — Y and read it
as “f maps x to Y. X is called the domain of f, denoted Dy, while Y is called the
codomain of f. The elements of y that get mapped to under f is known as the range of
f, denoted Ry. Mathematically, Ry = {f(x) |z € Dy} .

To define a function, we must state its rule and specify the domain. There are two ways
to represent this:

fix—a2’4+1,2€R or fz)=2+1,z€R.
—_— —_—
the rule Dy the rule Dy

Note that two functions are equal if and only if they have the same rule and domain.
For instance, the function g : = — 2% + 1, x € Z is not equal to f (as defined above) since
their domains are not equal (R # Z).

Note that f is not the same as f(z); f is a map, while f(x) is the value that f maps =
to.

3.2 Graph of a Function

Definition 3.2.1. The graph of f(z) is the collection of all points (x,y) in the xy-plane
such that the values x and y satisfy y = f(z).

Proposition 3.2.2 (Vertical Line Test). A relation f is a function if and only if every
vertical line x = k, k € Dy cuts the graph of y = f(x) at one and only one point.

Proof. By definition, a function f is a relation which maps each element in the domain to
one and only one image. O

3.3 Injective, Surjective and Bijective Functions

Definition 3.3.1. A function is injective (one-one) if each element in its codomain has at
most one pre-image. Mathematically, for all x1,z2 € Dy,

f(z1) = f(z2) = 21 =12

Proposition 3.3.2 (Horizontal Line Test). A function f is injective if and only if any
horizontal line y = k, k € Ry cuts the graph of y = f(x) at one and only one point.

Proof. We only prove the backwards case as the forwards case is trivial. Suppose y = k
and y = f(x) intersect more than once. Then there exist two distinct elements 1 and x2
in Dy such that f(x1) = f(x2), whence f is not injective. O
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Proposition 3.3.3 (Strict Monotonicity Implies Injectivity). All strictly monotone functions
are injective.

Proof. Seeking a contradiction, assume that there exists a strictly increasing function
f: X — Y which is not injective. Then there exists x1,x2 € X such that f(z1) = f(z2)
but 1 # xo. Without loss of generality, assume x; < x3. But because f is strictly
increasing, we have f(z1) < f(z2), a contradiction. Therefore, all strictly increasing
functions are injective. Similarly, all strictly decreasing functions are injective. O

To prove that a function is not injective, it is sufficient to provide a specific counter-
example.

Definition 3.3.4. A function is surjective (onto) if each element in its codomain has at
least one pre-image. Mathematically, for all y € Y, there exists some x € X such that

y=f(x).
Equivalently, a function is surjective if its range and codomain are equal.

Definition 3.3.5. A function is bijective (one-one and onto) if it is both injective and
surjective. That is, each element in its codomain has exactly one pre-image.

3.4 Inverse Functions

Definition 3.4.1. Let f : X — Y be an injective function. Its inverse function, f~! :
Y — X is a function that undoes the operation of f. Mathematically, for all z € Dy,

Ty =2 = fl@)=y.

Fact 3.4.2 (Properties of Inverse Function).
e Dy =Rp1 and Ry = Dy

e The graphs of f and f~! are reflections of each other in the line y = .

-
Yy . —
. Yy =
-
. —
4 7:1
. Y
-
-
-
-
.
-
oy
e
-
.
.
.
.
-
.
.
-
. -
-
-
7 - :L‘
Z
10
.
.
-
-
.
.
- /
- /
e [
-

Figure 3.1: The graphs of f and f~! are reflections of each other in the line y = x.
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3.5 Composite Functions

Definition 3.5.1. Let f and ¢ be functions. Then the composite function gf is defined
by
9f(x) = g(f(x)) =go f(x), xeDy.

Proposition 3.5.2 (Existence of Composite Function). The composite function gf exists
when Ry C D,.

Proof. Suppose Ry € Dy. Then there exists some element y in Ry that is not in D,.
Let the pre-image of y under f be x. Then gf(z) = g(y) is undefined, whence gf is not
well-defined and is hence not a function. O

Note that in general, composition of functions is not commutative, i.e. fg # gf.
We write the composition of f with itself n times as f™(z). For instance, ff(x) = f(f(z))
can be written as f2(z). This should not be confused with [f(x)]".

3.5.1 Composition of Inverse Function

Suppose f : x — y has an inverse f~! : y — z. By the definition of an inverse function.

frofl@)=fof z)=u.

Though f~!f and ff~! have the same rule, they may have different domains. This is
because Dy-1; = Dy, while Dyy1 = Dy-1.
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4 Graphs and Transformations

4.1 Characteristics of a Graph

When we sketch a graph, we need to take note of the following characteristics and indicate
them on the sketch accordingly:

e Axial intercepts. z- and y-intercepts.
e Stationary points. Maximum, minimum points and stationary points of inflexion.
o Asymptotes. Horizontal, vertical and oblique asymptotes.

When sketching a graph, the shape and any symmetry must be clearly seen.

4.2 Asymptotes

Definition 4.2.1. An asymptote is a straight line such that the distance between the
curve and the line approaches zero at the extreme end(s) of a graph, i.e. the curve
approaches the line but never touches it at these ends.

Definition 4.2.2. Let a and b be constants.

e If x — 400, y — a, then the line y = a is a horizontal asymptote.
o If x — a, y — +o00, then the line x = a is a vertical asymptote.

o If x — +00, y — (ax + b) — 0, then the line y = ax + b is an oblique asymptote.

4.3 Even and Odd Functions

Definition 4.3.1. A function f(z) is even if and only if f(—z) = f(z) for all x in its
domain.

Geometrically, a function is even if and only if the graph y = f(x) is symmetrical about
the y-axis.

Definition 4.3.2. A function f(z) is odd if and only if f(—z) = —f(z) for all = in its
domain.

Geometrically, a function is odd if and only if the graph y = f(z) is symmetrical about
the origin.

4.4 Graphs of Rational Functions

A rational function f is a ratio of two polynomials P(z) and Q(z), where Q(z) # 0.
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4.4.1 Rectangular Hyperbola

A rectangular hyperbola is a hyperbola with asymptotes that are perpendicular to each
other. The general formula for a rectangular hyperbola is y = Z;*i‘fl, where a, b, ¢ and d
are constants. Note that the curve y = Z;”Ig has a vertical asymptote x = —d/c and a
horizontal asymptote y = a/c. The two possible shapes of a rectangular hyperbola are

shown below.

y=a/c__
======cc--o----- I e
/0
|
r=—d/c)
1l
Figure 4.1: Hyperbolas of the form y = ‘;ﬁ_’g

4.4.2 Hyperbolas of the Form y = —afﬂzgfrc
A hyperbola of the form y = %7 where a, b, ¢, d and e are constants, has one vertical

and one oblique asymptote. The vertical asymptote has equation x = —e/d. To deduce
the oblique asymptote, we must first convert the equation to the form y = px + g + #Jre
(via long division or otherwise). These graphs will generally take one of the two forms
below, which can be easily deduced by checking the axial intercepts.

o 7
4
r=—e/di | |Y p
| 7
o p 7
v 7
l 74
| /4
| e
| v
7
I o
| s 7
| P - /
| . / X
T 7z l
/. /
10
. /
ot
g [
S | |
)z R
Ve l |
v | i
Sz i
ez I |
Vs 1
7 ‘
Vi |
7 —_ |
Jy=pr+q |
Z | |
ax+br+c

Figure 4.2: Hyperbolas of the form y = Tote
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4.5 Graphs of Basic Conics

A conic is a curve that can be formed by intersecting a right circular conical surface with a
plane. We will examine four types of conics: parabola, circle, ellipse and hyperbola. When
sketching graphs of conics, it is important to identify their unique characteristics.

4.5.1 Parabola

2

Parabolas are curves with equations y = az? or « = by?, where a and b are constants.

Y a>0
—a<0

Figure 4.3: Parabolas with equation y = ax?.

Parabolas with equation y = ax? have a line of symmetry = 0 and a vertex at the
origin.

Y b>0
—b<0

Figure 4.4: Parabolas with equation x = by?.

Parabolas with equation 2 = by? have a line of symmetry y = 0 and a vertex at the
origin.

4.5.2 Circle

A circle is a set of all points in a plane which are the same distance (radius r) from a fixed
point (centre). A basic circle with centre at the origin O and radius r is shown below.
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Figure 4.5: Circle with equation 22 4 y? = r2.

Any straight line that passes through the centre of the circle is a line of symmetry. The
above circle has vertices at (r,0), (—=r,0), (0,7) and (0, —7).
In general,

e the standard form of the equation of a circle with centre at (h, k) and radius r is
(x — h)? + (y — k)% = r2, where r > 0.

e the general form of the equation of a circle is Az? + Ay?> + Bx +Cy + D = 0.

4.5.3 Ellipse

An ellipse is a circle that has been scaled parallel to the z- and/or y-axes. The standard

form of the equation of an ellipse centred at (0,0) is i—z + :z—z =1, where a,b > 0. a and b
are known as the horizontal and vertical radii respectively.

Y

. . . . 2
Figure 4.6: Ellipse with equation i—; + 7;—2 =1
The lines of symmetry for the above ellipse are the z- and y-axes, while its vertices are
(aa O)? (—LL, 0)7 (07 b) and (07 _b)
In general,
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e the standard form of the equation of an ellipse with centre at (h, k) and radius r is

7(36;2’1)2 + 7(@’;2}9)2 =1, where r > 0.

e the general form of the equation of an ellipse is Az? + Bz? + Cx + Dy + E = 0.

4.5.4 Hyperbola
The hyperbola is a conic with two oblique asymptotes. The standard form of a hyperbola

centred at the origin O is either x—; Y o ¥ é =1, where a,b > 0, depending on
a a

b2 T b2
the orientation of the hyperbola.

v
7/
<
N
N\
¥
o

NN Z = Y- —
Q\i\ y z a2 b2 ].
A i R 2 1
N y=bxr/a. b2 T a2 —
N s
N g

N 1 7

. .
—a NN a x€X

ol
y N

p N

=b N
v N
[ RN
////7,,/ y = —b$ @\\;t\\
7 N
7 AN
7 N
e AN
7 AN
Z N
Figure 4.7

Both hyperbolas have the origin as their centres, the z- and y-axes as their lines of

symmetry, and their two oblique asymptotes are y = :I:gx. The hyperbola with equation

22 _ %% — 1 has vertices (—a,0) and (a,0), i.e. a is the horizontal distance from the centre

az T b2 T

to the vertices. Similarly, the hyperbola with equation % — ‘”—z = 1 has vertices (0, —b) and
b a

(0,b), i.e. b is the vertical distance from the centre to the vertices.

In general,

e the standard form of the equation of a hyperbola with centre at (h, k) and radius r

iS (3352}7')2 _ (y;f)2 — 1 or 7(?4;5)2 — 7(3:;2}1)2 = 1 Where a, b > 0

e the general form of the equation of a hyperbola is Az? — Bx? + Cx + Dy + E = 0.

4.6 Parametric Equations

Definition 4.6.1. A set of parametric equations define a curve by expressing the coor-
dinates (z,y) in terms of an independent variable ¢ (the parameter), i.e. z = f(t) and

y=g(t).

Example 4.6.2 (Parametric Equations of a Circle). The parametric equations x = cos 0,
y =sin6, 6 € [0, 27) defines a unit circle.

Note that changing the domain of the parameter may change the shape of the curve,
even if the same pair of parametric equations are used. Using the above example, if we
instead take 6 € [0, 7) the resulting curve is that of a semicircle.

To convert a pair of parametric equations to Cartesian form, the parameter must be
eliminated. This can be done by either expressing ¢ in terms of 2 and/or y.
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Example 4.6.3 (Parametric to Cartesian via Substitution). Consider the parametric equa-
tions x = t2 + 2t, y = t2 — 2t. Observe that x — y = 4¢, whence t = (v — y)/4. Thus, the
Cartesian equation of the resulting curve is

- (5)

2<$;y>.

A similar process is used to convert implicit Cartesian equations into parametric form.
Note that explicit Cartesian equations can be trivially converted: simply take x = t.

4.7 Basic Linear Transformations

4.7.1 Translation

For a > 0,

How y = f(z) was
transformed

Graphical effect on
y=f(z)

Effect on = or y values

y replaced with y — a

Translated a units in the
positive y-direction.

(z,y) = (z,y +a)

y replaced with y + a

Translated a units in the
negative y-direction.

(1:73/) = (.’E,y— CL)

x replaced with = — a

Translated a units in the
positive z-direction.

(z,y) = (z + a,y)

x replaced with = + a

Translated a units in the
negative x-direction.

(IE,y) — (‘T - a’ay)

4.7.2 Reflection

For a > 0,

How y = f(z) was
transformed

Graphical effect on
y = f(z)

Effect on = or y values

y replaced with —y

Reflected in the z-axis.

(IL‘,y) — (1‘, _y)

x replaced with —x

Reflected in the y-axis.

(x,y) — (—$,y)

4.7.3 Scaling

For a > 0,

How y = f(z) was
transformed

Graphical effect on
y = f(z)

Effect on = or y values

y replaced with y/a

Scaled by a factor of a
parallel to the y-axis.

(z,y) — (z,ay)

x replaced with x/a

Scaled by a factor of a
parallel to the z-axis.

(z,y) = (az,y)
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4.8 Relating Graphs to the Graph of y = f(z)

4.8.1 Graph of y = |f(z)|
Note that

y= If(x)IZ{

Recipe 4.8.1 (Graph of y = |f(z)|). To obtain the graph of y = |f(x)| from the graph of
y=f(z),

e Retain the portion of y = f(z) above the z-axis.

e Reflect in the z-axis the portion of y = f(z) below the z-axis.

Example 4.8.2 (Graph of y = |f(z)|). Consider the following graph of y = f(z).

(-1, 22)

Figure 4.8

Reflecting the portion of the curve below the z-axis, we get the following graph of

y = |f(2)].

Figure 4.9
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4.8.2 Graph of y = f(|z])

Note that
f(x) x>0,

y—f(lx!)—{f(_x) N

Recipe 4.8.3 (Graph of y = f(|z|)). To obtain the graph of y = f(|z|) from the graph of
y = [f(z),

e Retain the portion of y = f(z) where x > 0.

e Delete the portion of y = f(x) where x < 0.

e Copy and reflect in the y-axis the portion of y = f(x) where x > 0.

Example 4.8.4 (Graph of y = f(|z])). Let the graph of y = f(x) be as in Fig. 4.8.
Following the above steps, we see that the graph of y = f(|z|) is

v y = f(le)

Figure 4.10

4.8.3 Graph of y =1/f(x)

There are several key features and behaviours that we must note when drawing the graph

of y =1/f(x).
e If y = f(z) increases, 1/f(x) decreases and vice versa.

e For a minimum point (a,b) where b # 0 on the graph of y = f(z), it corresponds to
a maximum point (a,1/b) on the graph of y = 1/f(z) and vice versa.

For an z-intercept (a,0) on the graph of y = f(x), it corresponds to a vertical
asymptote = a on the graph of y = 1/f(x) and vice versa.

Oblique asymptotes on the graph of y = f(z) become horizontal asymptotes at y = 0
on the graph of y = 1/f(x).

Example 4.8.5 (Graph of y = 1/f(z)). Let the graph of y = f(x) be as in Fig. 4.8.
Following the above pointers, we see that the graph of y = 1/f(z) is
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y=1/f(x)

Figure 4.11
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5 Polar Coordinates

5.1 Polar Coordinate System

Definition 5.1.1. Let the pole (or origin) be a point O in the plane. Let the initial line
(or polar axis) be a half-line starting at O. Let P be any other point in the plane. Then
P has polar coordinates (r,6), where r is the distance from O to P and 6 is the angle
between the initial line and the line OP.

0 =

s
2

P(r,0)

Figure 5.1

There are some conventions regarding the pole and the initial line.
e The initial line is usually drawn horizontally to the right.

e The polar angle 6 is positive if measured in the anti-clockwise direction from the
initial line and negative in the clockwise direction.

e If P =0, then » = 0, and we may use (0, 6) to represent the pole for any value of 6.

Recall that in the Cartesian coordinate system, each point has a unique representation.
This is not the case in the polar coordinate system. For example, the point (1, %77) could
also be written as (1, %ﬁ) or as (—1, %ﬂ'). In general, because a complete anti-clockwise
rotation is given by the angle 27, the point (r, ) can also be represented by (r, 8 + 2n)
and (—7, (2n + 1)), where n is any integer.

To avoid this ambiguity, it is common to restrict to 0 < 8 < 27 or —7 < 6 < 7 and to
take r > 0.
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5.2 Relationship between the Polar and Cartesian Coordinate
Systems

Suppose the point P has Cartesian coordinates (z,y) and polar coordinates (r,#). From
the figure above, we have

x . Y
cosf = —, sinf ==,
r r

Thus
)
T =1cosb, = rsiné.

Note that while the above were deduced from the case where r > 0 and 0 < 6 < 7, these
equations are valid for all values of r and 6.
From the figure, we also have

r? =22 +4% tanf = g,
x

which allows us to find r» and # when x and y are known.

5.3 Polar Curves

Definition 5.3.1. The graph of a polar equation r = f(0) consists of all points P(r,0)
whose coordinates satisfy the equation.

Fact 5.3.2 (Symmetry of Polar Curves).

e [f the equation is invariant under 6 — —6@, the curve is symmetric about the polar
axis.

e If the equation is invariant under r — —r, or when 6 — 6 + 7, the curve is
symmetric about the pole (i.e. the curve remains unchanged when rotated by 180°
about the origin).

e If the equation is invariant when 6 — 7w — 0, the curve is symmetric about the
vertical line 6 = 7.

e If r is a function of cosnf only, the curve is symmetric about the horizontal half
lines 6 = %7[‘, kelZ.

e If r is a function of sin n# only, the curve is symmetric about the vertical half-lines
0= 2’;—“7, ke Z.

n

e If only even powers of r occur in the equation, the curve is symmetric about the
pole.

Proposition 5.3.3 (Tangents to Polar Curves). The gradient of the tangent to a polar
curve r = f(#) at any point is

% _ r'sinf 4 rcosd

dr  1'cosf —rsinf’
Proof. Recall that
T =rcosb, y =rsinf.
Differentiating with respect to 0,

d d
d—Z:r'cosﬁ—rsinﬁ, d—gzr’sinﬁ—i—rcosﬁ.
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Thus,
dy  dy/d®  r'sinf +rcosd

dr  dxz/d0  1'cosf —rsin’

O

Remark. To find horizontal tangents (i.e. dy/dx = 0), we can solve dy/df = 0 (provided
dz/df # 0). Likewise, to find vertical tangents (i.e. dy/dz undefined), we can solve
dz/df = 0 (provided dy/df # 0). Lastly, if we are looking for tangent lines at the pole,
where r = 0, the equation simplifies to

dy

e tan @,

provided dr/df # 0.
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6 Sequences and Series

6.1 Sequences

Definition 6.1.1. A sequence or progression is a set of numbers uy, u2, us, ..., Un, - -
arranged in a defined order according to a certain rule. In general, u, is called the nth
term.

Remark. A sequence can be thought of as a function with domain Z*.

Definition 6.1.2. A sequence is said to be finite if it terminates; otherwise it is an infinite
sequence.

Definition 6.1.3. If an infinite sequence u,, approaches a unique value [ as n — oo, then
the sequence is said to converge to I. We say that [ is the limit of u,. A sequence that
does not converge is said to diverge.

§23.1 provides several tests to determine the convergence of a sequence.
When describing sequences, one should identify

e Trends (increasing/decreasing, constant, alternating)

e Long-run behaviour of an infinite sequence (convergent or divergent)

6.2 Series

Definition 6.2.1. A series is the sum of the terms of a sequence u,,. The sum to n terms
is denoted by S, i.e.
Sp=ur +ug+ -+ uUp—1 + Up.

Similar to sequences, a series can be finite or infinite. If a series is infinite, it can further
be categorized as convergent or divergent. §23.2 provides several tests to determine the
convergence of a series.

6.3 Arithmetic Progression

Definition 6.3.1. An arithmetic progression (AP) is a sequence u,, in which each term
differs from the preceding term by a constant called the common difference. The first
term of an AP is usually denoted by a and the common difference by d. Mathematically,

Up =a+ (n—1)d.

Definition 6.3.2. An arithmetic series is obtained by adding the terms of an arithmetic
progression.
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Proposition 6.3.3. The nth term .S,, of an arithmetic series is given by

Proof. Note that for all integers k € [1,n],
U+ Up—gr1 =[a+ (k—=1)d+[a+(n—k)d=a+]a+(n—1)d =a+1.
Hence, by pairing the kth term with the (n — k + 1)th term, we get

2S5, = (u14up)+(ug+up—1)+- -+ (Up—1+u2)+(up+u)) =n(a+1) = S, =— .

6.4 Geometric Progression

Definition 6.4.1. A geometric progression (GP) is a sequence u,, in which each term is
obtained form the preceding one by multiplying a non-zero constant, called the common
ratio. The first term of a GP is usually denoted by a and the common ratio by 7.
Mathematically,

up = ar™ L.
Remark. In the case where r = 1, the geometric progression becomes an arithmetic
progression.

Definition 6.4.2. A geometric series is the sum of the terms of a geometric progression.

Proposition 6.4.3. The nth term S,, of a geometric series is given by

_a(l—r")
Sn = 1—7r 7

where 7 # 1. If the series is infinite, the sum to infinity S exists only if |r| < 1 and is
given by

a
Soo = T

Proof. By the definition of a series, we have

S,=a+ar+--+ar" 2 +a" L (1)
Multiplying both sides by r yields

rSp = ar+ar® + - +ar"t 4 ar™. (2)
Subtracting (2) from (1), we have

1-7r)Sp,=a—ar" = S, = aq::n)
Suppose |r| < 1. In the limit as n — oo, we have r™ — 0. Hence,
a(l—0 a
Soc = (1—7") T 1
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6.5 Sigma Notation

Definition 6.5.1. The series uy + g1+ - - -+ U, can be denoted using ¥ (sigma) notation
as

Uk+uk+1+"‘+umzzu7“-

Here, 7 is called the index, and can be replaced with any letter. k is the lower limit of r,
while m is the upper limit of r. There are a total of m — k + 1 terms in the sum.

Fact 6.5.2 (Properties of Sigma Notation).

n

Z (up £vp) = Zurizvr

r=1
Zcur = cZuT.
r=1 r=1
n n m—1
ZUT:ZU’"_ZU“ n>m>1.
r=m r=1 r=1

Fact 6.5.3 (Standard Series). The sum of the following standard series can be quoted and
applied without proof. Note that m = ¢ — p+ 1 is the number of terms being summed.

e Series of constants

q
E a = ma.
r=p

e Arithmetic series

Zr— (P+q).

e Geometric series

a™—1
Za a—l)'
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7 Recurrence Relations

Definition 7.0.1. A recurrence relation is an equation that defines a sequence based on
a rule that gives the next term as a function of the previous term(s).

7.1 First Order Linear Recurrence Relation with Constant
Coefficients
Definition 7.1.1. A first order linear recurrence relation with constant coefficients is
a recurrence relation of the form
Up = aUp—1 + b,

where a and b are constants. If b = 0, the recurrence relation is said to be homogeneous.

There are two main ways to solve the above recurrence relation: by converting the
recurrence relation into a geometric progression, or solving by procedure.

7.1.1 Converting to Geometrical Progression

Recipe 7.1.2 (Converting to Geometrical Progression). Let k be the constant such that
Un +k=a(up,—1+k).

Then we clearly have k = %. We now define a new sequence v,, = u,, + k. This turns
our recurrence relation into
Up = AUp—1,

whence v, is in geometric progression. Thus, v, = via™~!. Writing this back in terms of
Uy, We get
U + k= (up +k)a" b = u, = (ug +k)a" — k.

Example 7.1.3 (Solving by GP). Consider the recurrence relation

1
up =0, u,= §un_1—|—10, n > 1.

Let k£ be the constant such that

1
un—I—k:ﬁ(unfl—i—k).

Then
10

k= = —20.
1/2 -1 0

We hence have 1
Up — 20 = 3 (Up—1 — 20),
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whence the sequence {u, — 20} is in geometric progression with common ratio 1/2. Thus,

1 n—1
Up — 20 = (ug — 20) <2) .

Rearranging, we obtain the solution

Up = —20 1 “*1+20__40 E n—|—20
n — 2 - 2 .

7.1.2 Solving by Procedure

Definition 7.1.4. Given a first order linear recurrence relation with constant coefficients
Uy = Up—1 + b,

® u, = au,_1 is the associated homogeneous recurrence relation.

° u,(f) = (Ca” is the general solution of the associated homogeneous recurrence relation
and is called the complementary solution.

u,(lp) = k is the particular solution to the recurrence relation.

Fact 7.1.5 (Solving by Procedure). The general solution is given by
Uy = u' +uP) = Ca™ + k.
Example 7.1.6 (Solving by Procedure). Consider the recurrence relation
1
u =0, u,= Eun,l + 10, n>1.

Observe that the associated homogeneous recurrence relation is u, = %Un—y Hence, the
complementary solution is

for some arbitrary constant C'. Let the particular solution be u%p ) — k. Then
1
k:§k+10 = k = 20.

Hence, the general solution is
1 n
up = ul® +ulP) = C <2> + 20.
Using the initial condition u; = 0, we have

1
o=c (L) +20 = o=

1\ "

Thus,
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7.2 Second Order Linear Homogeneous Recurrence Relation with
Constant Coefficients

Definition 7.2.1. A second order linear homogeneous recurrence relation with constant
coefficients is a recurrence relation of the form

Up = AUp—1 + bup_2,

where a and b are constants.

Recipe 7.2.2 (Solving by Procedure). To solve the recurrence relation
Uy = AUp_1 + bup_2,

1. Form the quadratic equation

22 —ar—b=0.

This is called the characteristic equation.
2. Find the roots o and 3 of this characteristic equation.

3. Then u,, has the general solution
o u, = Aa"™ + Bp", if a # [ (distinct roots, may be real or non-real).
e u, = (A+ Bn)a", if a = [ (real and equal roots).

i6 (

e u, = Ar"cosnf + Br*sinnf, if o = re' and 8 = re~? (non-real roots).

Proof. For u,11 = puy + qun—1 with given initial conditions u; and ws, let the constant k
be such that

Unt1 — kup = (p — k) (un — kup—1). (1)
Note that this is a GP. Comparing coefficients of u,_1, we get
(p—k)k=—-q = k*—pk—q=0.

This is the characteristic equation. Let the roots to the characteristic equation be k = «
and k = 8. By Vieta’s formulas,
—-p
at+f=—(—)=
==(F)

Now, using the fact that (1) is in GP, we get
Uyt — Ky = (p— k)" Hug — kuy). (2)
Substituting £ = « into (2), we obtain
Uni1 — oty = B (ug — auy) . (3a)
Substituting k = /5 into (2), we obtain
Unt1 — By = "1 (ug — Buy) . (3b)

We now analyse the case where a = 8 and « # [ separately.
Case 1: o = (. Since the two roots are equal, (3a) and (3b) are equivalent. Taking

either,
Un+1 Un,

Upt1 — QUy = a"_l(uQ —auy) = = Uy — Q.

an—l an—?
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The sequence {QZEQ } is hence in AP with common difference us — cu;. Invoking the closed
form for AP, we obtain

u u AT
a”iQ = T—ll + (n—1)(ug — auy) = up = "2 (—a_ll +(n—1)(uz — au1)> .
Simplifying,
2
w= | (22 2) (2= ) n| " = 4+ B,
(6% (6% (6 (0%

Case 2: « # (3. Observe that (312:(5%) yields

" Hug — Buy) — B Hug — aul)‘

a—pf

Up =
Simplifying, we have

- uz — Buq n Uz — Uy n __ n n
“”_[am—ﬁ)]“ +[B(ﬁ—a)]ﬁ = Aot B

We now consider the case where o and  are non-real. By the conjugate root theorem,
we can write a = re'? and 8 = re~. Substituting this into the above result, we have

U, = A (rele) +B (re_19> =r" (Ae”“9 + Be_me) .
By Euler’s identity,

up =1"[(A+ B)cosnb + i(A — B)sinnb| = Cr" cosnf + Dr" sinnf.
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8 Vectors

8.1 Basic Definitions and Notations

Definition 8.1.1. A vector is an object that has both magnitude and direction. Geomet-
rically, we can represent a vector by a directed line segment P(), where the length of
the line segment represents the magnitude of the vector, and the direction of the line
segment represents the direction of the vector. Vectors are typically denoted by bold
print (e.g. a) or by @

Definition 8.1.2. The magnitude of a vector a is the length of the line representing a,
and is denoted by |a|.

Definition 8.1.3. Two vectors a and b are said to be equal vectors if they both have
the same magnitude and direction. a and b are said to be negative vectors if they have
the same magnitude but opposite directions.

Definition 8.1.4 (Multiplication of a Vector by a Scalar). Let A be a scalar. If A > 0, then
Aa is a vector of magnitude \|a| and has the same direction as a. If A < 0, then \a is a
vector of magnitude —A |a| and is in the opposite direction of a.

Definition 8.1.5. The zero vector is the vector with a magnitude of 0 and is denoted 0.

Definition 8.1.6. Let a and b be non-zero vectors. Then a and b are said to be parallel
if and only if b can be expressed as a non-zero scalar multiple of a. Mathematically,

allb < (3XeR\{0}): b=la

Definition 8.1.7. A unit vector is a vector with a magnitude of 1. Unit vectors are
typically denoted with a hat (e.g. a).
Observe that for any non-zero vector a, the unit vector parallel to a is given by

a

a=
a

Definition 8.1.8. The Triangle Law of Vector Addition states that

AB + BC = AC.

Geometrically, we add two vectors a and b by placing them head to tail, taking the
resultant vector as their sum.

B b

C
T
A + b

a

Figure 8.1

We subtract vectors by adding a + —(b).
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Definition 8.1.9. The angle between two vectors refers to the angle between their
directions when the arrows representing them both converge or both diverge.

Definition 8.1.10. A free vector is a vector that has no specific location in space. The
position vector of some point A relative to the origin O is unique and is denoted OA. A
displacement vector is a vector that joins its initial position to its final position. For
instance, OA is the displacement vector from O to A.

Definition 8.1.11. A set of vectors are said to be coplanar if their directions are all
parallel to the same plane.

Fact 8.1.12. Any vector c¢ that is coplanar with a and b can be expressed as a unique
linear combination of a and b, i.e.

3A\peR): c=ia+ pb.
Theorem 8.1.13 (Ratio Theorem). If P divides AB in the ratio A : p, then

O? pa+ Ab
At

Proof. Since P divides AB in the ratio A : u, we have

A A
AP = A = b —a).
A+ A+u( a)

Thus,

OP —OA+ AP —at+— (b—a)=2tAD
A At p

Corollary 8.1.14 (Mid-Point Theorem). If P is the mid-point of AB, then

0? a+b

8.2 Vector Representation using Cartesian Unit Vectors

8.2.1 2-D Cartesian Unit Vectors

Definition 8.2.1 (2-D Cartesian Unit Vectors). In the 2-D Cartesian plane, i = (1, 0)" is
defined to be the unit vector in the positive direction of the z-axis, while j = (0, 1)T is
defined to be the unit vector in the positive direction of the y-axis.

Thus, if P is the point with coordinates (a,b), then we can express O? in terms of the
unit vectors i and j. In particular, O? = ai + bj.

Proposition 8.2.2 (Magnitude in 2-D).
()

Proof. Follows immediately from Pythagoras’ theorem. O
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8.2.2 3-D Cartesian Unit Vectors

Definition 8.2.3 (3-D Cartesian Unit Vectors). In the 3-D Cartesian plane, i = (1, 0, O)T,
j=1(0,1, O)T and k = (0, 0, 1)T denote the unit vectors in the positive direction of the
x, y and z-axes respectively.

Proposition 8.2.4 (Magnitude in 3-D).

a
b||=Va®+0b2+c2
c
Proof. Use Pythagoras’ theorem twice. O

Fact 8.2.5 (Operations on Cartesian Vectors). To add vectors given in Cartesian unit
vector form, the coefficients of i, j and k are added separately.

T T2 T+ x2
yi |+ lyv2 ] =1v1+y
21 ) Z1 + 22

Subtraction and scalar multiplication follows immediately.

8.3 Scalar Product

Definition 8.3.1. The scalar product (or dot product) of two vectors a and b is defined
by
a-b =|a||b|cos,

where 6 is the angle between the two vectors (note that 0 <6 < ).

Remark. a-b is called the scalar product as the result is a real number (a scalar). It is
also called the dot product because of the notation.

Fact 8.3.2 (Algebraic Properties of Scalar Product). Let a, b and ¢ be vectors and let
A € R. Then

e (commutative) a-b =Db-a.

e (distributive over addition) a- (b+c)=a-b+a-c.

e a-a=|a’

e (Aa)-b=a-(Ab) = A(a-b).
Proposition 8.3.3 (Geometric Properties of Scalar Product). Let a and b be non-zero
vectors, and let # be the angle between them.

e a-b=0ifand only if 0 = 7,ie. a Lb.

e a-b > 0 if and only if € is acute.

e a-b < 0 if and only if € is obtuse.

Proof. The sign of a - b is determined solely by cos 6. O
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Proposition 8.3.4 (Scalar Product in Cartesian Unit Vector Form).

X1 )
i || y2 | =112 + Y12 + 2122
21 22

Proof. Since i, j and k are pairwise perpendicular, their pairwise scalar products are 0.
That is,
i-j=j-k=k-i=0.

Hence, by the distributive property of the scalar product,
(x1i+ y1j + z1k) - (w2l + yoj + 22k) = x120i - i+ y1y2) - j + 2122k - k.

Lastly, since i, j and k are all unit vectors,

Thus,
T xT9
Y1 Y2 | = x1x2 + Y1y2 + 2122.
Z1 Z9
O
8.3.1 Applications of Scalar Product
Proposition 8.3.5 (Angle between Two Vectors). Let € be the angle between two non-zero
vectors a and b. Then
p a-b
cosf = .
|a| bl
Proof. Follows immediately from the definition of the scalar product. O

Definition 8.3.6. Let a and b denote the position vectors of A and B respectively, relative
to the origin O. Let 6 be the angle between a and b, and let N be the foot of the
perpendicular from the point A to the line passing through O and B.

Then, the length ON is defined to be the length of projection of the vector a onto
the vector b. Also, ON is the vector projection of a onto b.

Proposition 8.3.7 (Length of Projection). The length of projection of a onto b is ‘a . B‘

Proof. Consider the case where 6 is acute.

A
a
0 7
B
O b N
Figure 8.2
From the diagram,

b b .
a a0 _ab

ON = OAcosf = |a| 7|a| ] = D)
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A similar argument shows that when 6 is obtuse, ON = —a - b. Hence, in any case,

ON:’a-B. 0

Proposition 8.3.8 (Vector Projection). The vector projection of a onto b is (a - b)b.
Proof. Case 1: 6 is acute. Then O—]\; is in the same direction as b. Hence,
ON = [ON|b = (a-b)b.
Case 2: 0 is obtuse. Then (ﬁ is in the opposite direction as b. Hence,

ON = |ON] (-b) = —(a-b)(~b) = (a- b)b.

8.4 Vector Product

Definition 8.4.1. The vector product (or cross product) of two vectors a and b is denoted
by a x b and is defined by
a x b =|a||b|sinén,

where 0 is the angle between a and b and n is the unit vector perpendicular to both a
and b, in the direction determined by the right-hand grip rule.

Remark. a x b is called the vector product as the result is a vector. It is also called the
cross product due to its notation.

Fact 8.4.2 (Algebraic Properties of Vector Product). Let a, b and ¢ be three vectors, and
0 be the angle between a and b.

e (anti-commutative) a x b= —b X a.
e (distributive over addition) a x (b +c¢) = (a x b) + (a x c).
e |a x b| = |a||b|sin®.

e (Aa) x b=a x (Ab) = A(a x b), where A € R.

Proposition 8.4.3 (Geometric Properties of Vector Product). Let a and b be non-zero
vectors and 6 be the angle between them.

e |a x b|=0if and only if a || b.
e |a x b| = |a||b] if and only if a L b.

Proof. Follows from the definition of the vector product (consider 6 =0, 7, 7). O

Proposition 8.4.4 (Vector Product in Cartesian Unit Vector Form).

z1 X2 Y122 — 21Y2
Y| Y2 | = | z;172 —T122
21 29 T1Y2 — Y122



46 8 Vectors

Proof. From the geometric properties of the vector product, we have
ixi=jxj=kxk=0.

Furthermore, since i, j and k are pairwise perpendicular, by the right-hand grip rule, one
has
ixj=k, jxk=i, kxi=j.

Hence, by the distributive property of the vector product,
(al‘li + y1j + Zlk) X ($2i —+ ygj —+ ng)

= 2192k + w122(—j) + y172(—k) + Y1201 + 2179) + 21y2(—1)
= (y122 — 21y2)i + (2122 — 2122)j + (712 — 122)k.

8.4.1 Applications of Vector Product

Proposition 8.4.5 (Length of Side of Right-Angled Triangle). Let a and b denote the

position vectors of A and B respectively, relative to the origin O. Let 6 be the angle

between a and b, and let N be the foot of the perpendicular from A to OB. Then
AN = ’a X B‘ .

Proof. With reference to Fig. 8.2, we have

axb\_axb\_‘ -

AN = OAsinf = |a| ’|a\ b~ b axbl|.

O]

Proposition 8.4.6 (Area of Triangles and Parallelogram). Let ABCD be a parallelogram,
let a = ﬁ and b = ﬁ, and let 0 be the angle between a and b. Then

[AABCM:%hxb|

and
[ABCD] = |a x b|.

Proof. Recall that the formula for the area of a triangle is

1 1 1
[AABC| = Q(AB)(AC) sinf = 3 |a| [b|sinf = 3 la x b|.
Since the area of parallelogram ABCD is twice that of AABC, we immediately have

[ABCD] = |a x b].
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9 Three-Dimensional Vector Geometry

9.1 Lines

9.1.1 Equation of a Line

Definition 9.1.1. The vector equation of the line [ passing through point A with position
vector a and parallel to b is given by

r=a+ b, MeR,

where r is the position vector of any point on the line, and A is a real, scalar parameter.
The vector b is also called the direction vector of the line.

Remark. Note that a can be any position vector on the line and b can be any vector
parallel to the line. Hence, the vector equation of a line is not unique.

Definition 9.1.2. Let [ : r = a+ Ab, A € R. By writing r = (z, v, z)T, a= (a1, ag, ag)T
and b = (by, ba, b3)", we have

T =aj + Ab
y=as+ Aba, AER.
z = a3+ Abs

This set of three equations is known as the parametric equations of the line [.

Definition 9.1.3. From the parametric form of the line [, by making A the subject, we

have
)\_:L‘—al_y—agzz—ag
b ba by

This equation is known as the Cartesian equation of the line [.

Remark. If by = 0, we simply have x = aq. A similar result arises when by = 0 or b3 = 0.

0.1.2 Point and Line

Proposition 9.1.4 (Relationship between Point and Line). A point C lies on a line [ : r =
a+ Ab, A € R, if and only if

(3AeR): OC =a+ \b.

Proof. Trivial. O

Proposition 9.1.5 (Perpendicular Distance between Point and Line). Let C be a point not
on the line [ : r = a+ Ab, A € R. Let F be the foot of perpendicular from C to [. Then

CF:’ﬁxB‘.

Proof. Trivial (recall the application of the vector product in finding side lengths of
right-angled triangles). O
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Recipe 9.1.6 (Finding Foot of Perpendicular from Point to Line). Let F' be the foot of
perpendicular from C' to the line [ : r = a+ Ab, A € R. To find 07%, we use the fact that

e I lieson [, i.e. 07:a+)\b for some A\ € R.

° ﬁ is perpendicular to [, i.e. ﬁ -b=0.

9.1.3 Two Lines

Definition 9.1.7. The relationship between two lines in 3-D space can be classified as
follows:

e Parallel lines: The lines are parallel and non-intersecting;
e Intersecting lines: The lines are non-parallel and intersecting;

e Skew lines: The lines are non-parallel and non-intersecting.

Remark. Note that parallel and intersecting lines are coplanar, while skew lines are non-
coplanar.

Recipe 9.1.8 (Relationship between Two Lines). Consider two distinct lines, I3 : r = a+ \b,
AeRandly:r=c+pud, p eR.

e [1 and [y are parallel lines if their direction vectors are parallel.

e [; and Iy are intersecting lines if there are unique values of A and p such that
a+ A\b=c+ ud.

e [5 and [y are skew lines if their direction vectors are not parallel and there are no
values of A and p such that a+ Ab = ¢ + ud.

Proposition 9.1.9 (Acute Angle between Two Lines). Let the acute angle between two
lines with direction vectors by and by be 8. Then

|b1 - by|

cosf = ———.
|b1] [ba|

Proof. Observe that we are essentially finding the angle between the direction vectors of

the two lines, which is given by
by - b

by | [ba|

However, to ensure that 6 is acute (i.e. cosf > 0), we introduce a modulus sign in the
numerator. Hence,

cosf =

|b1] [ba|
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9.2 Planes

9.2.1 Equation of a Plane

Definition 9.2.1. Suppose the plane m passes through a fixed point A with position
vector a, and 7 is parallel to two vectors by and bs, where by and bo are not parallel to
each other. Then the vector equation (in parametric form) of 7 is given by

7r:r:a—|-)\b1+,ub2,

where r is the position vector of any point P on m, and A and p are real parameters.

Definition 9.2.2. Suppose the plane 7 passes through a fixed point A with position
vector a, and 7 has normal vector n. Let P be an arbitrary point on w. Then A
is perpendicular to the normal vector n, i.e. ﬁ -n = 0. Since AP = r — a, by the
distributivity of the scalar product, one has

r-n=a-n.

This is the scalar product form of the vector equation of 7, which is more commonly
written as

Let r = (z, y, z)T, a= (a1, ag, ag)T and n = (ny, ng, ng)T. Then
T:N1T + N2y + N3z = a1ny + azng + azng
is the Cartesian equation of 7, which is more commonly written as

T T + noy + n3z = d.

Recipe 9.2.4 (Converting between Forms). To convert from parametric form to scalar
product form, take n = by x ba. To convert from the Cartesian equation to parametric
form, express x in terms of y and z, then replace y and z with A and u respectively.

Example 9.2.5 (Parametric to Scalar Product Form). Let the plane 7 have parametric
formr = (1,2, 3)" + X (4, 5,6)" + (7,8, 9)". Then the normal vector to 7 is given by

4 7 -3 1
n=|5|x|8]=[6]]][|-2
6 9 -3 1

Hence,
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whence 7 has scalar product form

Example 9.2.6 (Cartesian to Parametric Form). Let the plane 7 have Cartesian equation
r+y+2z=10.
Solving for « and replacing y and z with A and p respectively, we get
c=10—A—pu, y=A 2z=4u.

Hence, 7 has parametric form

x 100—A—pu 10 -1 -1
r=\|y| = A =0 ]+A|l 1 ) +p] 0], ApekR
z " 0 0 1

9.2.2 Point and Plane

Proposition 9.2.7 (Relationship between Point and Plane). A point lies on a plane if and
only if its position vector (or its equivalent coordinates) satisfies the equation of the
plane.

Proof. Trivial. O

Proposition 9.2.8 (Perpendicular Distance between Point and Plane). Let F' be the foot of
perpendicular from a point () to the plane 7 with vector equation 7 : r-n = d. Let A be
a point on 7. Then QF', the perpendicular distance from @ to m, is given by

or = | o] - =02

n|
Proof. Note that QF is the length of projection of QA onto the normal vector n. Hence,

QF = [Q4 - a

follows directly from the formula for the length of projection. Now, observe that
o —
QA-n:OA-n—Oﬁ-n:d—q-n.

Hence,
—
o4 n

_ld—q-n|
| |

QF =

Corollary 9.2.9. OF, the perpendicular distance from the plane « to the origin O, is

or 1

In|’
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Recipe 9.2.10 (Foot of Perpendicular from Point to Plane). Let F' be the foot of perpen-
dicular from a point () to the plane w with vector equation 7 : r - n = d. To find the

position vector OF', we use the fact that
e (QF is perpendicular to m, i.e. Q? = An for some )\ € R, and

e F'lies on , i.e. O?-n:d.

Example 9.2.11 (Foot of Perpendicular from Point to Plane). Let the plane 7 have equation
mor- (1,2, 3)T = 10. Let Q(4,5,6), and let F' be the foot of perpendicular from @ to 7.

We wish to find O-I>7
Since QF is perpendicular to 7, we have

1
OF =x[2], rer
3
Hence,
4 1
OF =00+QF = [5] +1]2
6 3
Taking the scalar product on both sides, we get
1 4 1 1
10=0F-{2]=|5]+xr]2 2| =32+ 14,
3 6 3 3
Thus, A = —11/7, whence
4 1 17
11 1
OF = 5] - — (2] ==13
6 3 9

9.2.3 Line and Plane
Fact 9.2.12 (Relationship between Line and Plane). Given a line [ : r = a+ Ab, A € R,
and a plane 7 : r - n = d, there are three possible cases:

e [ and 7 do not intersect. [ and 7 are parallel and have no common point.
e [ lies on 7. [ and 7 are parallel and any point on [ is also a point on .

e [ and 7 intersect once. [ and 7 are not parallel.

There are two methods to determine the relationship between a line and a plane.

Recipe 9.2.13 (Using Normal Vector).
e If [ and 7 do not intersect, then b-n =0 and a-n # d.
o I[f/lieson 7, then b-n=0and a-n =d.

e If [ and 7 intersect once, then b - n # 0.
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Recipe 9.2.14 (Solving Simultaneous Equations). Solve [ : r = a+ Ab, A € R and
7 :r-n = d simultaneously.

e If there are no solutions, then [ and 7 do not intersect.
e [f there are infinitely many solutions, then [ lies on 7.
e [f there is a unique solution, then [ and 7 intersect once.

Proposition 9.2.15 (Acute Angle between Line and Plane). Let 6 be the acute angle
between the line [ : r = a + Ab, A € R and the plane 7 : r-n = d. Then
b -

sinf = .
b| n|

Proof. We first find ¢, the acute angle between [ and the normal. Recall that

Since ¢ = T — 0, we have
2 )

9.2.4 Two Planes

Proposition 9.2.16 (Acute Angle between Two Planes). The acute angle 6 between two
planes 71 : r-n; = d; and 7o : r - ng = dy is given by

cos§ — 121 12|
| o]
Proof. Consider the following diagram.
no

n;

1 9 TI
\ .

Figure 9.1

It is hence clear that the acute angle between the two planes is equal to the acute angle
between the two normal vectors. Thus,
01 - my|

cosf = .
Iny | [ng|
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Fact 9.2.17 (Relationship between Two Planes). Given two distinct planes 7y : r-ny = dy
and 7o : r - ng = do, there are two possible cases:

e 1 and 7 do not intersect. The two planes are parallel (n; || ng).

e 1 and 7 intersect at a line. The two planes are not parallel (n; }f ng).

Suppose the two planes are not parallel to each other. There are two methods to obtain
the equation of the line of intersection.

Recipe 9.2.18 (Via Cartesian Form). Write the equations of the two planes in Cartesian
form and solve the two equations simultaneously.

Recipe 9.2.19 (Via Normal Vectors). Observe that as the line of intersection [ lies on
both planes, [ is perpendicular to both the normal vectors n; and ny. Hence, [ is parallel
to their cross product, n; x ny. Thus, if we know a point on the line of intersection [
(say point A with position vector a), then the vector equation of [ is given by

l:r=a+ b, MeR,

where b is any scalar multiple of n; x no.
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10 Matrices

Definition 10.0.1. An m x n matrix A is an array of numbers with m rows and n
columns, with A = (a;;), where a;; is the entry in row ¢ and column j.

ail ai2 o Aln

a1 a2 e a2n
A=

aml Am2 " Gmn

Example 10.0.2. If
1 2 3
A= (4 5 6) ’
then A is a 2 x 3 matrix with as; = 4.

Note that row and column vectors are effectively matrices with one row and one column
respectively.

10.1 Special Matrices

Definition 10.1.1. A null matrix is a matrix with all entries equal to 0. We denote the
m X n null matrix by 0,,x, or simply 0.

Example 10.1.2. Examples of null matrices include
0 0 0 00
@ (o) Goo)
Definition 10.1.3. A square matrix of order n is a matrix with n rows and n columns.

Example 10.1.4. Examples of square matrices include
1 2 3

(4). @ (2)) 2 5 3

1 0 8

Definition 10.1.5. Given a square matrix A = (a;;), the diagonal of A (also called the
main, principal or leading diagonal) is the sequence of entries ai1,a92,...,an,. The
entries a;; are called the diagonal entries while a;;, i # j are called non-diagonal entries.

Definition 10.1.6. A diagonal matrix is a square matrix whose non-diagonal entries are
zero, i.e. a;; = 0 whenever i # j.

Example 10.1.7. Examples of diagonal matrices include

@ (5 9):

S O N
O = O

0
0
0
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Definition 10.1.8. An identity matrix is a diagonal matrix whose diagonal entries are all
1. We denote the identity matrix of order n by I,,, or simply as 1.

Example 10.1.9. Examples of identity matrices include

Lo 100
I = (1), 12:<0 1), Is=10 1 0
001

Definition 10.1.10. A symmetric matrix is a square matrix such that a;; = aj; for all
0,7
Example 10.1.11. Examples of symmetric matrices include

1 -1 0

0 4
(4), ( > -1 3 2
4 2 5 5

0

Definition 10.1.12. A square matrix (a;;) is upper triangular if a;; = 0 whenever i > j;
and lower triangular if a;; = 0 whenever ¢ < j.

Example 10.1.13. Examples of triangular matrices include

N ERE A
(4)’833’ 6 0 00
-2 -1 0 1

The second matrix is an upper triangular matrix, while the third matrix is a lower
triangular matrix. The first matrix can be considered both an upper and lower triangular
matrix.

Note that a diagonal matrix is both an upper and lower triangular matrix.

10.2 Matrix Operations

10.2.1 Equality

Definition 10.2.1. Two matrices A and B are equal if and only if they have the same
size and their entries are identical.

10.2.2 Addition

Definition 10.2.2. Let A and B be matrices of the same size, and let C = A + B be
their sum. Then (c;;) = (ai; + bij). That is, to add two matrices (of the same size), we
simply add their corresponding entries.

Example 10.2.3.

1 2 3 1 2 3 2 4 6
4 5 6)+(2 46]=|6 9 12
7 8 9 3 6 9 10 14 18
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Fact 10.2.4 (Properties of Matrix Addition). The set of matrices forms an Abelian group
under addition.

Matrix addition is commutative, i.e. A + B =B + A.

Matrix addition is associative, i.e. A+ (B+C)=(A+B)+ C.

The null matrix is the additive identity, i.e. A+0=0+ A = A.

e All matrices have an additive inverse, i.e. A — A = 0.

10.2.3 Scalar Multiplication

Definition 10.2.5. Let A be a matrix and let A € R be a scalar. Then A(ai;) = (Aaij).
That is, to multiply a matrix by a scalar A, we simply multiply each entry by A.

Example 10.2.6.

1 2 3 2 4 6
214 5 6] =18 10 12
78 9 14 16 18

Fact 10.2.7 (Properties of Scalar Multiplication). Let o, 8 € R be scalars, and let A and
B be matrices of the same size.

Scalar multiplication is associative, i.e. a(8A) = (af)A.

e Scalar multiplication is distributive over addition, i.e. (o + 8)A = A + SA and
a(A+ B) = aA + aB.

e 1 is the multiplicative identity, i.e. 1A = A.

e DA =0.

10.2.4 Matrix Multiplication

Definition 10.2.8. Let A be an m X p matrix, and let B be a p x n matrix. Then the
matrix product C = AB is the m x n matrix with entries determined by

p
Cij = § Qikbr;
k=1

fori=1,...,mand j =1,...,n. Here, ¢;; can be viewed as the dot product of the ith
row of A with the jth column of B.

-1 0 1 2
A=(70) wa mo(12).
Then the matrix product AB is given by

(DM OB) D@+ 00 (~1 -2
AB‘(<2><1>+<3><3> (2) )‘( >

Example 10.2.9. Let
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Meanwhile, the matrix product BA is given by

(D@ OO+ @) (36
BA‘<<3><—1>+<0><2> <3><o>+<o><3>>‘< )

Fact 10.2.10 (Properties of Matrix Multiplication).

Matrix multiplication is not commutative, i.e. AB # BA.

Matrix multiplication is associative, i.e. A (BC) = (AB)C.

Matrix multiplication is distributive over addition, i.e. A (B+ C) = AB + AC
and (B+ C)A =BA + CA.

e AB = 0 does not imply that A =0 or B=0.

e AB = AC does not imply that B = C, i.e. the cancellation law does not apply.

Definition 10.2.11 (Powers of Matrices). If A is a square matrix, and n is a non-negative
integer, we define A™ as follows:

I n =0,
A"=JAA... A, n>1.
Y
n times

Here, I is the identity matrix of the same size as A.

Note that in general, (AB)" # A"B", where B is also a square matrix of suitable size.

10.2.5 Transpose

Definition 10.2.12. The transpose of a matrix A = (a;;) is denoted AT and is given by
(aj;), i.e. the rows and columns are switched.

Example 10.2.13. Let

>

Il
[SIRNCR
o AN

Then
1 3 5
T _
A= (2 4 6) '
Fact 10.2.14 (Properties of Transpose). Let A be a matrix and let ¢ € R be a scalar.

e The transpose is an involution, i.e. (AT)T = A.
e The transpose is associative, i.e. (cA)T =cAT.
e The transpose is additive, i.e. (A +B)T = AT +BT.

e The transpose reverses the order of matrix multiplication, i.e. (AB)T = BTAT.

Note also that A = AT if and only if A is a symmetric matrix.
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10.3 Solving Systems of Linear Equations
One use of matrix multiplication is to express a system of linear equations. For example,
> €T = .
21+ 519 — 623 = 5 L5 =6)\ 5

The system of equations on the left can be expressed as a matrix equation on the right.
What is great about a matrix equation is that we can express a large system of linear
equations in a very compact form Ax = b, where x and b are column vectors. In general,

a11x1 + -+ apey, = b1 a1 - Qip 1 by
2171 + -+ - 4+ aop Ty, = bo as1 -+ aop T2 by
aAm1x1 + -+ GmnTn = bm Aml *°° Amn Tn bm
A X b

By translating a system of linear equations into a matrix equation, we can use the power of
linear algebra to systematically solve for x, which in turn will yield solutions (z1, za, ..., xy,)
to our original system of linear equations. We now look at how to systematically solve
such matrix equations of the form Ax = b using Gaussian elimination.

10.3.1 Elementary Row Operations

Definition 10.3.1. An elementary row operation on a matrix refers to one of the following
actions performed on it:

e Interchanging row ¢ and row j, denoted R; <+ R;.
e Multiply row ¢ by a non-zero constant k, denoted kR;.
e Adding k times of row ¢ to row j, denoted R; + kR;.
Example 10.3.2. The following examples demonstrate the three elementary row opera-

tions. Observe how the elementary row operations are written directly to the left of the
corresponding rows.

Sy © W

1 2
—Ro>R3 | 7 8
4 5

3

6

9

3 10R; (10 20 30

6] — 4 5 6

9 7 8 9

3 1 2 3
6] — 4 5 6
9 R3s—T7TR1 0 -6 —12

A IS A
co TN OO Ot N 0o Ot N

Multiple elementary row operations can also be combined in a single step:

1 2 3 2R, (2 4 6
4 5 6| > >R-R1 | 3 3 3
7 8 9 2Rs \14 16 18
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10.3.2 Gaussian Elimination

Gaussian elimination (also known as Gauss-Jordan elimination, or row reduction) is a
systematic algorithm used to convert a system of equations into an equivalent system of
equations using elementary row operations. That is, the new system of equations has the
same solution as the origin system of equations.

Firstly, we rewrite our system of equations as an augmented matrix (A ‘ b):

a1+ -+ apTy = b1 air -+ aip | b1

a21x1 + -+ - + a2,y = bo asy -+ Qg | bo
: = (A[b) =

aAm1x1 + -+ QmpTn = bm Aml *°° Amn bm

The augmented part is the right-most column, separated by a vertical line to help remind
us that these numbers come from the constants in the linear equations (b).

Observe the equivalence between performing elementary row operations on this augmented
matrix versus what we might do algebraically to solve the system:

Operations on Equations Elementary Row Operations on
Augmented Matrix
swapping two equations swapping two rows
multiplying an equation by a non-zero multiplying a row by a non-zero constant
constant
adding a multiple of one equation to adding a multiple of one row to another
another equation row

The objective of Gaussian elimination is thus to repeatedly perform elementary row
operations to our augmented matrix until we get a form where we can easily solve for
TlyeeeyTp.

Row-Echelon Form

One such form we aim for is the row-echelon form.
Definition 10.3.3. A matrix is said to be in row-echelon form (REF) if

e the first non-zero term in any row (called a leading term) is always to the right of
the leading term of the previous row, and

e rows consisting of only zeros are at the bottom.

Example 10.3.4. Consider the following matrices:

1 3 4 5 1 3 4 5
A=1|0 4 2 8|, B=[1 4 2 8
00 0 5 0000

3]

A is in REF since all leading terms (coloured green) are to the right of the leading term
of the previous row. On the other hand, B is not in REF, since the leading term bgy
(coloured red) is not to the right of the leading term by;.

Note that a matrix may have multiple row-echelon forms, i.e. REF is not unique.
Once we manipulate our augmented matrix into its REF, we can easily solve for our
solutions x1, ..., x, using back-substitution.
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Example 10.3.5. Consider the following augmented matrix, which has been manipulated
into its REF via elementary row operations:

1 1 3 9 r1+ 29+ 3x3=2

0 4 —4 4] = —4dxe — 4dx3=4.

0 0 -=151]9 1523 =9
From the third equation, we easily get x3 = —3/5. Substituting this into the second
equation, we get zo = —2/5. Further substituting this into the first equation, we have
x1 = 11/5.

Reduced Row-Echelon Form

Another form we typically aim for when performing Gaussian elimination is the reduced
row-echelon form.

Definition 10.3.6. A matrix is said to be in reduced row-echelon form (RREF) if it is
already in REF, with two further restrictions:

e all leading terms are 1, and

e a column with a leading term has zeroes for all other terms in that column.

Example 10.3.7. Consider the following matrices:
10 3 1 3 3
A=(0 1 4), B=1]|0 1 4
0 00 040

A is in RREF, since all leading terms (coloured green) are 1 and all other entries in
those columns are 0. However, B is not in RREF. This is because bos is a leading term,
but there are non-zero entries in that column (coloured red).

Unlike REF, the RREF of a matrix is unique.
By manipulating our augmented matrix into its RREF, we can easily obtain our solutions
LlyeeeyIy-

Example 10.3.8. Consider the following augmented, which has been manipulated into
RREF using elementary row operations:

1.0 314 1 +3x3 =4
01 4|8 = .
0000 To+4x3 =8
Letting x3 be a free parameter A € R, we have

1 =4—3\, 19=8—4\, x3=A

10.3.3 Consistent and Inconsistent Systems

Back in §1, we termed a system of linear equations consistent if it admits a solution, and
inconsistent if it does not. We also learnt that a consistent system of linear equations
either has a unique solution or infinitely many solutions. Using Gaussian elimination, we
can easily determine the number of solutions it admits.
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Proposition 10.3.9. Let (A’ | b’) be the RREF of (A | b).
e If A’ =1, the system has a unique solution.

e If the ith row of A’ is all zeroes, and b, = 0, then the system has infinitely many
solutions.

e If the ith row of A’ is all zeroes, and b, = 1, then the system has no solution.

The first statement is trivially true, since Ix = b’ = x = b’. To see why the second
and third statements are true, consider the following matrices:

1 0 31 1 0 311
B=|0 1 1|2, C=|0 1 1]2
0 0 0|0 0 0 0|1
B represents the system

T +3r3=1
T + 563:2.

In this case, we have more unknowns than equations, so we will obtain infinitely many
solutions (e.g. by taking x3 = A, where A € R is a free parameter). On the other hand, the
third row of C represents the equation

O0x1 + 0z 4 Oz3 =1,

which is clearly impossible. Thus, there will be no solutions to the system.

10.3.4 Homogeneous Systems of Linear Equations

Recall that a system of linear equations is said to be homogeneous if all the constant terms
are zero. The corresponding matrix equation is thus Ax = 0. Clearly, every homogeneous
system has x = 0 as a solution. This solution is called the trivial solution. If there are
other solutions, they are called non-trivial solutions.

10.4 Invertible Matrices

While Gaussian elimination remains a good way of solving a system of linear equations,
looking at them as a matrix equation can also be useful.

The left side of Ax = b may be viewed as a matrix A acting on a vector x and sending
it to the vector b. Solving the matrix equation hence amounts to finding the pre-image of
b under A. This motivates us to find a multiplicative inverse to A.

Definition 10.4.1. The multiplicative inverse of a square matrix A, denoted A~!, has
the property
AT'A=AA=1

If such a matrix A~! exists, then A is said to be invertible, or non-singular.
If A—! exists, the solution for the equation Ax = b will simply be x = A~'b. Further,

this solution will be unique for each b (since A~! will not map b to multiple vectors).
We now state some properties regarding the inverse of a matrix:
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Fact 10.4.2 (Properties of Invertible Matrices). Let A and B be square matrices of the
same size. Let a € R be a scalar and let n be a non-negative integer.

e The inverse of a matrix is unique.

e If aA is invertible, then (aA)™t = 1A~1

e If A is invertible, then (A‘l)_1 =A.

e If AT is invertible, then (AT)_1 = (A_I)T.

e If AB is invertible, then (AB) ™' =B~ 1A~

o If A" is invertible, then (A")™' = A" = (A~1)".

We now discuss how to find the inverses of matrices.

10.4.1 Inverse of a 2 x 2 Matrix
Proposition 10.4.3 (2 x 2 Inverse Formula). Let

a b
A= (2 )
1 d —b
A7l = :
ad — be (—c a)

Notice that the 2 x 2 inverse formula is not valid in the case where ad — be = 0. This
quantity, ad — bc, is called the determinant of the 2 x 2 matrix, and it plays a special role

in determining whether a matrix is invertible. We will discuss more about determinants in
the next chapter.

Then its inverse is given by

10.4.2 Inverse of an n x n Matrix

Though there is a general formula for the inverse of an n x n matrix, it is tedious to compute
for n > 3. Luckily, there is a general procedure that we can employ. This procedure rests
on the fact that any elementary row operation can be represented as a left-multiplication
by an elementary matrix.

Definition 10.4.4. An n x n matrix is an elementary matrix if it can be obtained from
the n x n identity matrix I,, by performing a single row operation.

Example 10.4.5. As an example, consider
1 2 3
A=1[|2 -1 3 6
1 4 0

If we add 3 times the 3rd row to the 1st row, we will obtain

1 0 2 3 Ri+3Rs (4 12 14 3
2 -1 3 6| — 2 -1 3 6
1 4 40 1 4 4 0
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Now observe that if we pre-multiply A by the elementary matrix

we get
1 0 3 1 0 2 3 4 12 14 3
BA=|0 1 0 2 -1 3 6]=12 -1 3 6/,
0 0 1 1 4 40 1 4 4 0

which is exactly the same result as doing the row operation.

The correspondence between elementary row operations and elementary matrices allows
us to construct the following algorithm to find the inverse of an invertible matrix A.

Recipe 10.4.6 (Finding Matrix Inverse). If A is invertible, then A7'A = I. If we
can find a sequence of elementary row operations, corresponding to successive matrix
left-multiplications of the elementary matrices Eq, Eo, ..., Eg, such that

E;... E;E1A =1,
then we have E ... EsE; = A~1.

In practice, however, we will perform the left-multiplications on an augmented matrix of

the form (A ‘ I):
E;.. . EoE; (A |I) = (E...E:E1A |E.. . EEy) = (I| A7),

10.5 Determinant of a Matrix

The previous section showed the importance of invertibility and uses elementary row
operations to help us determine if a matrix is invertible. Here, we introduce the idea of the
determinant of a matrix and how this number tells us if a matrix is invertible.

Definition 10.5.1. The determinant of an n X n matrix A, denoted by

ail ai2 e Aln
a1 a2 o a2n
Gml Am2 - Amn

is the minimal polynomial (in the entries of A, i.e. a11, aiz2, etc.) that is 0 if and only if
A is singular.

10.5.1 The 1 x 1 and 2 x 2 Determinant

For 1 x 1 matrices, (a)~' = (1/a), so the matrix has an inverse if and only if a # 0. Thus,
la| = a.
For 2times2 matrices, recall that

a B 11 d —b
c d ad—bc\—c a )’

The inverse hence does not exist when ad — bec = 0. Hence,
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10.5.2 Cofactor Expansion

Beyond the 2 x 2 matrix, the closed form of an n x n determinant becomes much more
unwieldy to remember and use. Luckily, there is a general procedure that we can use to
calculate the determinant of any n x n matrix.

Proposition 10.5.2 (Cofactor Expansion). Suppose we have an n x n matrix A = (a;;).
Let M;; be the (n — 1) x (n — 1) matrix obtained from A by deleting the ith row and
the jth column. Then the determinant of A is given by

det(A): aiy, n:17
a1 Ay + app A + -+ aipAi,, n>1"

where A;; = (—1)""7 det(M,;) is the cofactor of entry a;;.

Note that the term (—1)**7 has value 1 when the sum of 4 and j is even, and —1 when
the sum is odd. This may be viewed as a “signed” array as follows:

+ -+ -
-+ -+
+ -+ -
-+ -+

Example 10.5.3. Using the method of cofactor expansion along the first row, the deter-
minant of a 3 X 3 matrix
ail aiz a3
A= a2 ax a;
azy a3z as3
is given by
a21 a2
azr as2

a1
a3

a2 Q23
az2 ass3

det(A) = all — aiQ

a3
+ a3
ass

The formula given by Proposition 10.5.2 is not unique: we can expand cofactors along
any row or column of the matrix to get the determinant. This is particularly useful when
a particular row/column contains many zeroes.

Example 10.5.4. Let

10 3
A=12 0 4
3 29

Expanding along the second column, we see that

2 4 1 3 1 3
aonr =—of? 9 voft 3t 2

-4

10.5.3 Properties

We now look at the properties of determinants.
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Fact 10.5.5 (Properties of Determinants). Let A and B be square matrices of order n.

det(A) = det(AT).
det(A + B) # det(A) + det(B).

det(cA) = " det(A), where c is a scalar.

det(AB) = det(A) det(B).

If A is a triangular matrix, then det(A) is the product of the diagonal entries of A.
A is invertible if and only if det(A) # 0.

If A is invertible, then det(A™!) =1/ det(A).

If A has a row or column of zeroes, then det(A) = 0.

Fact 10.5.6 (Effects of Elementary Row/Column Operations on Determinant).

If B is the matrix that results when a row/column of A is multiplied by a scalar k,
then det(B) = kdet(A).

If B is the matrix that results when two rows/columns of A are interchanged, then
det(B) = —det(A).

If B is the matrix that results when a multiple of one row/column of A is added
to another row/column, then det(B) = det(A).

The above results are a result of the fact that det(EA) = det(E) det(A), where E is an
elementary matrix.
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11 Linear Transformations

Definition 11.0.1. A linear transformation is a function 7" : R™ — R™ is a function that
satisfies the following two properties:

e T(u+v)="T(u)+ T(v) for all vectors u,v € R",

o T'(ku) = kT'(u) for all scalars k € R and vectors u € R™.

Taken together, these two properties mean that linear transformations preserve the
structure of linear combinations.

Proposition 11.0.2 (Linear Transformations Preserve Linear Combinations). Let k1, ..., k, €
R and vy,...,v, € R". Then

T(k1V1 —+ -+ ]{ITVT) = le(Vl) —+ -+ kTT(VT).

When k = 0, the second property of linear transformations also implies that 7°(0) = 0.
That is, a linear transformation must map 0 to O.

Recipe 11.0.3 (Determining if a Function is a Linear Transformation). To determine if a
function f : R®™ — R™ is a linear transformation, we go through the following “checklist”,
arranged in increasing difficulty to see:

e Check if f(0) = 0.
o Check if f(kv) = kf(v).
e Check if f(u+v) = f(u)+ f(v).

If f passes the above checklist, we then proceed to show that f(kivi + kava) = ki f(v1) +
kaf(ve). This would immediately imply that f satisfies the two properties and is thus a
linear transformation.

Example 11.0.4. Let T : R? — R? be a function defined by

- x
T < ) =lz+ty

Yy T —y
Clearly, T'(0) = 0, so T passes the first check. By inspection, T" also satisfies the

remaining two checks. We are now confident that T is a linear transformation, so we
consider T'(k;vy + kava), where vy = (21, yl)T and vy = (z2, yg)T. Then

kix1 + koxo

kix1 + koxo
kiyr + k2y2> -

(k171 + kowa) + (k1y1 + kay2)

T(k:lvl + k2v2) =T (
(k1$1 + k2$2) — (k1y1 + k2y2)
z1 T2
=k |xi1+wn |tk |zty | = le(Vl) + kQT(Vg).

r1 — U1 T2 — Y2
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| Thus, T is indeed a linear transformation.

11.1 Matrix Representation
Observe that the transformation T' in the above example may also be written as
T v x
T < > =|lz4+y| =11 1 < > .
Y T —y 1 -1 y

This is because matrix multiplication may also be seen as a form of linear transformation.

Proposition 11.1.1 (Matrix Multiplication is a Linear Transformation). Let A be an m x n
matrix. Then, multiplication by A will take an n-dimensional vector to an m-dimensional
vector, so T'(x) = Ax is a function from R™ to R™. Moreover, it is linear, as for any
x,y € R" and k € R,

T(x+y)=Ax+y)=Ax+ Ay =T(x) + T(y)

and

T(kx) = A(kx) = kAx = kT (x).

Surprisingly, there are no other examples of linear transformations from R™ to R™;
matrix multiplication is the only kind of linear transformation there is for functions
between finite-dimensional spaces:

Proposition 11.1.2. Let T : R™ — R™ be a linear transformation. Let x € R™. Then
T(x) = Ax for some m x n matrix A.

Proof. Let e; be the ith standard basis vector. Let x = (z1,...,2,) be an n-dimensional
vector. Then

T(x) =T(z1e1 + -+ zpey) = 1T (1) + - + 2, T(ey) = (T(e1) -+ T(ep))x=Ax.

Since T'(e;) is an m-dimensional vector (by the definition of T'), it follows that A has m
rows and n columns, i.e. A is an m X n matrix. O
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11.2 Linear Spaces

Definition 11.2.1. A linear space (or vector space) over R is a set V equipped with
two operations, addition (+) and scalar multiplication (-), such that for any vectors
u,v,w € V and for all ¢,d € R, the following ten axioms are satisfied:

1. Closure under addition: u+v € V.

2. Addition is commutative: u+v =v 4+ u.

3. Addition is associative: (u+v)+w=u+ (v+w).

4. Existence of additive identity: There is a zero vector, 0, such that 0 + u = u.
5. Existence of additive inverse: There is a vector —u such that u + (—u) = 0.
6. Closure under scalar multiplication: cu € V.

7. Scalar multiplication is distributive over vector addition: c(u + v) = cu + cv.
8. Scalar multiplication is distributive over scalar addition: (¢ + d)u = cu + du.
9. Scalar multiplication is associative: ¢(du) = (cd)u.

10. Existence of scalar multiplicative identity: There exists a scalar, 1, such that
lu=u.

One can think of a linear space as an Abelian group (under addition, Axioms 1-5) with
the added structure of “scalar multiplication” (Axioms 6-10).

11.2.1 Examples of Linear Spaces

Definition 11.2.2. The Euclidean n-space, denoted by R", is the set of all n-vectors
(ordered n-tuples) (uy,us,...,u,) of real numbers.

R™ = {(u1,...,un) [ u, ..., uy € R}.

Proposition 11.2.3. R” is a linear space equipped with scalar addition and scalar
multiplication.

R™ is the quintessential example of a linear space, and is the linear space that we will
deal with most. We can also generalize the above statements from vectors to matrices:

Proposition 11.2.4. The set of all m x n matrices with real entries forms a linear space
(equipped with matrix addition and scalar multiplication).

There are also more abstract examples of linear spaces:
Proposition 11.2.5. The set of all polynomials with real coefficients of at most degree
n > 0, forms a linear space under the usual addition and multiplication.

Lastly, there is the trivial vector space:

Definition 11.2.6. Let V' be a singleton, i.e. V' = {0}. Define 0 + 0 = 0 and k0 = O for
all scalars k. Then V is the zero vector space.
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11.3 Subspaces

Definition 11.3.1. Suppose V is a linear space under (+,-), and W C V. If W is also a
linear space under (4, -), then W is a subspace of V.

Example 11.3.2. Consider the set S = {(a,b,0) | a,b € R}. One can clearly show that
S is a linear space equipped with the usual addition and scalar multiplication. Since
S C R3, it follows that S is a subspace of R3.

Example 11.3.3. If V is a linear space, then V' and {0} are both subspaces of V.

Because subspaces inherit addition and multiplication, we do not need to check Axioms
2,3, 7,8 and 9. Further, Axiom 5 is guaranteed if Axiom 6 is valid. Thus, we really only
need to verify Axioms 1, 4 and 6 when testing for subspaces.

Recipe 11.3.4 (Test for Subspace). Let W be a non-empty subset of a linear space V.
Then W is a subspace of V if and only if the following conditions hold

e 0cW.
e (Closure under addition) For all u,v € W, we have u+v € W.

o (Closure under multiplication) For all ¢ € R and u € W, we have cu € W.

Conversely, to show that W is not a subspace, we can try to disprove any of the three
conditions. Typically, the first condition (0 € W) is the easiest to disprove. If that fails,
we construct a counter-example for closure under addition/multiplication.

Sample Problem 11.3.5. Let W be any plane in R? that passes through the origin.
Prove that W is a subspace of R3 under the standard operations.

Solution. Let
W={r=Xa+pub|\uecR}.

e Taking A = = 0, we see that 0 € WW.

e Define r1 = Aja + p1b and ro = Aga + uob. Observe that
ri +r2 = (AMa+ pub) + (Aea+ peb) = (A1 + A2) a+ (u1 + u2) b.
Since A1 + Ag, i1 + o € R, it follows that ry +ro € W, so W is closed under addition.

e Let kK € R. Then
kr =k (Aa+ pb) = (kN a+ (ku)b.

Since kX, ku € R, it follows that kr € W, so W is closed under multiplication.
Thus, W is a subspace of R3. O

Sample Problem 11.3.6. Let W be the set of vectors in R3 whose length does not exceed
1. Determine whether W is a subspace of R3.

Solution. Take u = (1,0, 0)" and v = (0, 1, 0)". Since |u| = |v| = 1 < 1, they are both
elements of W. Now consider the length of u + v:

1 0 1
u+vi=[[o]+(1]||=]|1]l=V2>1
0 0 0
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Thus, u+v ¢ W, so W is not closed under addition. Thus, W is not a linear space, so W
is not a subspace of R3. O

In Sample Problem 11.3.5, we saw how any plane passing through the origin in R? is a
subspace. We can generalize this further:

’ Subspaces of R! ‘ Subspaces of R? ‘ Subspaces of R?
e {0} o {0} e {0}
o R! e Lines through the origin | e Lines through the origin
o R? e Planes through the origin
[ ]

RS

In fact, these are the only subspaces of R!, R? and R3. Note that this pattern holds for
all R™,
11.4 Span and Linear Independence

11.4.1 Linear Spans

Definition 11.4.1. Let S = {vy1,...,v,} be a non-empty subset of a linear space V.
Then the span of S, denoted span S or span{vy,...,v,}, is the set containing all linear
combinations of vectors of S. That is,

span S = span{vy,...,v,.} ={aivi + -+ a,v, | ai,...,a, € R}.

Note that span @ = {0}, since the sum of nothing is 0.
Example 11.4.2. Let vy, vy € R™. Then S = span{vy, vo} = {avy + bvy | a,b € R}.

e If v; and vy are non-parallel, then S represents a plane (parallel to v and v2)
that passes through the origin in R™.

e If v; and vg are parallel, then S represents a line (parallel to both v; and vy) that
passes through the origin in R™.

e If vi and vo are both 0, then S is simply the origin.

Proposition 11.4.3. Let S be a subset of a linear space V. Then span S is a subspace of
V.

Proof. Let S = {v1,...,v,}. By definition, we have
span S = {a1vi + - +a,v, | a,...,ar € R}.
e Taking a; = --- = a, = 0, we see that 0 € span S.
e Let a,b € span S. We can write
a=avi+---+av, and b=bvi+- --+b-v,,
where a1,...,a.,b1,...,b. € R. Now consider their sum:
at+b=(@vi+ ---+av,)+Oivi+---+bv,)=(a1+b)vi+ -+ (a +by) vy.

Since a1 + b1,...,a, + b, € R, it follows that a + b is also a linear combination of
Vi,...,Vp, i.e. a4+ b € spanS. Thus, span S is closed under addition.
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e Let kK € R. Consider ka:
ka=k(a1vi+ -+ avy) =kayvy + -+ - + kayv,.

Since kaq,...,ka, € R, it follows that ka € spanS. Thus, spanS is closed under
multiplication.

Thus, S is a subspace of V. O

A natural question to ask is “When is a vector in the span of a set of vectors?” For
instance, is

1 4 7
2 | € span 51,18 ?
3 6 9
It turns out this is equivalent to finding coefficients x1, x2 € R such that
4 7 1
1|5 +22 |8 =12
6 9 3

This, in turn, is equivalent to the matrix equation

4 7 .
5 8 <x1> =12
6 9/ \7? 3
Of course, we can use an augmented matrix and calculate its RREF to determine x; and
xI9:

4 711 1 0| 2

5 82— [0 1|-1

6 913 0 0] O
This gives x1 = 2 and 22 = —1, so

1 4 7

2 | € span 51,18

3 6 9

This leads us to the following result:
Proposition 11.4.4. The equation Ax = b has a solution if and only if b is a linear
combination of the columns of A, i.e. b is in the span of columns of A.

Sample Problem 11.4.5. Determine if R? is spanned by

1\ /1
s=<{1|2],(o
1/ \2

Solution. Let v = (a, b, c)T € R3. Consider the equation

1 1 A a
2]+ (0] = 20<1>:b
1 9 1 2/ \*2

Using row-operations on the resulting augmented matrix, we obtain

10 b/2

01 c—a

0 0|2a—0b/2—c
The system is only consistent when 2a — b/2 — ¢ = 0. That is, not all vectors v € R? can
be written as a linear combination of vectors in S. Thus, R? is not spanned by S. g
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Sample Problem 11.4.6. Determine if R? is spanned by

N /1y /1\ /1
s=<1(2].lo].[1],[o0
1/ \2/ \o/ \o

Solution. Let v = (a, b, ¢)' € R3. Consider the equation

1 1 1 1 1 1 1 T a— Ty
1|2 +22|0) +23|1] +2410 — 2 0 1 T2 | = b
1 2 0 0 1 2 0 T3 c

Since the matrix on the LHS has non-zero determinant, it is invertible, so there exist
x1, T2, T3, T4 € R such that the above equation is satisfied. That is to say, every vector in
R3 can be expressed as a linear combination of vectors in S. Thus, R3 is spanned by S. [J

11.4.2 Linear Independence

Consider the previous sample question. For different choices of x4, we get different values
of x1,x2,x3. That is, for a particular vector v, there is more than one way of expressing v
as a linear combination of the vectors in S. This is because the fourth vector, (1, 0, O)T, is
redundant as it is a linear combination of the other three vectors, i.e.

1 9 1 1 1 4 1
0 1 2 0
We say that S is linearly dependent.
Definition 11.4.7. A set of vectors {v1, ..., vy} is linear dependent if there are coefficients

ci,...,CL, not all zero, such that
civi+ -+ cepve =0.
Otherwise, the set of vectors is linearly independent.

Equivalently, the set of vectors are linearly dependent if at least one vector is expressible
as a linear combination of the other vectors.

Sample Problem 11.4.8. Determine if the following set of vectors is linearly independent:

1 1
S = 21,10
1 2

Solution. Consider the following equation:

1 1 0 AN 0
cal2l+elol=[0] = [2 0 <cl>: 0
1 2 0 1 2 2 0

Converting to RREF, we obtain

0 . 0
1 <Cl> =10
0) \7? 0

Thus, the only solutions are ¢; = ¢co = 0, so S is linearly independent. ([l

1
0
0
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Sample Problem 11.4.9. Determine if the following set of vectors is linearly independent:

N /1\ /1\ /1
s=<{(2].(o].[1],

e}

Solution. Consider the following equation:

1 1 1 1 0 1111 21 0
a2 +e|0])+e|l]+alof=(0] = (201 0] *]=]0
1 2 0 0 0 1200/ | 0
C4
Converting to RREF, we obtain
100 —2/3 21 0
010 1/3 02 ={o
00 1 4/3 3 0
Cq
By backwards substitution, we obtain
61:—2>\, 02:)\, 63:4>\, 642—)\,
where A € R. Thus, there exist non-trivial solutions, so S is linearly dependent. O

We now outline a general strategy to test if a set of vectors is linearly independent.

Recipe 11.4.10 (Test for Linear Independence). We are given r vectors vy,...,v, € R"™.
Case 1. If r > n, then the r vectors must be linearly dependent.
Case 2. If r <n,wefindx = (z1, ..., xT)T such that Ax = 0 where A = (1)1 . UT)

is an n X r matrix. Whether the r vectors are linearly dependent becomes a question
of whether the equation Ax = 0 has only the trivial solution x = 0. To answer this
question we can

e in general, use row operations to reduce A to REF. If there are exactly r non-zero
rows, then Ax = 0 has only the trivial solution.

e (if 7 = n) compute the determinant of A. If det A # 0, then Ax = 0 has only the
trivial solution.

Geometrical Interpretations of Linear Independence

In R?, two vectors u and v are linearly dependent if and only if they lie on the same line
(with their initial points at the origin).

\%

0 )

Figure 11.1: Linearly independent Figure 11.2: Linearly dependent

In R3, three vectors u, v and w are linearly dependent if and only if they lie on the same
line or plane (with their initial points at the origin).
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11.5 Basis and Dimension

Definition 11.5.1. A basis S = {vy,..., v, } for a linear space V is a set of vectors such
that

e S spans V, and

e S is linearly independent.

Definition 11.5.2. Let e; = (1,0,...,0), e2 = (0,1,0,...,0), ..., e, = (0,...,0,1). The
set {e1,ea,...,e,} is called the standard basis of R".

Sample Problem 11.5.3. Show that the set

1 0 0 1
0 1 2 0
5= 11'{-1]1"12]10
0 2 1 1

is a basis for R%.

Solution. We first show that S spans R*. Consider v = (a, b, c, d)T, where a,b,c,d € R.
Consider

1 0 0 1 a 1 0 0 1\ [k a
0 1 2 o] (o 001 20| (k] [0
Rl ke g ths o] TRlgl =l = (1 21 2 o k]| = e
0 9 1 1 d o 2 1 1) \& d

Since the matrix on the LHS has non-zero determinant, every v can be expressed as a
linear combination of the vectors of S. Thus, S spans R*.
We now show that S is linearly independent. Consider

1 0 0 1 0 10 0 1\ [k 0
0 1 2 o] |o 0 1 2 0|[k| (o
Rl R [ R o[ tR ol = o] = |1 =1 2 of |k~ |0
0 2 1 1 0 02 1 1) \k 0

Since the matrix on the LHS has non-zero determinant, the equation has only the trivial
solution. Thus, S is linearly independent. ]

One particularly useful property about bases is that there is only one way to build a
vector as a linear combination of given basis vector.

Theorem 11.5.4. If {vy,...,v,} is a basis for a linear space V, then every vector v € V/
can be expressed in the form v = kjvy + - - - + k, v, in exactly one way.

While a linear space can have many bases, the number of basis vectors must be the same.
This number is called the dimension of V.

Definition 11.5.5. The dimension of a non-zero linear space V' is the number of vectors
in a basis for V, and is denoted dim V. By convention, we define the dimension of the
zero linear space {0} to be 0.

As an example, the linear space R™ has dimension n (recall that the standard basis
consists of n vectors).
We now state several remarks relating spans, linear independence and bases.
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Proposition 11.5.6. Let V' be a linear space with finite dimension n, and let S C V.
o If |S| > n, then S is linearly dependent.
e If |S| < n, then S cannot span V.

e If |S| = n, then S is a basis of V if and only if S is linearly independent if and only
if S spans V.

The last property allows us to easily determine if a set is a basis of a linear space.

Proposition 11.5.7. Let V be a linear space with finite dimension n, and let S C V be
finite.

e If S spans V but is not a basis of V', then it can be reduced to a basis by removing
certain vectors from S.

e [f S is linearly independent but not a basis of V, then it can be enlarged to a basis
by adding in certain vectors from V.

11.6 Vector Spaces Associated with Matrices

11.6.1 Row Space, Column Space and Null Space

Given an m X n matrix, there are three special subspaces of R™ and R™, namely the row
space, column space and null space.

Definition 11.6.1. Let A = (a);; be an m x n matrix. Define the row vectors of A to be
T
r, = (ail a2 ... am) .
Then the row space of A, denoted row A, is the span of the row vectors of A.

Because it is the span of vectors in R", it is a subspace of R™.

Definition 11.6.2. Let A = (a);; be an m x n matrix. Define the column vectors of A
to be

Then the column space of A, denoted col A, is the span of the column vectors of A.

Because it is the span of vectors in R™, it is a subspace of R™.

Definition 11.6.3. Let A be an m x n matrix. The null space of A is the solution set to
the homogeneous system of equations Ax = 0, i.e.

{x e R": Ax = 0}.

The null space is a subspace of R”.

| Proposition 11.6.4. The row space is orthogonal to the null space.

Proof. Let x be in the null space of A, and let y be in the row space of A. Let r; be the

1th row vector of A. Then
r|i-x 0

AX: E =

- X 0
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It follows that r; - x =0 for all 1 <7 < m. Thus,

m m
y-x= <Zk1rz> -X:Zk‘i(ri-x) =0,
i=1 i=1
so y and x are orthogonal. Thus, the row space is orthogonal to the null space. O

11.6.2 Range Space and Kernel

Let the linear transformation T : R™ — R™ be represented by the m x n matrix A. In this
section, we will introduce two special subspaces related to 7', namely the range space and
kernel of T'. These two subspaces are equal to the column and null spaces of A respectively.

Definition 11.6.5. The range space of T', denoted range T, consists of all vectors b such
that Ax =b.

Proposition 11.6.6. range T is equal to the column space of A.

Proof. Consider the equation Ax = b. Let c; be the ¢th column vector of A. Then we
have

1
Ax:(c1 cn) | =xzici+ -+ a0, =b.
L,
Any vector b € rangeT can be expressed as a linear combination of ¢1,...,c,. Thus, b is
in the column space of A. Likewise, any vector b in the column space of A is also in the
range space of T'. Thus, rangeT is equal to the column space of A. O

Definition 11.6.7. The kernel of T', denoted kerT', is the set of all vectors x such that
Ax =0.

Proposition 11.6.8. ker T is equal to the null space of A.

Proof. Trivial. O

11.6.3 Basis for Row Space

Definition 11.6.9. Two matrices A and B are said to be row-equivalent if their row
spaces are the same.

Proposition 11.6.10. A and its REF/RREF are row-equivalent.

Proof. Recall that an elementary row operation produces a new row that is a linear
combination of the old rows. Thus, elementary row operations do not change the row
space of a matrix. Since the REF/RREF of A can be obtained solely from elementary row
operations, it follows that A and its REF/RREF are row-equivalent. O

This result allows us to easily find the basis of the row space of A.

Recipe 11.6.11 (Finding Basis of Row Space). Let B be the REF/RREF of A. Then the
non-zero row vectors in B form a basis for the row space of A.

Example 11.6.12. Let
1 2 3 4 5
6 7 8 9 10
11 12 13 14 15
16 17 18 19 21
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Its RREF is given by

10 -1 -2 0
o1 2 3 0
00 0 0 1
00 0 0 O

Thus, a row space basis of A is

|

[S—
S W = O
—_ o ooo

11.6.4 Basis for Column Space

One way of finding a basis for the column space of A would be to find a basis for the row
space of AT. However, there is a much simpler approach, which we now derive.

Proposition 11.6.13. Row operations do not change the linear dependence on columns.

Proof. Suppose we have a matrix A = (c1 cn). The linear independence of the
column vectors depends on the solution set x to the equation

rici+...zp¢, =0 = Ax=0.

Suppose now that we perform row operations on A to obtain a new matrix A’. By writing
the above equation as an augmented matrix, we see that the row operations do not change
the solution set x!

(A‘O)—)(A"O) e 1:1c’1+--~+:1:nc;l:0.

Thus, if ¢; and c¢; were originally linearly independent, the corresponding columns ¢} and
c9 will remain linearly independent. Likewise for columns that were originally linearly
dependent. Thus, row operations do not change linear dependence on columns. ]

Note however, that row operations do not preserve the column space of A. For instance,

(o) = (10)

are row-equivalent, but their column spaces are entirely different.
As a consequence of the above result, we obtain the following corollaries:

Corollary 11.6.14. If A and B are row-equivalent, a given set of columns of A forms a
basis for col(A) if and only if the corresponding set of columns of B forms a basis for

col(B).

With this, we have our standard procedure for finding a basis for the column space of A:

Recipe 11.6.15 (Finding Basis of Column Space). Let B be the REF/RREF of A. Look
at the columns of B with a leading entry. Then the corresponding columns of A form a
basis of col(A).

Example 11.6.16. Let
1 2 3 4 5
6 7 8 9 10
11 12 13 14 15
16 17 18 19 21
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Its RREF is given by

1] o -1 -2 0
g_|0 [ 2 3 0
o 0o o o [1]|°
0 0 0 0 0

The first, second and fifth columns of B contain a leading entry. Thus, the first, second
and fifth columns of A form a basis of col(A):

1 2 )
6 7 10
11171217115
16 17 21

11.6.5 Basis for Null Space

In the proof of Proposition 11.6.13, we saw how row operations do not change the solution
set of the equation Ax = 0. Hence, if B is the REF/RREF of A, then the equations
Ax = 0 and Bx = 0 will have the same solution set.

Recipe 11.6.17 (Finding Basis of Null Space). Let B be the REF/RREF of A. Then the
null space of A is the solution set x of Bx = 0.

Example 11.6.18. Let
1 2 3 4 5
6 7 8 9 10

A=111 12 13 14 15
16 17 18 19 21
Its RREF is given by
10 -1 -2 0
01 2 3 0
B=100 0 o0 1

00 0 0 O

We notice that columns 3 and 4 do not have leading entries. The variables corresponding
to these columns can thus be set as free variables.

-1 -2

10 0 T9 0 e — X3 — 2334 =0
Bx = 0 12 30 x3 | = 0 - T9 + 23 + 374 =0.
00 0 0 1 0
oo o0 o o (™ 0 25 =0
Z5
Setting 3 = s and x4 = t, we have
1 s+ 2t 1 2
T —2s5 — 3t —2 -3
T3 | = s =s| 1 |+¢t] O
T4 t 0 1
x5 0 0 0
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Thus, the basis of the null space of A is

1 p
2| (-3
11,10
0 1
0 0

11.7 Rank and Nullity for Matrices

Definition 11.7.1. The row rank of A is the dimension of the row space of A. The
column rank of A is the dimension of the column space of A.

Proposition 11.7.2. Row and column ranks are equal.

Proof. Recall the procedure we took to find the basis for the row and column space of a
matrix:

e The column space basis consists of columns in the original matrix corresponding to
the leading entries in the REF/RREF.

e The row space basis consists of the rows of the REF/RREF corresponding to the
leading entries.

Since each leading entry corresponds to exactly one row and one column, the sizes of
the row and column spaces bases must be equal. Hence, the row and column ranks are
equal. ]

We give this common value a special name:

Definition 11.7.3. The rank of A is the dimension of the row/column space of A. It is
denoted by rank A.

Let A be an m x n matrix. Because the row rank is at most m, and the column rank is
at most n, we have that rank A < min{m,n}. If equality is achieved, we give A a special
name:

Definition 11.7.4. Let A be an m x n matrix. If rank A = min{m,n}, we say A has
full rank.

Proposition 11.7.5. rank(AB) < min{rank A, rank B}.

Proof. Every column in AB can be expressed as a linear combination of the columns of A,
so col(AB) C col A. Taking dimensions, we see that

rank(AB) = dim col(AB) < dimcol A = rank A.

Similarly, every row in AB can be expressed as a linear combination of the rows of B, so
row(AB) C row B. Taking dimensions,

rank(AB) = dimrow(AB) < dimrow B = rank B.

Combining these two inequalities gives us what we want. O

We can slightly extend the above result:
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Proposition 11.7.6. If B is an invertible n x n matrix, then rank(AB) = rank(BA) =
rank A for all n x n matrices A.

Proof. Observe that
rank A = rank(ABB_l) <rank(AB) <rank A,
so rank(AB) = rank A. Similarly,
rank A = rank(B_lBA) <rank(BA) < rank A.
so rank(BA) = rank A. O

Definition 11.7.7. The nullity of A is the dimension of the null space of A. It is denoted
by nullity A.

Theorem 11.7.8 (Rank-Nullity Theorem). For an m x n matrix A,

rank A + nullity A = number of columns of A, n.

Proof. rank A is equal to the number of columns in the RREF that contains a leading
entry, while nullity A is equal to the number of columns in the RREF that does not contain
a leading entry. Thus, their sum must be the number of columns in the RREF, which is
n. O

We can determine the number of solutions to a system of linear equations using the rank
of its corresponding matrix:

Recipe 11.7.9 (Finding Number of Solutions). Let Ax = b be a system of linear equations
in n variables. Then

e if rank A = rank (A ‘ b) = n, the system if consistent and has a unique solution.

e if rank A = rank (A ‘ b) < n, then the system is consistent and has an infinite
number of solutions.

e if rank A < rank (A ‘ b), then the system is inconsistent and thus has no solution.

In the case where the system is consistent, we can apply the following result to find all
possible solutions to the system:

Proposition 11.7.10. If x, is a particular solution of a consistent non-homogeneous
system Ax = b, then every solution of the system can be written in the form x = x, +xj,
where x;, is a solution to the corresponding homogeneous system Ax = 0.

Proof. Let x, be a fixed solution of Ax = b, and let x be an arbitrary solution. Then
Ax=b and Ax,=Db.
Subtracting these equations yields
A(x—xp) =0,

S0 X — X, is a solution of the homogeneous system Ax = 0. Let {vy,..., v} form a basis
for the null space of A. Then there exist cq,...,c; € R such that

X —Xp =0C1V] + -+ CpVg.
Letting x, = c1v1 + - - - + ¢, Vg, we see that
X = Xp + Xy,

as desired. ]
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11.8 Rank and Nullity for Linear Transformations

Definition 11.8.1. Let T be a linear transformation. The dimension of the range of T is
called the rank of T" and the dimension of the kernel of 7" is called the nullity of T

Theorem 11.8.2 (Rank-Nullity Theorem for Linear Transformations). For a linear transfor-
mation 7" : R™ — R™, where T'(x) = Ax, we have

rank T" + nullity T = rank A + nullity A = n.

Proof. Recall that the range of T is the column space of A and the kernel of T is the null
space of A. Hence,

rank 7' = dimrange T’ = dim col A = rank A

and
nullity 7" = dim ker 7" = dim(null space of A) = nullity A.

By the Rank-Nullity Theorem for matrices, we have

rank 7'+ nullity 7' = rank A 4 nullity A = n.
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12 Eigenvalues, Eigenvectors and Diagonal
Matrices

12.1 Eigenvalues and Eigenvectors

Definition 12.1.1. Let A be an n X n matrix. Let the non-zero vector x € R” be such
that Ax is a scalar multiple of x. That is, x satisfies the equation

Ax = Mx

for some scalar A. The scalar A is an eigenvector of A, and x is the eigenvector of A
corresponding to .

12.1.1 Geometrical Interpretation

Let x be an eigenvector of A with eigenvalue A\. Geometrically, this means A maps x
along the same line through the origin as x, but scaling it by a factor of A. If A < 0, the
direction is reversed.

Ax = Ax
X X
Ax=A
X X 5
X
0 O Ax = Mx
Figure 12.2: 0 < A <1 Figure 12.3: A < 0

Figure 12.1: A > 1

12.1.2 Finding Eigenvalues and Eigenvectors

Definition 12.1.2. The characteristic polynomial x(\) of an n x n matrix A is the n
degree polynomial in A given by

X(A) = det(A — AI).
The characteristic equation of A is
x(A) = 0.

Proposition 12.1.3. )\ is an eigenvalue of A if and only if it satisfies the characteristic
equation of A.

Proof. To find eigenvalues and eigenvectors, we must solve the equation Ax = Ax. Manip-
ulating this equation, we see that

Ax - x=(A-A)x=0.

Since x is non-zero, the null space of A — A\I must be non-trivial. Thus, A — AI must be
singular, so

X(A) = det(A — AI) = 0.
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Thus, A satisfies the characteristic equation of A. O

Since the characteristic equation can be easily solved, we now have a straightforward
way of finding eigenvalues and eigenvectors.

Recipe 12.1.4 (Finding Eigenvalues and Eigenvectors). We solve the characteristic equation
X(A) = det(A — AI) = 0 to find possible eigenvalues A. For each A found, we find its
associated eigenvector(s) by finding the basis of the null space of A — AL

Sample Problem 12.1.5. Find the eigenvalues and eigenvectors of the matrix

()

Sample Problem 12.1.6. The characteristic polynomial is

1—-A 2

X(A) = det(A — AI) = det ( 54—

>:/\2—5)\—6:()\—6)()\+1).

Thus, the solutions to the characteristic equation x(\) =0 are A =6 and A = —1.
Let x = (z, )| be a non-zero vector with Ax = Ax.
Case 1: X = 6. We have

(3 2)6)-0)

Solving, we get bx — 2y = 0. Taking x = 2 and y = 5, the corresponding eigenvector is

< — 2
={5)
Case 2: A = —1. We have

- 0)-0)

Solving, we get © + y = 0. Taking x = 1 and y = —1, the corresponding eigenvector is

(1),

If A is a 3 x 3 matrix, we can use cross products to easily find eigenvectors.
Sample Problem 12.1.7. Let

0 1

A=|-1 2 3

0 2

Find the eigenvector of A corresponding to A = 1.

Sample Problem 12.1.8. Let x be the desired eigenvector. Consider

1 01
A-I)x=|-1 1 3]|x=
1 01

o O O
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By multiplying out the LHS, we get the following two equations:

These are precisely the equations of two planes, normal to (1, 0, 1)T and (—1, 1, 3)T
respectively, that also pass through the origin. Thus, x lies on the line of intersection
between the two planes. The direction vector of this line is given by the cross product of
the two normal vectors, so

1 -1 -1
x=|0] x| 1 ]=]-4
1 3 1

Note that an n X n matrix may have less than n eigenvalues and eigenvectors. For

instance,
3 1
0 3

has the sole eigenvalue A\ = 3 with corresponding eigenvector (1, 0)".
Also, one eigenvalue may have multiple corresponding eigenvectors. For instance,

—2
1

0
1
1 3

o N O

has eigenvalue A\ = 2, which corresponds to two linearly independent eigenvectors:

-1 0
X1 = 0 y X9 = 1
1 0

12.1.3 Useful Results

Proposition 12.1.9. Eigenvectors corresponding to distinct eigenvalues must be linearly
independent.

Proof. By way of contradiction, suppose the eigenvectors are linearly dependent. Let j be

the maximal j such that x1,...,x; are linearly independent. Then x;;1 can be expressed
as a linear combination of x1,...,x;:
Xj+1 = 01Xy + -+ a5X;. (1)

Applying A on both sides, we see that

)‘j+1xj+1 =a\x1+ -+ ajAij. (2)
Since x1,...,x; are linearly independent, we can compare their coefficients in (1) and (2),
which gives
ai:ai)rz — )‘i:)\j+1
7+1

for all 1 < ¢ < j. But this clearly contradicts the supposition that the eigenvalues are
distinct. Thus, the eigenvectors must be linearly independent. O
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Proposition 12.1.10. If A is a triangular matrix, then the eigenvalues of A are the
entries on the principal diagonal of A.

Proof. Recall that the determinant of a triangular matrix is the product of its principal
diagonal entries. Thus,

X(A\) =det(A — AI) = (a11 — ) (a2 — A) ... (G — A)
whence the roots are A = aq1,a99, ..., any. ]

Proposition 12.1.11. Suppose x is an eigenvector of an n xn matrix A with corresponding
eigenvalue \.

(a) For any real number k, x is an eigenvector of the matrix kA, with corresponding
eigenvalue k.

(b) For any positive integer m, x is an eigenvector of the matrix A™, with corresponding
eigenvalue \".

(c) If A is invertible, then x is an eigenvector of A~! with corresponding eigenvalue
A~! when \ # 0.

(d) If x is also an eigenvector of an n x n matrix B with corresponding eigenvalue p,
then x is an eigenvector of the sum A + B, with corresponding eigenvalue A\ + p.

Proof of (a). Since A = Ax, we have (kA)x = (k) x. O
Proof of (b). We use induction. Let the statement P(m) be such that
P(m) <= x is an eigenvector of the matrix A" with corresponding eigenvalue A\".

The base case m =1 is trivial. Suppose P(k) is true for some k € N. Then
Akl — A (Akx) —A ()\kx> — A (Ax) = A (Ax) = Mg,
Thus, P(k) = P(k+1). This closes the induction. O

Proof of (c). Since A = Ax, we have

x=ATAx=A"T\x =)\ (A_lx) — A lx=)\"1x.

Proof of (d). Since A = Ax and B = ux, we have
(A+B)x=Ax+Bx=Ax+ux = (A + p) x.
O

Corollary 12.1.12. Let x be an eigenvector of A with corresponding eigenvalue A. Define
a polynomial p(X) = ag + a1 X + aaX? + -+ + @, X™. Then p(\)x = p(A)x.

Note that we are taking ag to mean agl on the RHS.

Definition 12.1.13. A submatriz of A is a matrix obtained from A by deleting a collection
of rows and/or columns. A principal submatriz of A is a submatrix whereby the indices
of the deleted rows are the same as the indices of the deleted columns. A principal minor
of order k is the determinant of a k x k principal submatrix.
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Example 12.1.14. Given

A=

)

~ b~ =

2 3
5 6
8 9
A:

the following three matrices are submatrices of

12 46
m=i3) me()

To obtain B1, we deleted the third row and third column. To obtain By, we deleted the
first row and second column. Note that B; is also a principal submatrix.

Proposition 12.1.15. Let A be an n X n matrix. Let Fj be the sum of the determinants
of all principal minors of order k. We define £y = 1. Then the characteristic polynomial
X(A) of A is given by

XN =Y (—1)'E, i\

1=0

For a proof, see this wonderful note by Ho Boon Suan.

Example 12.1.16. Consider

Then

Ey = 12|+ 2| +|2] =6,

2 0 |2 3] |21
N e e
2 0 1
Es=|-1 2 3/ =6.
1 0 2

Invoking the above result, we see that

Y(A) = =X+ E1N?2 — EoA+ B3 = =A% + 6A% — 11\ + 6.

Corollary 12.1.17. If A is an n X n matrix,

e The sum of the n eigenvalues of A (counting multiplicity) is equal to the trace of
A.

e The product of the n eigenvalues of A (counting multiplicity) is equal to the
determinant of A.

Proof. Apply Vieta’s formula to the above result.


https://boonsuan.github.io/misc/cauchy_binet.pdf
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12.2 Diagonal Matrices

Recall that a diagonal matrix D is a square matrix where all off-diagonal entries are zero.
Diagonal matrices have nice properties that make computations involving them simple and
convenient:

e det D is the product of its diagonal entries.

o If det D # 0, then D! is a diagonal matrix with the corresponding reciprocals in
the diagonal.

e D" is a diagonal matrix with the corresponding powers in the diagonal.

For instance, if

1 0 0
D={0 2 o],
0 0 3
then
1100 0 0 1—100 0 0
DlOO — 0 2100 0 and D7100 — 0 27100 0
0 0 3100 0 0 3—100

12.2.1 Diagonalization

The useful properties of diagonal matrices motivates us to find a way to write an n x n
matrix in terms of a diagonal matrix, i.e. diagonalize A in some way.

Definition 12.2.1. A matrix A is diagonalizable if there exists an invertible matrix Q
such that A = QDQ ™!, where D is a diagonal matrix. We say that Q diagonalizes A.

Proposition 12.2.2. If A is diagonalizable, then the columns of Q are the linearly
independent eigenvectors of A, and the diagonal matrix D contains the corresponding
eigenvalues.

Proof. Let A be an n X n matrix with eigenvectors x1, ..., X, corresponding to the real
eigenvalues A1,..., \,. Let Q be the matrix with x;,...,x, as its columns and let D be a
diagonal matrix with its diagonal entries as A1, ..., Ay:
At ... 0
Q = (Xl Xn) ) D= :
0 An
Then
Ao 0
AQ:(AX1 Axn):()\lxl )\nxn):(xl xn) St = QD.
0 ... A\

Post-multiplying both sides by Q~!, which exists since the columns of Q are linearly
independent, we have A = QDQ . ]

Note that if A has n real and distinct eigenvalues, it will have n linearly independent
eigenvectors, so it will be diagonalizable. However, if it has repeated eigenvalues, it may
not be diagonalizable.
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Sample Problem 12.2.3. Let

2
A=|-1
1

o N O

1
3
2

Find a matrix Q and a diagonal matrix D such that A = QDQ L.

Solution. We previously found the corresponding eigenvectors for eigenvalues 1, 2, 3 to be

1 0 1
41, 1], [2
~1 0 1

Thus,

1 01
Q=(4 1 2| and D=
0 1

S O =
o NN O
w o O

O
Note that Q and D are not unique. Using the above sample problem, we could have
taken

1 1 0 3 00
Q=12 4 1 and D=|[0 1 0

1 -1 0 0 0 2
12.2.2 Computing Matrix Powers

One of the more useful purposes of diagonalization is to compute matrix powers.
Proposition 12.2.4. Suppose A = QDQ~! is diagonalizable. Then

Ak — QDkQ_l-
Proof. Observe that

A"=(QDQ ) (QDQY)...(QDQ ') =QD(Q'Q)D(Q 'Q)...DQ!
=QDD...DQ ! =QD*Q .

Sample Problem 12.2.5. Let

2 01
A=|-1 2 3
1 0 2

Compute A9,

Solution. We previously found that A = QDQ™!, where

1 01 100
Q=4 1 2] and D=0 2 0
-1 0 1 00 3

Thus,
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which evaluates to

29525 0 29524
A = [ 55979 1024 60071
29524 0 29525
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13 Introduction to Complex Numbers

Definition 13.0.1. The imaginary unit i is a root to the equation

2 +1=0.

13.1 Cartesian Form

Definition 13.1.1. A complex number z has Cartesian form z + iy, where z and y
are real numbers. We call x the real part of z, denoted Re z. Likewise, we call y the
imaginary part of z, denoted Im z.

Definition 13.1.2. The set of complex numbers is denoted C and is defined as

C={z:z=x+1iy, xz,yeR}.

Remark. The set of real numbers, R, is a proper subset of the set of complex numbers, C.
That is, R C C.

Fact 13.1.3 (Algebraic Operations on Complex Numbers). Let z1, 29, 23 € C.

e Two complex numbers are equal if and only if their corresponding real and imaginary
parts are equal.

z1 = 29 <= Rez; = Rezy and Imz; = Im 2.

e Addition of complex numbers is commutative, i.e.
1t z=2+2

and associative, i.e.
(21 +22) + 23 =21+ (22 + 23).

e Multiplication of complex numbers is commutative, i.e.
Z1%22 = 2221,

associative, i.e.
z1(2223) = (2122) 73

and distributive, i.e.

21(22 + 23) = 2122 + 2123.
| Proposition 13.1.4. Complex numbers cannot be ordered.

Proof. Seeking a contradiction, suppose i > 0. Multiplying both sides by i, we have
i2 = —1> 0, a contradiction. Hence, we must have i < 0. However, multiplying both sides
by i and changing signs (since i < 0), we have i2 = —1 > 0, another contradiction. Thus,
C cannot be ordered. O
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13.2 Argand Diagram

We can represent complex numbers in the complex plane using an Argand diagram.

Definition 13.2.1. The Argand diagram is a modified Cartesian plane where the z-axis
represents real numbers and the y-axis represents imaginary numbers. The two axes are
called the real axis and imaginary axis correspondingly.

On the Argand diagram, the complex number z = z + iy, where z,y € R, can be
represented by

e the point Z(z,y) or Z(z); or

e the vector 07 .

Im
Z (z,y) or Z(2)

07

Re

Figure 13.1

In an Argand diagram, let the points Z and W represent the complex numbers z and w
respectively. Then OZ and OW are the corresponding vectors representing z and w.

13.2.1 Modulus

Recall in §1, we defined the modulus of a real number x as the “distance” between x and
the origin on the real number line. Generalizing this notion to complex numbers, it makes
sense to define the modulus of a real number z as the “distance” between z and the origin
on the complex plane. This uses Pythagoras’ theorem.

Definition 13.2.2. The modulus of a complex number z is denoted |z| and is defined as

|z| = \/Re(z)2 + Im(z)2

13.2.2 Complex Conjugate

Definition 13.2.3. The conjugate of the complex number z = x + iy is denoted z* with
definition
2f =z —1iy.

We refer to z and z* as a conjugate pair of complex numbers.

On an Argand diagram, the conjugate z* is the reflection of z about the real axis.
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Fact 13.2.4 (Properties of Complex Conjugates).

e (distributive over addition) (z + w)* = z* + w*.

o (distributive over multiplication) (zw)* = z*w*.

e (involution) (z*)" = z.

o 2+ z* = 2Re(2).
o z—2*=2Im(z)1.
e 22* = Re(2)? +Im(z)* = |2|%.
Because conjugation is distributive over addition and multiplication, we also have the

following identities:
(kz)" =kz",  (z")"=(2")",

where £ € R and n € Z.
Using the conjugate of a complex number z, the reciprocal of z can be computed as

13.2.3 Argument

Definition 13.2.5. The argument of a complex number z is the directed angle 6 that
Z(z) makes with the positive real axis, and is denoted by arg(z). Note that arg(z) > 0
when measured in an anticlockwise direction from the positive real axis, and arg(z) < 0
when measured in a clockwise direction from the positive real axis.

Note that arg(z) is not unique; the position of Z(z) is not affected by adding an integer
multiple of 27 to §. Therefore, if arg(z) = ¢, then ¢ + 2kw, where k € Z, is also an
argument of z. We hence introduce the principal argument of z.

Definition 13.2.6. The value of arg(z) in the interval (—m, 7] is known as the principal

argument of z.

The modulus r = |z|, complex conjugate z* and argument 6§ = arg(z) of a complex
number z can easily be identified on an Argand diagram:

Im
Z1(2)
r
0 Re
0]
\\.
ZQ(Z*)

Figure 13.2
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13.3 Polar Form

Instead of using Cartesian coordinates on an Argand diagram, we can use polar coordinates,
leading to the polar form of a complex number. This polar form can be expressed in two
ways: trigonometric form and exponential form.

Definition 13.3.1. The trigonometric form of the complex number z is
z=r(cosf +isinb),

where r = |z| and § = arg(z), -7 < 0 < 7.

Theorem 13.3.2 (Euler’s Identity). For all § € R,

e = cosf + isiné.

Proof 1 (Series Expansion). By the standard series expansion of e”, we have

@02, (0° (0} (0)°

i0 __ :
el =1+i0+ = 31 Al 51

Simplifying and grouping real and imaginary parts together,

2 4 3 5
eié’:(l9+0+...>+i<99+0+...>
20 4l 3! 5! ’

which we recognize to be the standard series expansions of cosf and sin @ respectively.

Hence,
e = cosf + isiné.

O

Proof 2 (Differentiation). Let f(6) = e™'? (cosf + isin@). Differentiating with respect to
0,
f'(0) =e " (—sinf +icosf) —ie " (cosf + isinf) = 0.

Hence, f(6) is constant. Evaluating f(6) at 6 = 0, we have f(#) = 1, whence

0

e ¥ (cosf+isinh) =1 = e = cosh + isind.

Definition 13.3.3. The exponential form of the complex number z is
z=rel,

where r = |z| and § = arg(z), —7 < 0 < 7.

Recall z* is the reflection of z about the real axis. Hence, we clearly have the following:

Proposition 13.3.4 (Conjugation in Polar Form). If z = re'?, then z* = re™1%. Also,
arg(z*) = —0 = —arg(z), |z| =r=|z%|.

Using the proposition above, we can convert the results z + z* = 2Re(z) and z — z* =
2Im(z) i into polar form:
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Proposition 13.3.5.
el +e71% = 2cos0, el —e71% = (25in ) i.

Lastly, we observe the effect of multiplication and division on the modulus and argument
of complex numbers.

Proposition 13.3.6 (Multiplication in Polar Form). Let z; = r1ei and z9 = roei?2. Then
|z122| = r1r2 = |21] |22/ , arg(z122) = 61 + 0 = arg(z1) + arg(22) .
Proof. Observe that
2129 = (rleiel) (rgew?) = (7’17’2)6i<01+92).
The results follow immediately. O

Corollary 13.3.7 (Exponentiation in Polar Form). For n € Z,
|2 =" = |2|", arg(z") = nf = narg(z).

Proof. Repeatedly apply the above proposition. O

Proposition 13.3.8 (Division in Polar Form). Let z; = r1et? and z9 = ree'?2. Then

Al @, arg( 22 ) = 60, — 0, = arg(z1) — arg(2s) .
re |z 2

22

Proof. Observe that

i0
21 rie’t Qei(el—eg)

29 roelf2  py

The results follow immediately. O

13.4 De Moivre’s Theorem
Theorem 13.4.1 (De Moivre's Theorem). For n € Q, if z = 7 (cos + isin ) = re!?, then
n n,intd _ ,rn(

2" =r"e cosnf + isinnf).

Proof. Write 2" in exponential form before converting it into trigonometric form. O

We now discuss some of the applications of de Moivre’s theorem.

Recipe 13.4.2 (Finding nth Roots). Suppose we want to find the nth roots of a complex
number w = rel. We begin by setting up the equation

where k € Z. Next, we take nth roots on both sides, which yields

s = rl/nei(0+2k7r)/n‘

Lastly, we pick values of k£ such that arg z = % lies in the principal interval (—m, 7].
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Definition 13.4.3. Let n € Z. The nth roots of unity are the n solutions to the equation
2" —1=0.
Proposition 13.4.4 (Roots of Unity in Polar Form). The nth roots of unity are given by

2k 2k ;
T T _ e1(2k7r/n),

where k € Z.

Proof. Use de Moivre’s theorem. O

Fact 13.4.5 (Geometric Properties of Roots of Unity). On an Argand diagram, the nth
roots of unity

e all lie on a circle of radius 1.
e are equally spaced apart.

e form a regular n-gon.

De Moivre’s theorem can also be used to derive trigonometric identities. The trigonomet-
ric identities one will be required to prove typically involve reducing “powers” to “multiple
angles” (e.g. expressing sin®# in terms of sin § and sin 36), or vice versa.

Proposition 13.4.6 (Power to Multiple Angles). Let z = cos# + isin@ = . Then
2"+ 27" = 2cosnb, 2" — 27" = 2isinnd.

Proof. Use de Moivre’s theorem O

Recipe 13.4.7 (Multiple Angles to Powers). Suppose we want to express cosnf and sinnf
in terms of powers of sinf and cosf. We begin by invoking de Moivre’s theorem:

cosnf + isinnd = (cosh + isinf)" .

Next, using the binomial theorem,

cosnf + isinnf = Z (Z) cosk fsin® % 9.
k=0

We then take the real and imaginary parts of both sides to isolate cosnf and sin né:
" /n " /n
cosnf = Re kZ_O (k) cos® fsin" " 9, sinnf = Im kZ_O (k) cos® @ sin™ % 6.

Example 13.4.8. Suppose we want to write sin 26 in terms of sin 6 and cos#. Using de
Moivre’s theorem,

c0s 260 + isin 260 = (cos 0 + isin0)? = cos? 6 + 2i cos O sin 6 — sin? 6.
Comparing imaginary parts, we obtain sin 260 = 2 cos 6 sin § as expected.

Another way to derive new trigonometric identities is to differentiate known identities.
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Example 13.4.9. Using the “power to multiple angle” formula above, one can show that
1
cos® 9 = 3 (cos 66 + 6 cos 46 + 15 cos 260 4 10) .
Differentiating, we obtain a new trigonometric identity:

1
sinf cos® f = 5 (sin 66 4 4 sin 46 + 5sin 26) .

13.5 Solving Polynomial Equations over C

Theorem 13.5.1 (Fundamental Theorem of Algebra). A non-zero, single-variable, degree
n polynomial with complex coeflicients has n roots in C, counted with multiplicity.

Theorem 13.5.2 (Conjugate Root Theorem). For a polynomial equation with all real
coefficients, non-real roots must occur in conjugate pairs.

Proof. Suppose z is a non-real root to the polynomial P(2) = a,2"+a,_12"" '+ - -+a1z+ao,
where a,, ap_1,...,a1,a0 € R. Consider P(z*).

P(2*) = an ()" + ap_1 (2"  + -+ a1 (z7) + ao.
By conjugation properties, this simplifies to
P(z") = (anz” +ap 12"t Farz+ ao)* ,

which clearly evaluates to 0, whence z* is also a root of P(z). O
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14 Geometrical Effects of Complex Numbers

14.1 Geometrical Effect of Addition

The following diagram shows the geometrical effect of addition on complex numbers. Here,
the point P represents the complex number z +w. Observe that OW PZ is a parallelogram
(due to the parallelogram law of vector addition).

Im

Figure 14.1

14.2 Geometrical Effect of Scalar Multiplication

The following diagram shows the geometrical effect of multiplying a complex number by
a real number k. Here, Z; represents a point where k > 1, Zs where 0 < k < 1, and Z3
where k£ < 0. Observe that the points lie on the straight line passing through the origin O

and the point Z.

Im

Z3

Figure 14.2
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14.3 Geometrical Effect of Complex Multiplication

Let points P, Q and R represent the complex numbers z;, zo and z3 respectively, as
illustrated in the Argand diagram below.

Im
R(lez)
r1ro P(21)
[}
",rl
(92‘ ] Q(ZQ)
O\ . ®
NS Re
O| 6
Figure 14.3

Geometrically, the point R(z122) is obtained by
1. scaling by a factor of ro on O? to obtain a new modulus of ryry, followed by

2. rotating O? through an angle 62 about O in an anti-clockwise direction if 83 > 0 to
obtain a new argument 61 + 6 (or in a clockwise direction if 65 < 0).

14.4 Loci in Argand Diagram

Definition 14.4.1. The locus (plural: loci) of a variable point is the path traced out by
the point under certain conditions.

14.4.1 Standard Loci

Fact 14.4.2 (Circle). For |z — a| = r, with P representing the complex number z and A
representing the fixed complex number a and r > 0, the locus of P is a circle with centre
A and radius 7.

Im locus of P

Figure 14.4
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Fact 14.4.3 (Perpendicular Bisector). For |z —a] = |z — b|, with P representing the
complex number z, points A and B representing the fixed complex numbers a and b
respectively, the locus of P is the perpendicular bisector of the line segment joining A
and B.

Im locus of P
eA
B N Re
®
B O
Figure 14.5

Fact 14.4.4 (Half-Line). For arg(z — a) = 0, with P representing the complex number
z and point A representing the fixed complex number a, the locus of P is the half-line
starting from A (excluding this point) and inclined at a directed angle 6 to the positive
real axis.

Im locus of P
A
o)
)
Re
O
Figure 14.6

14.4.2 Non-Standard Loci

When sketching non-standard loci, one useful technique is to write the equation in Cartesian
form, i.e. letting z =z + iy, z,y € R.

Example 14.4.5. Let P be the point representing the complex number z, where z satisfies
the equation Re z + 2Im z = 2. We begin by writing z in Cartesian form, i.e. z = = + iy,
x,y € R. Substituting this into the equation, we have x + 2y = 2. Thus, the locus of P
is given by the equation = + 2y = 2.

14.4.3 Loci and Inequalities

We will use the inequality |z — (3 +4i)| < 5 as an example to illustrate the general
procedure of finding the locus of an inequality.
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We begin by considering the equality case. As we have seen above, |z — (3 +4i)| =5
corresponds to a circle centred at (3,4) with radius 5. This is the “boundary” of our locus.

Im ’—boundary ‘

Figure 14.7

Notice that the circle is dashed as the inequality is strict; if the inequality was not strict,
ie. |z — (3 +41i)| <5, the circle would be drawn with a solid line.

Now, observe that the complex plane has been split into two parts: the interior and
exterior of the circle. To determine which region satisfies our inequality, we simply test a
complex number in each region.

e Since 3 + 4i is in the interior of the circle, and |(3 +4i) — (34 4i)| = 0 < 5, the
interior of the circle satisfies the inequality.
e Since 10 4 4i is in the exterior of the circle, and |(10 +4i) — (3 + 4i)| =7 > 5, the

exterior of the circle does not satisfy the inequality.

We thus conclude that the locus of |z — (3 4+ 4i)| < 5 is the interior region of the circle,
as shaded below:

Im required locus
// \\
7 \
7 AY
7 \
\
ll A |
I |
| 1
\ !
\\ r //
\ /7
. y Re
Ol~~___ __ -
Figure 14.8

14.4.4 Further Use of the Argand Diagram

Many interesting and varied problems involving complex numbers can be solved simply
using an Argand diagram. For instance, one may ask what the range of arg z is, given that
z satisfies some other constraint, e.g. |z — i| = 1. Given how diverse these problems may
be, there is no general approach to solving them. However, there are several tips that one
should keep in mind when doing these problems:
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e Think geometrically, not algebraically. Draw out the given constraints on an Argand
diagram. Most of the time, the given constraints are simply the three standard loci
above (circles, perpendicular bisector and half-lines).

e When working with circles and an external point, drawing tangents and diameters
may help. This allows one to use properties of circles (e.g. tangents are perpendicular
to the radius).

e Keep an eye out for symmetry or similar figures.
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Part V

Analysis
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15 Limits

15.1 Limits for Sequences

Definition 15.1.1. We say « is the limit of a sequence {z,} if for all £ > 0, there exists

some natural number N such that |z, — z| < e for all n > N. We write lim z, = .
n—oo

Intuitively, if = is the limit of the sequence {z,}, then we can make z,, as close as we
want to x, just by choosing a sufficiently large enough value of n.
If the limit exists, we say {x,} converges, else it diverges.

15.1.1 Operations on Limits
Fact 15.1.2. If lim =z, = = and 1i_>m Yn = y both exist, then

n—oo

e lim (z, +y,) = lim z, £ lim y, =z +y.

e lim (z,y,) = lim z, lim y, = zy.
n—o0 n—o0 n—o0

. li_}m (zn/yn) = li_>m T/ li_)m yn = x/y, provided that y, # 0 for all n € N and
that y # 0.

Sample Problem 15.1.3. Compute the limit lim,, o (7n° — n?)/(n® + 4).

Solution. We have

. Tn® —n? . 7—n"3 7 —limy, oo n 3 7—0
lim ——— = lim = - = ="T.
n—oo mnd+4 n—ool+4n=°% 1+4limy,eon® 140

15.1.2 Limits with Inequalities

Proposition 15.1.4. Suppose {z,} and {y,} are convergent sequences with z,, <y, for
each n € N. Let x and y denote their respective limits. Then = < y.

Proof. Seeking a contradiction, suppose x > y. Fix ¢ = (z — y)/2 > 0. By definition, there
exist natural numbers N; and Ny such that |z, —z| < e for all n > N; and |y, —y| < ¢
for all n > Ny. Let N = max{Nj, N2}. We hence have, for all n > N,

|ty — x| <e = axp>x—¢ and |y, —y|<e = yn<y+e.

Observe that
T—Yy=2 — x—c=y+e.

Thus, we have
y+te=x—ec<zyn <y, <y-+e,

a clear contradiction. Thus, = > y. O
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Theorem 15.1.5 (Squeeze Theorem). Suppose {z,}, {yn} and {z,} are convergent se-
quences with x, <y, < z, for each n € N. Let x, y and z denote their respective limits.
Then z <y < z.

Proof. Apply the above proposition to get < y and y < z. O

15.2 Limits for Functions

Definition 15.2.1. We say f(z) has a limit L at a, written lim f(z) = L, if for every
T—a
€ > 0 there exists a 6 > 0 such that

|zt —a| <d = |f(z)—L| <e.

Intuitively, no matter how small a “tolerance” ¢ we choose, we can always find an open
interval containing a such that for all z in this interval, the value of f(z) stays within e of
L.

y y=f(x)
L+eq
Lt------m-mmmmmm s
L—¢ :
t ; t x
a—20 a a+o
Figure 15.1

| Sample Problem 15.2.2. Prove that lim, 9 vz — 5 = 2.
Solution. Fix ¢ > 0. Choose § = min{1/2,2¢}. If |z — 9| < §, then

(x=5)—2% |z—9] 2
< < —
ve—-5+2 = 2 2
Thus, lim,_ o0z — 5 = 2. ]
Note that the limit of f(z) at a does not necessarily have to be f(a)! For instance,
consider the function
{x2, x #0,

Vo —5-2|=

=¢&.

J(@) = 3, z=0.

The limit at x = 0 is 0, but f(0) = 3.

15.2.1 One-Sided Limits

In the definition of a limit, we consider the behaviour of f(z) as x approaches a from both
sides within the open interval (a — d,a + ¢). In certain situations, however, we may wish to
analyse the behaviour of f(z) as 2 approaches a from one side only. To do so, we introduce
the notion of right- and left-sided limits.
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Definition 15.2.3. Suppose the domain of f contains the open interval (a,b). We say
f(z) has a right-sided limit L at a, written lim+ f(z) = L, if for every € > 0 there exists

Tr—ra
a 0 > 0 such that
a<zr<a+d = |f(z)—L|<e.

Similarly, suppose the domain of f contains the open interval (¢,a). We say f(x) has
a left-sided limit L at a, written lim f(x) = L, if for every € > 0 there exists a 6 > 0

Tr—a—
such that
a—d<zr<a = |f(z)—L|<e.

Example 15.2.4. Consider the following function:

fla) = {””2’ e

2242, x<0.
The right-sided limit of f(z) at x = 0 is 0, while the left-sided limit is 2.

Proposition 15.2.5. The limit of f(z) at = a exists if and only if the right- and
left-sided limits of f(z) at a exist and agree.

Using the above example, we see that the limit of f(x) does not exist at = 0, since the
right- and left-limits are different (0 # 2).

15.2.2 Limits at Infinity

Definition 15.2.6. We say that f(x) has a limit at positive infinity, written lim f(z) =L,
T—00

if for every € > 0 there exists a real number M such that for all x in the domain of f,

we have
r>M = |f(x)-L| <e.

Similarly, f(z) has a limit at negative infinity, written lim f(z)= L, if for every
T—r—00

€ > 0 there exists a real number M such that for all x in the domain of f, we have
r<M = |f(z)—L|<e.

Sample Problem 15.2.7. Prove that lim, ,,, 1/2% = 0.

Solution. Fix € > 0. Choose M = 1/y/e +1. Whenever z < M > 1/,/ve, we have

1

2
(1/ve)
Thus, limg_ e 1/22 = 0. O

=¢&.

1
72

15.2.3 Operations on Limits
Fact 15.2.8. If li_r)n f(z) = F and ligl g(x) = G both exist, then
o lim(f(z)£g(x)) = liin f(z) £ lim g(z) = F £ G.

r—ra r—ra

o lim(f(x)g(x)) = lim f(z) lim g(x) = FC.

Tr—a
o hin(f(x)/g(x)) = h_r)n f(x)/ liin g(z) = F/G, provided that g(z) # 0 for all z in
its domain, and that G # 0.
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15.2.4 Limits with Inequalities

Proposition 15.2.9. Let f and g be defined on a domain D. Suppose lim,_,, f(z) = F
and lim,_,, g(x) = G both exist for some ¢ € D, and that f(x) < g(x) for all x € D.
Then F < (G.

Proof. Seeking a contradiction, suppose F' > G. Fix ¢ = (F' — G)/2 > 0. By definition,
there exist positive 6, and J, such that

F-G F-G
and |z —al <0, = |g(z)—G|< 5

lx —a| <6, = |f(x) = F| <

Pick z such that |2 — a| < min{d,,d,}. Using the two implications above, we see that

F-G F+G F-G
T R

a contradiction. Thus, F' < G. O

flz) > F > g(x),

Theorem 15.2.10 (Squeeze Theorem). Let f, g and h be defined on a domain D. Suppose
the limits of f, g and h at ¢ € D exist. Denote them by F, G and H respectively. If
f(z) < g(x) < h(zx) for all z € D, then FF < G < H.

Proof. Apply the above result to get FF < G and G < H. O

Sample Problem 15.2.11. Evaluate lim,_,o 2% cos(3/z).

Solution. For any x € R\ {0}, we have —2? < 22 cos(3/x) < 2. By the squeeze theorem,
we have

. . 3 .
0 = lim —2? < lim z2 cos() < lim 2% =0,
z—0 z—0 T z—0

so the limit in question is 0. g

15.2.5 L’Hopital’s Rule

Definition 15.2.12. An indeterminate form is an expression involving two functions
whose limit cannot be determined solely from the limits of the individual functions.

Examples of indeterminate forms include

0 s}
—, 0O0xo0, o0—o00, 00,

e 10 0
0’ oo’

, 00 .

Theorem 15.2.13 (L'Hépital’s Rule). Suppose
e f(z)/g(z) is in indeterminate form (i.e. f(z)/g(x) =0/0 or £o0/ £ 00);
e f and g are differentiable on an open interval I except possibly at a point a € I;
e ¢'(x) #£0 for all z € I\ {a}; and
o lim, . f'(x)/g (x) exists.
e f@) S
= lim

T—a g(x r—a g’(m).
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| Sample Problem 15.2.14. Evaluate lim,_,o(e® — x — 1) /2.

Solution. Observe that (e* — z — 1)/2? is of the indeterminate form 0/0 when z = 0. By

L’Hopital’s rule, we have

et —x—1 et -1
lim ——— = lim
x—0 :1,’2 z—0 2x

Again, this is of the indeterminate form 0/0. Applying L’Hopital’s rule once more, we
finally get

15.3 Continuity and Continuous Functions

Definition 15.3.1. A function f is continuous at « if lim,, f(z) = f(a). If f is
continuous for all z in its domain, then f is said to be a continuous function.

Intuitively, a function f is continuous if we can draw the graph of y = f(z) without
lifting the pen off the paper. That is, if the graph of y = f(x) has “breaks”, then f is not
continuous.

Examples of continuous functions include polynomials, trigonometric functions and
exponentials.

Note that the continuity of a function depends on its domain. For instance, f : Rt — R,
x +— 1/x is continuous, but g : R — R, x — 1/x is not, despite having the same rule.

Fact 15.3.2 (Properties of Continuous Functions). Suppose f and g are continuous at a.
Then the following algebraic combinations are also continuous at a.

o f(z)+g(x),
o f(x)g(x),
e f(x)/g(z), provided g(a) # 0.

Proposition 15.3.3 (Composition of Continuous Functions). Suppose lim,_,, f(z) = b and
g is continuous at a. Then

lim g(f(x)) = g(1im f(x)) = g(b).

r—a <£E*)a
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15.4 Relative Rates of Growth

Definition 15.4.1. Let f and g be functions that are positive for sufficiently large values
of z.

e We say f grows faster than g, and that g grows slower than f if

f@ - o o m 9@ _
Z—00 g(x) T—00 (m)

We write f(x) < g(x), or g(z) > f(x), or f = o(g) (read as “f(x) is little-o of
g(x)”).

e We say that f and g grow at the same rate if

0 < lim M < 00.
T—y00 g(x)

We write f = O(g) (read as “f(x) is big-o of g(x)”).
Example 15.4.2. The growth rates of common functions are given by

nhr < 2P < e* < 2*.
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16 Differentiation

16.1 First Principles

Definition 16.1.1. A function f is said to be differentiable at some point a, if its domain
contains an open interval containing a, and the limit
fla+h) - f(a)

h

L = lim
h—0

exists. If f is differentiable, then L is the derivative of [ at a, denoted %f(a). If the
derivative exists for all points in the domain, we may define a derivative function that
maps z to the value of the derivative at x, denoted %f(x) or f'(z).

If y = f(z), we write the derivative as % or /. Note that the symbol % means “the
derivative with respect to x of” and should be treated as an operation, not a fraction.

Geometrically, the derivative of f at a can be understood as the instantaneous rate of
change of f at a. Consider a curve y = f(x). Let A(a, f(a)) and B(a+ h, f(a+ h)) be two
points on the curve.

Observe that the gradient of the tangent to the curve at A can be approximated by the
gradient of the chord AB, denoted m 4p. The closer B is to A, the better the approximation.
Therefore, the gradient of the curve at point A is limp_,4 map. Now observe that

fla+h)—fla) _ fla+h)—f(a)

(a+h)—a h
Additionally, as B — A, h — 0. Hence,

lim map = lim flat h) — f(a)’
B—A h—0 h

which is exactly the definition of the derivative of f at a.

Definition 16.1.2. The nth derivative of y with respect to x is

dzn ~ dz \dzn!

where n € Z7.

16.2 Differentiation Rules

Proposition 16.2.1 (Differentiation Rules). Let & € R and suppose v and v are functions
of z. Then

e (Sum/Difference Rule) If y = u & v then ¢y = v/ + '
e (Product Rule) If y = uv, then 3/ = v'v + wv’.
e (Quotient Rule) If y = %, then 3’ = %

e (Chain Rule) If y = f(z) and = = g(¢), then % = %‘é—f.
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The sum, product and quotient rules are easy to prove from first principles. We hence only
prove the chain rule. To do so, we introduce an equivalent definition of differentiability at
a point.

Definition 16.2.2. A function f(z) is differentiable at a if there exists some function
q(x) continuous at a such that

Note that there is at most one such ¢(z), and if it exists, then ¢(z) = f'(z).

We now prove the chain rule.

Proof of Chain Rule. Suppose y = f(z) and x = g(t). Suppose also that f(x) is differen-
tiable at = g(a), and that g(t¢) is differentiable at a.

Since f(x) is differentiable at = = g(a), by the above definition, there exists a function
q(x) such that

Replacing = with g(t), we get
flg(t) — f(g(a)) flg(t) — f(g(a))
9(t) — g(a) a(g(t)

Similarly, since g(t) is differentiable at a, by the above definition, there must exist a
function r(t) continuous at a such that

q(g(t)) = = g(t) —g(a) = (1)

= g(t) —g(a) = r(t)(t — a). (2)

Rearranging,

Loyt = L8 = Sla) _ (709 = (fog)la)

t—a t—a

By our assumptions, ¢(g(t))r(t) is continuous at ¢ = a. Hence, by the above definition,
q(g(t))r(t) is the derivative of (f o g)'(t). Since q(z) = f/(x) and r(t) = ¢'(t), we arrive at

(fog)(t)= f(g(t)g'(t).
In Liebniz notation, this reads as

d d d

G0 = | e | Gow].
Since x = ¢(t) and y = f(z) = f(g(t)), this can be written more compactly as
dy _ dyde

dt  dx dt’

From the chain rule, we can derive the following property:
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Proposition 16.2.3. Suppose dz/dy # 0. Then

dy 1
de  dz/dy’
Proof. By the chain rule,
Ly dyde a1
dy  dady dr  dz/dy’

O]

Note that this property does not generalize to higher derivatives. For instance, % #+

1
d2z/dy? "

16.3 Derivatives of Standard Functions

Let n,a € R.
Ly |y [y | v [y Y
" na 1 sin x CcoS T CoS T —sinx
a” a*lna secx | secxtanx | cscx | —cscxcotx
log,z | 1/(zlna) | tanx sec’ x cot x —csc’x
Ly Y |

arcsinz | 1/v1—22, |z| <1
arccosx | —1/vV1 — 22, |z| <1
arctan x 1/(1+ z%)

16.4 Implicit Differentiation

Definition 16.4.1. An explicit function is one of the form y = f(x), i.e. the dependent
variable y is expressed explicitly in terms of the independent variable z, e.g. y =
2z sinx + 3. An implicit function is one where the dependent variable y is expressed
implicitly in terms of the independent variable z, e.g. zy + siny = 2.

Recipe 16.4.2 (Implicit Differentiation). 3/ is found by differentiating every term in the
equation with respect to z and with subsequent arrangement, making vy’ the subject.

Implicit differentiation requires the use of the chain rule:

d d dy
@g(’y) = dfyg(y) P

Example 16.4.3 (Implicit Differentiation). Consider the implicit function 3y3 + 22y = 2.
Implicitly differentiating each term with respect to z, we obtain

—2zy

9Py + (2% +22y) =0 = o = ———.
vy + (2% + 2ay) U g
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Proposition 16.4.4 (Derivative of Inverse Functions).
1
f1 (=)

Proof. Let y = f~!(z). Then f(y) = z. Implicitly differentiating,

d ., B
af (z) =

/ ’ o 1 . 1
FWy=1=9v=55= 770

O]

We can use the above result to derive the derivatives of the inverse trigonometric functions
and the logarithm.

Example 16.4.5 (Derivative of arcsinz). Let f(x) = sinz. Then f’(x) = cosz. Using the

above result,
d 1 1

— arcsinx = =

dz cos(arcsinz) /1 — 22

Example 16.4.6 (Derivative of log, ). Let f(x) = a®. Then f'(z) = a” Ina. Using the

above result,
1 1

a°.*lng zlna’

@logax =

16.5 Parametric Differentiation

Sometimes it is difficult to obtain the Cartesian form of a parametric equation, so we are
unable to express dy/dz in terms of . However, we are still able to obtain dy/dz in terms
of the parameter ¢ using the chain rule. If z = f(¢) and ¢(¢), then

dy dydt

dz ~ dtdz’

Example 16.5.1 (Parametric Differentiation). Suppose & = sin 20, y = cos 46. Differentiat-
ing x and y with respect to 6, we see that
dz dy

W= 2 cos 20, 0= —4sin 46.

Hence, by the chain rule,

dy dydd  —2sindd
dz  dfdz  cos20
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17 Applications of Differentiation

17.1 Monotonicity

Definition 17.1.1. Let f be a function, and let I C Dy be an interval. Let 21 and x3 be
distinct elements in 1.

e f is strictly increasing if 71 < 9 = f(x1) < f(x2).

e f is strictly decreasing if 1 < 2o = f(x1) > f(x2)

Proposition 17.1.2 (Sign of f’(x) Describes Monotonicity). If f'(z) > 0 for all z € I,
then f is strictly increasing on I. Similarly, if f/(z) < 0 for all x € I, then f is strictly
decreasing on 1.

Proof. Suppose f'(x) > 0 for all x € I. By the Mean Value Theorem, there exists some
¢ € I such that
f(@2) — f(z1)

12 —

o) = T2,
Since f’(¢) > 0 and z1 < z9, it follows that f(z1) < f(z2), whence f is strictly increasing.
The proof of the second statement is similar. O

Note that the converse of the above results is not true. Consider the function f(z) = z/3.

Clearly, f(z) is increasing on R, yet f'(z) = 2~%/3/3 is undefined at x = 0.

17.2 Convexity and Concavity

Definition 17.2.1. Let f be a function, and let I C D be an interval.
e [ is convex (or concave upwards) on I if f”(z) > 0 for all z € I.

e f is concave (or concave downwards) on [ if f”(z) <0 for all z € I.

Algebraically, f is convex on [ if for any two points z1,x2 € I and weights t1,t5 > 0
with t1 4+ to = 1, we have

f(tl.%'l + tgm'z) < t1f<331) + tgf(.fb'g).

Note that equality holds when z; = xo. If the equality is strict, then f is said to be strictly
convex. If instead f is concave on I, the inequality is flipped.

Geometrically, f is concave upwards if the graph of y = f(z), z € I lies above its
tangents. Likewise, f is concave downwards if the graph lies below its tangents.
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17.3 Stationary Points

| Definition 17.3.1. A stationary point on a curve y = f(x) is a point where f’(x) = 0.

A Y

B

Figure 17.1: Types of stationary points.

There are two types of stationary points:
e turning points: maximum points (4) and minimum points (B)
e stationary points of inflexion: C'

Definition 17.3.2. A point of inflexion is a point on the curve at which the curve crosses
its tangent and the concavity of the curve changes from up to down or vice versa.

Note that a point of inflexion is not necessarily stationary; points D and F in the above
figure are non-stationary points of inflexion.

17.3.1 Turning Points

In the neighbourhood of turning points, the gradient of the curve, f’(x), changes sign.

Maximum Points

In the neighbourhood of a maximum turning point A, the gradient f’(z) decreases from
positive values, through zero at A, to negative values. The y-coordinate of A is known as
the maximum value of y.

Minimum Points

In the neighbourhood of a minimum turning point B, the gradient f'(z) increases from
negative values, through zero at B, to positive values. The y-coordinate of B is known as
the minimum value of y.

17.3.2 Stationary Points of inflexion

In the neighbourhood of a stationary point of inflexion, the gradient of the curve, f’(x)
does not change sign.
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17.3.3 Methods to Determine the Nature of Stationary Points

Suppose y = f(z) has stationary point at z = a.
Recipe 17.3.3 (First Derivative Test). Check the signs of f’(z) when z — ¢~ and x — a™.

x a~ a at a~ a at a” a a®
/ B B +ve 0 +ve
fi(x) | +ve 0O ve ve 0 Hve e 0 e

Nature | Maximum point | Minimum point | Stationary point of inflexion

Example 17.3.4 (First Derivative Test). Let f(x) = 2. Note that f/(x) = 2x. Solving for
f'(x) = 0, we see that x = 0 is a stationary point. Checking the signs of ¢’ as z — 0~
and z — 0T,

x 0" [0] OF
fl(x) | —ve | 0| +ve

Thus, by the first derivative test, the stationary point at £ = 0 is a minimum point.

Proposition 17.3.5 (Second Derivative Test). Suppose f(x) has a stationary point at
T =a.

e If f”(a) <0, then the stationary point is a maximum.
e If f(a) > 0, then the stationary point is a minimum.
e If f”(a) = 0, the test is inconclusive.

Proof. At x = a, the function f(z) is given by the Taylor series

o) f(n) a . (a
@ =300y = @+ F@e -0+ L@ a2+
n=0 ’
When z is arbitrarily close to a, the terms (z — a)?, (z — a)?, ... become negligibly small,
whence f(x) is well-approximated by
"
a
Fa) ~ fla) + F@ - a) + T @ - a2
Since z = a is a stationary point, f/'(a) = 0, whence
f// a
fa) ~ fla) + T2 (e a2
Now observe that %(x —a)? is non-negative. Hence, the sign of @(w —a)? depends solely
on the sign of f”(a): if f”(a) is positive, the entire term is positive and
f// a
1)~ f@)+ T @ - > f(a),

2
whence f(a) is a minimum (since f(a) < f(x) for all z in the neighbourhood of a). Similarly,
if f”(a) is negative, the entire term is negative and

f@) ~ @) + L @~ a)? < f(a),

whence f(a) is a maximum. If f”(a) is zero, we cannot say anything about f(x) around
f(a) and the test is inconclusive. O
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Example 17.3.6 (Second Derivative Test). Let f(x) = x2. From the previous example,
we know that z = 0 is a stationary point. Since f”(0) =2 > 0, by the second derivative

test, it must be a minimum point.

17.4 Graph of y = f'(x)

The table below shows the relationships between the graphs of y = f(x) and y = f/(x).

Graph of y = f(x) Graph of y = f/(z)
la vertical asymptote x = a vertical asymptote x = a
1b horizontal asymptote y = b horizontal asymptote y = 0
1c oblique asymptote y = mzx + ¢ horizontal asymptote y = b
2 stationary point at * = a x = a is the z-intercept
3a f is strictly increasing curve above the z-axis
3b f is strictly decreasing curve below the y-axis
4a f is concave upward curve is increasing
4b f is concave downward curve is decreasing
5 point of inflexion at x = a maximum or minimum point at x = a

For most cases, we can deduce the graph of y = f/(z) by using points (1) to (3) only.

Points (4) and (5) are usually for checking.

17.5 Tangents and Normals

Let P(k, f(k)) be a point on the graph of y = f(z).

Y

tangent
—— normal

Figure 17.2

The gradient of the tangent to the curve at P is f’(k), while the gradient of the normal
to the curve at P is —1/f’(k). This follows from the fact that the tangent and the normal
are perpendicular, hence the product of their gradients is —1.
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17.6 Optimization Problems

Many real-life situations require that some quantity be minimized (e.g. cost of manufacture)
or maximized (e.g. profit on sales). We can use differentiation to solve many of these
problems.

Recipe 17.6.1. Suppose we have a dependent variable y that we wish to maximize. We
first express y in terms of a single independent variable, say x. We then differentiate y
with respect to x and solve for stationary points. Lastly, we determine the nature of the
stationary points to obtain the maximum point.

Example 17.6.2. Suppose we wish to enclose the largest rectangular area with only 20
metres of fence. Let x m and y m be the length and width of the rectangular area. The
perimeter of the rectangular area is

20 +y) =20 = y=10—=z.
We can hence express the area of the rectangular area A solely in terms of x:
A=zy=2(10—-1z) = —2* + 10z.
Differentiating A with respect to x, we see that

da 2z + 10
— =2z .
dx
There is hence a stationary point at x = 5. By the second derivative test, this is a

maximum point. Thus, z = y = 5 gives the largest rectangular area.

17.7 Connected Rates of Change

dy/dx measures the instantaneous rate of change of y with respect to z. If ¢ represents
time, then dy/dt represents the rate of change of the variable y with respect to time ¢. At
the same instant, the rates of change can be connected using the chain rule:

dy dydx

dt  dx dt’

Sample Problem 17.7.1. An oil spill spreads on the surface of the ocean, forming a
circular shape. The radius of the oil spill 7 is increasing at a rate of dr/d¢t = 0.5 m/min.
At what rate is the area of the oil spill increasing when the radius is 10 m?

Solution. Let A be the area of the oil spill. Note that A = 2. Differentiating with respect
to r, we get dA/dr = 27wr. Hence, by the chain rule,

dA dAdr
Pl v (27r)(0.5) = 7r.

Thus, when the radius is 10 m, the area of the oil spill is increasing at a rate of 10 m/min.
O
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17.8 Intermediate Value Theorem and Mean Value Theorem

Theorem 17.8.1 (Intermediate Value Theorem). Let f be continuous on [a,b] and yo be
any value between f(a) and f(b). Then there exists some ¢ € (a,b) such that f(c) = yo.

The intermediate value theorem immediately implies Bolzano’s theorem (see §2.1).

Theorem 17.8.2 (Cauchy’'s Mean Value Theorem). Let f and g be continuous on [a, ]
and differentiable on (a,b). Then there exists a point ¢ € (a,b) such that

(9(b) = g(a)) f'(c) = (f'(b) = f'(a)) g'(c).

With Cauchy’s mean value theorem, we easily deduce the more famous mean value
theorem.

Theorem 17.8.3 (Lagrange's Mean Value Theorem). If f is continuous on [a,b] and
differentiable on (a,b), then there exists a point ¢ € (a,b) such that f/(c) is equal to the
function’s average rate of change over [a, ], i.e.

/ f(a) — f(b)
f (C) - b —a
Proof. Use Cauchy’s mean value theorem with g = . O

Sample Problem 17.8.4. Let f be a differentiable function on R such that f/(x) # 1 for
all x € R. Show that f has at most one fixed point.

Solution. Seeking a contradiction, suppose f has at least two fixed points, say « and 3, so
f(a) =« and f(B) = B. By Lagrange’s mean value theorem, there exists some ¢ € («, )

such that
f/(c): f(a)_f(ﬁ) — Oé—,B :1,
a—p a—p
a contradiction. Thus, f has at most one fixed point. ]

One important corollary of Lagrange’s mean value theorem is Rolle’s theorem.

Corollary 17.8.5 (Rolle’s Theorem). If f is continuous on [a,b] and differentiable on
(a,b) such that f(a) = f(b), then there exists at least one extreme point ¢ € (a,b), i.e.

I'(e) =o.
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18 Maclaurin Series

Definition 18.0.1. A power series is an infinite series of the form

o
Zan(x—c)”:a0+a1(x—c)+a2(a:—c)2+...,
n=0

where a,, is the constant coefficient of the nth term and c is the centre of the power
series.

Under certain conditions, a function f(z) can be expressed as a power series. This
makes certain operations, such as integration, easier to perform. For instance, the integral
J ze® dz is non-elementary. However, we can approximate it by replacing ze® with its
power series and integrating a polynomial instead.

In this chapter, we will learn how to determine the power series of a given function
f(z) with centre ¢ = 0 by using differentiation. This particular power series is called the
Maclaurin series.

18.1 Deriving the Maclaurin Series

Suppose we can express a function f(z) as a power series with centre ¢ = 0. That is, we
wish to find constant coefficients such that

0o
f(:c):Zanx":a0+a1x+agx2+.... (1)
n=0
Notice that we can obtain ag right away: substituting x = 0 into (1) gives
£(0) = ag + a1(0) + a2(0)* + - - = ap.
Now, observe that if we differentiate (1), we get
f'(z) = a1 + 209z + 3azx® + ... (2)
Once again, we can obtain a; using the same trick: substituting = 0 into (2) yields
f'(0) = a1 + 2a2(0) + 3a3(0)> + - -- = ay.

If we continue this process of differentiating and substituting z = 0 into the resulting
formula, we can obtain any coefficient we so desire. In general,

FO0) = - ana"). ®
However, by repeatedly applying the power rule, we clearly have
dn dnfl 1 dnf2 9
= e = e n(n - ) an=1)(n=2)... ()W) =n
Thus, a simple rearrangement of (3) gives
(n)
IO}
n!

We thus arrive at the formula for the Maclaurin series of f(z):
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Definition 18.1.1. The Maclaurin series of f(x) is given by

F1(0) 5 fP0) 4
xr + 9] x° + 30 o 4.,

> f(n)
ry =3 0 g0y 4 p10)
n=0 ’

There are a few caveats, though:

e The Maclaurin series of f(z) can only be found if £ (0) exists for all values of n. For
example, f(z) = Inz cannot be expressed as a Maclaurin series because f(0) =1n0
is undefined.

e The Maclaurin series may converge to f(z) for only a specific range of values of z.
This range is called the validity range.

18.2 Binomial Series
Proposition 18.2.1 (Binomial Series Expansion). Let n € Q \ Z*. Then

(1—|—gj)n:Zn(n—1)(n—2lz!...(n_k+1)xk,

k=0

with validity range |z| < 1.

Proof. Consider f(z) = (14 z)", where n € Q \ Z*. By repeatedly differentiating f(z), it
is not too hard to see that

fO@)y=nn—-1)n-2)...(n—k+1) (1 +2z)"*

Hence,
fBO)=nn-1)n-2)...(n—k+1).

Substituting this into the formula for the Maclaurin series, we have

fz) = Zn(n— 1)(n—2k):!...(n—k+1)xk'

k=0

We now consider the range of validity. If |z| > 1, then z* diverges to co as k — co.
Meanwhile, if |z| < 1, then zj converges to 0 as k — co. Hence, the range of validity is

lz] < 1. O
Note that the binomial theorem is similar to the above result: taking n € ZT, we see
that
nin—1)(n-2)...n—k+1) [(}) k<n,
k! 0 k>n,
whence

“nn—-Dn-2)...n—k+1 " /n
SO SLILELICEC SV ESI P Y (O P

k=0 ’ k=0
which is exactly the binomial theorem. The only difference between the two results is that
the range of validity is R when n is a positive integer. This is because the series is finite
(all terms k& > n vanish), hence it will always converge.
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18.3 Methods to Find Maclaurin Series
18.3.1 Standard Maclaurin Series

Using repeated differentiation, we can derive the following standard Maclaurin series.

’ f(x) Standard series Validity range
= ~1(n—-2)...(n—k+1
(RS SEA L (LS R UELAR P
= !
€ kz o all x
=0
et -1 k.2k+1
sin Z ((2]{:)_{:_61)' all z (in radians)
k=0 )
& -1 k .2k
cos T Z ((Z)k:):f all z (in radians)
k=0 ’
X 1\k+1 .k
In(1+z) Z(l)ix -1<z<1
r
k=0

We can use these standard series to find the Maclaurin series of their composite functions.

Example 18.3.1 (Standard Maclaurin Series). Suppose we wish to find the first three
terms of the Maclaurin series of e” (1 + sin 2z). Using the above standard series, we see

that
2

61214_3;_,_&4_...7

5 l4+sin2z=1+2z+---.

and

Hence,
2

e’ (14 sin2z) = (1—|—x+362+---> (1+2x+---)

2
5
:(1+2x)+(x+2x2)+<x2>+---:1—|—3x—|—2m2+~--.

18.3.2 Repeated Implicit Differentiation

For complicated functions, it is more efficient to repeatedly implicitly differentiate and
substitute = 0 to find the values of y'(0), y"(0), etc.

Example 18.3.2 (Repeated Implicit Differentiation). Suppose we wish to find the first
three terms of the Maclaurin series of y = In(1 + cosz). Rewriting, we get e¥ = 1+ cos x.
Implicitly differentiating repeatedly with respect to x,

r_ 1on

e¥y = —sing = &Y [(y/)2 +y"] = —cosx = &Y [(y')3 +3y'y —i—y”’} =singz
— Y [(y’)4 +3 (y")2 +6 (y’)2 y" + 4y + y(4)] = cos .
Evaluating the above at x = 0, we get

y(0) =2, y(0)=0, y'(0)=—
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Thus,

—1/2 5, —1/4 4 _ Lo 1 4
T + T +---—1n2—1:1: ~96¢ + -

In(1+cosz) =In2+

18.4 Approximations using Maclaurin series

Maclaurin series can be used to approximate a function f(x) near xz = 0.

Example 18.4.1 (Approximating Integrals). Suppose we wish to approximate

0.5
/ In(1 4+ cosx) dz.
0

Doing so analytically is very hard, so we can approximate it using the Maclaurin series
of In(1 + cosz), which we previously found to be In2 — ixz — %x‘l + ---. Integrating

this expression over the interval [0,0.5], we get

0.5 0.5 1 1
/ In(1 + cosz) dw ~ / <ln2 — g% - x4) dz = 0.336092,
0 0 4 96

which is close to the actual value of 0.336091.

Example 18.4.2 (Approximating Constants). For small z,

73

sine ~ 1 — —

3

Since sin(7/4) = 1/4/2, the numerical value of 1/4/2 can be approximated by substituting
x = /4 into the above equation:

1

= 0.70465.

This is close to the actual value of 1/\/§ ~ 0.70711.

To improve the approximation, we can
e choose an x-value closer to 0;

e use more terms of the series.

Example 18.4.3 (Improving Approximations). Continuing on from the previous example, we
note that sin(37/4) is also equal to 1/v/2. If we substitute z = 37 /4 into sinz ~ x —z3/3|,

we get
1 . 3rm  3m (3n/4)3
— =sin— =~ — —
NG) 44
which is a worse approximation than if we had used = = 7/4. This is because |7/4| <
|37 /4.

= 0.17607,
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18.5 Small Angle Approximation
For = near zero, we can approximate trigonometric functions with just the first few terms
of their respective Maclaurin series:

2
sinr ~ x, cos:pkﬁl—?, tanx ~ .
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19 Integration

19.1 Indefinite Integration

In the previous chapters, we learnt about differentiation, which can be thought as finding
the derivative f’(z) from a function f(z). Reversing this, we define integration as the
process of finding the function f(z) from its derivative f’(x). Simply put, integration
“undoes” differentiation and vice versa.

19.1.1 Notation and Terminology

Definition 19.1.1. We write the indefinite integral with respect to x of a function f(x)

N [ e

Let the derivative of F'(x) be f(x), and let ¢ be an arbitrary constant. Since the derivative
of a constant is zero, the function F(z) + C will always have the same derivative: f(x).
Thus, when we integrate f(x), we don’t get back a single function F'(z). Instead, we get
back a class of functions of the form F(z) + C. We call F(z) the primitive of f(z), and ¢
the constant of integration.

With our notation, we can write down the notion of integration “undoing” differentiation

Here, f(x) is called the integrand.

mathematically:
[su@la=f@c, | [ o) =i,

19.1.2 Basic Rules

Fact 19.1.2 (Properties of Indefinite Integrals). Let f(x) and g(x) be any two functions,
and let £ be a constant.

e (linearity) [[f(z) + g(x)] dz = [ f(z)dz + [ g(x)dz.
o [kf(x)dx =k [ f(z)da.

19.2 Definite Integration

Definition 19.2.1. Suppose f is a continuous function defined on the interval [a, b] and
| f(z)dz = F(z) + C. Then, the definite integral of f(z) from a to b with respect to x
is denoted by

b
[ @) o= (F@): = FO) - Fla),
a
We call a the lower limit and b the upper limit of the integral.

Note that the indefinite integral [ f(z)dz is a function in z, while the definite integral

fab f(z) dz is a numerical value. Also note that  is a dummy variable as it does not appear
in the final expression of the definite integral; it can be replaced by any symbol.
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Fact 19.2.2 (Properties of Definite Integrals). Let f(z) and g(x) be any two functions.
Let k and c be constants.

e (linearity) f; [f(z) + g(z)] dz = f; f(z)dz + [ g(z)dz.
o f;kf(a:) dz = kfff(aj) dz.
o [Mf(x)de=[°f(z)dz+ [° f(z)dz.

Note that from the last property, we can deduce the following properties:

/aaf(x)dxzo, and /abf(x)dx: /baf(q;) dz.

19.3 Integration Techniques

19.3.1 Systematic Integration
Proposition 19.3.1 (Integrals of Standard Functions).

xn+1
/:E”dm: +C, (n# —1)
1
/dx:ln]az\—i-C’,
x
/e“E dx =e* + C.
Proposition 19.3.2 (Integrals of Trigonometric Functions).

/sinxdx:—cosx—i—C, /Cosxdx:sinx—i—C,

/Secxdx = —In|secx — tanz| + C, /cscazdx =In|cscx — cot x| + C,

/tanxdw——ln\cosx\+0, /cotxdx—ln|sinx!+C.
Equivalently,
/sec:vdm:ln|secx+tan1:] and /cscmd:v:—ln|cscx+cotx|.

Products of trigonometric functions can be easily integrated using the following identities:

P P— pP— P

sin P 4 sin Q = 2sin —;QCOS 2Q, sin P —sin @ = 2sin ZQCOS ;Q,
P pP- P - P

cos P + cos Q = 2 cos ;Qcos 2Q, cos P — cos ) = 2sin 2Qsin —12_@.

Powers of trigonometric functions can also be integrated using the following identities:

. 9 1 —cos2z 9 1+ cos2x
sin“xr = ———, cos“r = ———,
2 2
.3 3sinx — sin 3z 3 3cosx + cos 3z
sinr = —————, cos’r=—"—"——/¥—

4 4
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Proposition 19.3.3 (Algebraic Fractions).

1 de — . x c
ﬁ w—arcslna—F

1 1
/dx:arctanx—i—c
a? + x2 a a

1 1
[ mir=g,

19.3.2 Integration by Substitution

a—+x
a—x

+C

If the given integrand is not in one of the standard forms, it may be possible to reduce it to
a standard form by a change of variable. This method is called integration by substitution,
and it “undoes the chain rule”.

Proposition 19.3.4 (Integration by Substitution). Let F' = f. Then
[ Ho@g' @ ds = Fgla)) + C.

Proof. Recall that by the chain rule,

d

4 [F@)] = F'(g()d () = f(g())d ().

Integrating both sides with respect to x,

[ rotang @) e = Fig() +

A simpler way to interpret the above formula is as follows:

Recipe 19.3.5 (Integration by Substitution). Given an integral [ f(z)dz and a substitution
x = g(u), convert all instances of z in terms of w. This includes replacing dz with du,
which can be found by “splitting” dx/du:

d
£ =¢(u) = dz =g (u)du.
If the integral is definite, the bounds should also be converted to their corresponding u

values. Once the integral has been evaluated, all instances of u should be converted back
to z.

Example 19.3.6 (Definite Integration by Substitution). Consider the definite integral

/ 2 :

———duz.
2/v3 eva? —1
Under the substitution x = 1/u, we have

dx 1 1
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When z = 2/v/3, u = v/3/2. When x = 2, u = 1/2. Thus, the integral becomes

1/2 1 V3/2 1
/ u2du:/ ——du= [arcsinu]ﬁmzl
12 )y i 6

Example 19.3.7 (Indefinite Integration by Substitution). Consider the indefinite integral
1
———dux.
/ rVz? -1
Following the same substitution as above (z = 1/u), we get

. .1
u = arcsinu + C = arcsin — + C.
T

1 1
e dr= [ 24
/x\/xz—l /\/1—u2

19.3.3 Integration by Parts

)

Just like integration by substitution “undoes” the chain rule, integration by parts “undoes’
the product rule.

Proposition 19.3.8 (Integration by Parts). Let u and v be functions of z. Then

/uv’da: =uv — /vu’dx.
b b
/ wv' do = [uv]z —/ vu' dz.

(uwv) = uv' + v'v.

For definite integrals,

Proof. By the product rule,

Integrating both sides and rearranging yields the desired result. O

The statement is also sometimes written as

/udvzuv—/vdu.

As we just learnt in the previous section, the two forms are perfectly equivalent under
substitution (simply substitute  for u and v in the integrands).

Care must be exercised in the choice of the factor u. The aim is to ensure that u/v on
the RHS is easier to integrate than uv’. To choose u, we can use the following guideline:

Recipe 19.3.9 (LIATE). In decreasing order of suitability, u should be
e Logarithmic
e Inverse trigonometric
e Algebraic

e Trigonometric

Exponential
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Example 19.3.10 (Integration by Parts). Consider the integral [Inzdz. Picking u = Inz
and v/ = 1, we get

/lnxdx:uv—/u’vdx:(1nx)(x)—/<1> (x)de = zlnz —z + C.

X

The astute reader would have noticed that we actually dropped an arbitrary constant
when integrating v in the above example. We picked v" = 1 but only got v = x, instead of
the expected v = x + C'. However, including the arbitrary constant does not matter: if we
replace v with v + C' into the integration by parts formula, we get

/udv:u(v—l—C)—/(v—i—C)du:uv—i-Cu— (/vdu—i—Cu) :uv—/vdu,

which is what we would have got had we not included the arbitrary constant C.
However, this is not to say that we should always drop the arbitrary constant. In certain

situations, including it might actually prove more useful, as demonstrated in the following

example.

Example 19.3.11 (Including Arbitrary Constant). Consider the integral [In(z + 1) da.

Picking u = In(z 4+ 1) and v" = 1 (which implies v = x + C'), we get

C
T+ A

/ln(ac—i—l)dx:uv—/u'vdx:(:U—I—C)ln(x—l—l)—/x+1 .

Here, a convenient choice for C' would be 1, as the integral on the RHS would simplify
to f 1dx, which we can easily integrate. Thus,

/ln(x—i-l) dz=(z+1)In(zx+1)—z+C.

If evaluating an integral requires doing multiple integration by parts in succession, the
DI method is more convenient.
Recipe 19.3.12 (DI Method). Given the integral [ wvdz, construct the following table:

D I
+ u v
— u/ fU(fl)
+ »(—2)
:l: U(n) ’U(_n)

In other words, keep differentiating the middle column (u) and keep integrating the right
column (v), while alternating the sign in the left column. This sign is “attached” to the
u terms.

Next, draw diagonal arrows from the middle column to the right column one row below.
For instance, u is arrowed to v(=1), while « is arrowed to v(=2) and so on. Multiply the
terms connected by an arrow, keeping in mind the sign of the u terms. Add these terms
up, and add the integral of the product of the last row (i.e. fu(”)v(_”) dz).

Essentially, the DI method allows us to easily compute the extended integration by parts
formula, which states that

/ T G AR ) B0 G B I 7L B / NONSOEM

where the sign of the integral depends on the parity of n.
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Example 19.3.13 (DI Method). Consider the integral [ z3sinz dz. Taking u = 23 and
v = sinx, we construct the DI table:

D I
+ 23 sin
— 322 —CcoszT
+ 6z —sinz
— 6 cos T

Thus,

/x?’ sinzdz = 2%(— cosz) — 32%(—sinz) 4 6z(cos ) — 6/cosxdx

= —g3cosz + 3x%sinx + 6z cosx — 6sinz + C.
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20 Applications of Integration

20.1 Area

20.1.1 The Riemann Sum and Integral

Suppose we wish to find exact area bounded by the graph of y = f(x), the z-axis and the
lines = a and x = b, where a < b and f(x) >0 for a < x < b.

We can approximate this area by drawing n rectangles of equal width, as shown in the
diagram below:

y ] y = f(x)

Figure 20.1

Observe that the kth rectangle has width Az = (b — a)/n and height f(a + kAx). The
total area of the rectangles is hence

Z fla+ kAz)Ax.
k=1

This is known as the Riemann sum of f over [a, b].

As the number of rectangles approaches oo, the width Az of the rectangles approaches
0, and the total area of rectangles approaches the actual area under the curve. In other
words,

n
Area = Alglﬂrgo Z fla+ kAz)Az.
k=1
In the limit, the Riemann sum becomes the Riemann integral, which is conventionally

written as the definite integral
b
a

Note that this is where the integral and differential sign comes from: in the limit, Y — [
and Az — dz.
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20.1.2 Definite Integral as the Area under a Curve

Proposition 20.1.1 (Area between a Curve and the z-axis). Let A denote the area bounded
by the curve of y = f(z), the z-axis and the lines x = a and = b. Then

b b
AreaA:/ |y dx:/ |f(x)] dz.

Proposition 20.1.2 (Area between Two Curves). The area A between two curves y = f(z)
and y = g(z) is given by

b
Area A = / |f(x) — g(x)| dz.

Similar results hold when integrating with respect to the y-axis instead.

Proposition 20.1.3 (Area between a Parametric Curve and the z-axis). Let C be the curve
with parametric equations x = f(t) and y = g(¢). Then the area A bounded between C

and the x-axis is
b t2 dx
Aread — / iyl dz = / 90 & a,
o t1 dt
where t; and t5 are the values of ¢ when x = a and b respectively.
The formula can be applied similarly when we wish to find the area bounded between C
and the y-axis.

Proposition 20.1.4 (Area Enclosed by Polar Curve). Let 7 = f(#) be a polar curve, and
let A be the area of the region bounded by a segment of the curve and two half-lines
# =« and 0 = 3. Then

1 [P
Area A = 2/ r2 de.

Proof. Divide the enclosed region A into n sectors with the same interior angle Af. Consider
that a typical sector of A can be approximated by a sector of a circle. Thus, the area of
that sector is approximately

AA =~ %T‘QAQ.

Summing up these approximations, we see that
0=p |
A= —r2A6.
2%
EXe

This approximation will improve as the number of sectors increases, i.e. A6 — 0. Hence,

=5 1 (8
Area A = lim —r2Af = / r? dé.
AO—0 2 2 Ja
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20.2 Volume

Definition 20.2.1. If an enclosed region is rotated about a straight line, the three-
dimensional object formed is called a solid of revolution, and its volume is a volume of
revolution.

The line about which rotation takes place is always an axis of symmetry for the solid of
revolution, and any cross-section of the solid which is perpendicular to the axis of rotation
is circular.

20.2.1 Disc Method

Consider the solid of revolution formed when the region bounded between y = f(x), the
z-axis and the lines * = a and = = b is rotated about the x-axis.

Y

P(z,y)

Figure 20.2

To calculate the volume of this solid, we can cut it into thin slices (or discs) of thickness
Azx. Each disc is approximately a cylinder and the approximate volume of the solid can
be found by summing the volumes of these cylinders. The smaller Az is, the better the
approximation.

Consider a typical disc formed by a one cut through the point P(x,y) and the other cut
distant Ax from the first. The volume of this disc is approximately

AV ~ 1yl Az.
Summing over all discs,
b
V= Z Ty Az
r=a

As more cuts are made, Az — 0, whence

b b
V=l Az = 2dz.
dm, St = [y
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Proposition 20.2.2 (Disc Method). When the region bound by the curve y = f(z), the
zr-axis and the lines z = a and = = b is rotated 27 radians about the z-axis, the volume
of the solid of revolution generated is given by

V:w/aby2d$:7r/ab[f(:v)]2 dz.

Proposition 20.2.3 (Disc Method: Volume Enclosed by Two Curves). When the region
enclosed by two curves y = f(z) and y = g(z) is rotated 27 radians about the x-axis,
the volume of the solid of revolution generated is given by

b b b
Ver [ (@ de-n [Clg@P do=n [ (5@ - o)) o
Similar results hold when the axis of rotation is the y-axis.

20.2.2 Shell Method

Suppose a region R is rotated about the y-axis. Consider a typical vertical strip in the
region R with height y and thickness Az. It will form a cylindrical shell with inner radius
x, outer radius x + Az and height y when rotated about the y-axis. Hence, it has volume

AV = 7(z + Az)?y — nz’y = 2nayAx 4+ 1Az%y ~ 2rzyAx.,

Hence, the volume of revolution is approximately

b
Vx Z 2nxyAzx.

r=a

As more strips are considered, Ax — 0, whence

b
V= lim 27r/ zydz.
Az—0 a

Proposition 20.2.4 (Shell Method). When the region bound by the curve y = f(z), the
x-axis and the lines z = a and = = b is rotated 27 radians about the y-axis, the volume
of the solid of revolution is given by

b
V= 27r/ xy dez.

A similar result holds when the axis of rotation is the z-axis.

20.3 Arc Length

20.3.1 Parametric Form

Proposition 20.3.1 (Arc Length of Parametric Curve). Let A(¢;) and B(t2) be points the
parametric curve with equations = f(t), y = g(t), t € [t1,t2]. Then

a6~ [CViror s wora- [ \/ (&Y 4 (&) a
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Proof. Let s = AB be the arc length of AB. Let P and Q be points on AB with parameters
t and t + At respectively. By the Pythagorean theorem, the straight line PQ is given by

PQ* = [f(t+ At) = f(O) + [g(t + At) — g(1)].
Dividing both sides by (At)2,

(59)" - [fersn-10)* , foltr80 ate]"

As At — 0, we can write the RHS in terms of f’(t) and ¢'(t):

2
i, (57) = ) + 50)°.

1
At—0

Rearranging,

Jim PQ = \/[/(0F + g ()P A

However, observe that as At — 0, the straight line PQ approximates the arc length PQ
(i.e. As) better and better. Hence,

As =PQ = \/If() + [g ()AL

Integrating from A to B, we thus obtain

s=AB = : \/[f’(t)]2 +[g' (D) dt = /: \/((jlf)z + @Z)Q dt.

20.3.2 Cartesian Form

Taking t = = or t = y, we get the following formulas involving dy/dz and dz/dy, which is
suitable for Cartesian curves.

Proposition 20.3.2 (Arc Length of Cartesian Curve). Let A(x1,y1) and B(z2,y2) be points
on the curve y = f(z). The arc length AB is given by

[ dy\? v [ /da?
AB:/ ,/1+(y> dx:/ ,/<x> +1dy.
- dz " dy

20.3.3 Polar Form
Proposition 20.3.3. Let A(r1,61) and B(rg,62) be points on the polar curve r = f(6).
Then the arc length AB is given by

— 02 dr\?
AB = 2 — ) df
oy (o)
Proof. Recall that x = rcosf and y = rsin . Hence,

dzx dr . dy . dr
@—COS@@—TSIHQ, @—smﬁa—i—rcos&
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It follows that

d(r cos 0)\ 2 d(rsin6) 27 9 . 9
(d@) + (d& = (cos” 6 + sin® 0)

r2+ ﬁ : *7“2—1- ﬁ i
do - do )

— 02 dz\ 2 dy 2 02 dr\?

AB = — — | df = 2 — | dé.
L) () = [ ()

20.4 Surface Area of Revolution

Taking t = 0,

Definition 20.4.1. The surface area of a solid of revolution is called the surface area of
revolution.

Proposition 20.4.2 (Surface Area of Revolution of Parametric Curve). Let A(t1) and B(t2)
be points the parametric curve with equations x = f(t), y = g(t), t € [t1,t2]. Then the
surface area of revolution about the x-axis of arc AB is given by

t2 dz\? dy 2
aeoe [l (B) ()

Similarly, the surface area of revolution about the y-axis is given by

t2 dz\ 2 dy 2
A=2 — —= ] dt.
L) ()
Proof. Let s = AB be the arc length of AB. Let P and Q be points on AB with parameters
t and t + At respectively. Recall that

2 2
As:?@:\/<f§> +(f§) At.

Now consider the surface area of revolution about the z-axis of arc PQ. For small As, the
solid of revolution is approximately a disc with radius y and width As. The surface area
of this disc can be calculated as

dz\ 2 dy 2
AA =2myAs = 2wy <dt> + <dt> At.

Integrating from A to B, we see that

t2 dz\? dy 2
A= 27r/ y\/<> + () dt.
t dt dt

A similar argument is used when the axis of rotation is the y-axis. O
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20.5 Approximating Definite Integrals

In §20.1, we saw how Riemann sums could approximate definite integrals using rectangles.
This is a blunt tool which utilizes very little information from the curve and thus will often
not give a good estimate of the definite integral for a fixed number of rectangles.

In this chapter, we will be exploring two other methods: the trapezium rule and Simpson’s
rule, for finding the approximate value of an area under a curve. These methods often give
better approximations to the actual area as compared to using Riemann sums. Similar to
Riemann sums, these methods can be extended to estimate the value of a definite integral.

20.5.1 Trapezium Rule

Consider the curve y = f(x) which is non-negative over the interval [a, b].

Y 7

y = f(z)

~

(S
~
[ Sy ————

~

~
~
~
~
~

<
S
<
S

o i
O

Q

Figure 20.3

Divide the interval [a,b] into n equal intervals (strips) with each having width h =
(b — a)/n. Then the area of the n trapeziums is given by

n

h h
Area:kz_()z(yk+yk+l):2[y0+2(y1+Z/2+"'+Z/n—1)+yn]-

Recipe 20.5.1 (Trapezium Rule). The trapezium rule with (n+1) ordinates (or n intervals)
gives the approximation

n

b

h h

/ f(x)d$%25(yk+yk+1):5[3/0+2(y1+y2+-~+yn—1)+yn],
@ k=0

Sample Problem 20.5.2. Use the trapezium rule with 4 strips to find an approximation
for

2
/ In(z + 2) dz.
0

Find the percentage error of the approximation.



20.5 Approximating Definite Integrals 141

Solution. Let f(z) = In(x + 2). By the trapezium rule,

120
2 4

2
| e +2) dox 522 (100 + 2170.5)+ £+ F1L5)] + (2)

=2.15369 (5 d.p.).

One can easily verify that the integral evaluates to 2.15888 (5 d.p.). Hence, the percentage

error is

2.15888 — 2.15369
2.15888

Error in Trapezium Rule Approximation

‘ = 0.240%.

If the curve is concave upward, the secant lines lie above the curve. Hence, the trapezium

rule will give an overestimate.

Y

N

y = f()

Figure 20.4

If the curve is concave downward, the secant lines lie
trapezium rule will give an underestimate.

Y

P —

below the curve. Hence, the

y = f()

Figure 20.5
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20.5.2 Simpson’s Rule

Previously, we explored how Riemann sums approximate definite integrals using horizontal
lines (i.e. degree 0 polynomials). We also saw how the trapezium rule improves this
approximation by using sloped lines (i.e. degree 1 polynomials). Now, we introduce
Simpson’s rule, which takes this a step further by using quadratics (i.e. degree 2 polynomials)
to achieve even greater accuracy in approximating definite integrals.

Consider the curve y = f(z), which is non-negative over the interval [a,b]. Suppose
the area represented by ff f(x)dz is divided by the ordinates yo, y1, y2 into two strips
each of width h as shown below. A particular parabola can be found passing through the
three points on the curve with ordinates yg, y1, y2. Simpson’s rule uses the area under the
parabola to approximate the area represented by f: f(z)dz.

To deduce the area under the parabola, we consider the case where y = f(x) is translated
21 units to the left, i.e. the line x = x; is now the y-axis.

T T y=fz+m1)
e E A ---y=A2?>+ Bz +C
. :
- / EyO Y1 EZ/Q T
" —h o h
Figure 20.6

Under this translation,

/abf(:c)da::/};f(a:+:z:1)dm.

This area will now be approximated by a parabola y = g(z) = Ax? + Bx + C, where A, B
and C are constants. The area under the parabola is given by

h A, B " h
/ (A2’ + Bz + C) da = [33:3 + 53:2 + Cm} =3 (2AR* +6C) .
—h —h

Now, observe that the parabola y = g(x) intersects the curve at (—h,y1), (0,y2) and
(h,ys3). Hence,

g(=h) = AR* = Bh+ C =yy, ¢(0)=C =y, g(h)=AR*+ Bh+C =y,
Thus,

h h h
3 (241 +6C) = 2 [(Ah? = Bh + C) +4C + (A + Bh + C)] = 2 (yo + 441 + 12)-
We hence arrive at Simpson’s rule with 2 strips:

b
h
/ f(z)dz =~ g(yo +4y1 + y2).

We can extend Simpson’s rule to cover any even number of strips. In general,
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Recipe 20.5.3 (Simpson’s Rule). Simpson’s rule with 2n strips (or 2n + 1 ordinates) gives
the approximation

b n
h
dz ~ — 4
/af(l‘) T kzzog(y%Jr Yok+1 + Y2k+2)

h
=3 (Yo +4y1 + 2y2 + 4ys + 2ys + - - + 2y2n—2 + 4Y2n—1 + Y2n] -

Sample Problem 20.5.4. Use Simpson’s rule with 4 strips to find an approximation for

2
/ In(z + 2) da.
0
Find the percentage error of the approximation.

Solution. Let f(x) =In(z + 2). By the trapezium rule,

2-0

2
/ In(z +2) dz ~ é - [f(O) FAF(0.5) + 2F(1) + 4f(1.5) + f(2)]
0
=2.

15881 (5 d.p.).

As previously mentioned in Sample Problem 20.5.2 the actual value of the integral is
2.15888 (5 d.p.). Hence, the percentage error is

’2.15888 — 2.15881

= 0.00324%.
2.15888 ' 0.00324%

O
In the previous example, the trapezium rule gave an estimate of 2.15369 (5 d.p.), which
has an error of 0.240%. In the case of Simpson’s rule, the error is 0.00324%, vastly better
than that of the trapezium rule’s.
In general, Simpson’s rule gives a better approximation than the trapezium rule as the
quadratics used account for the concavity of the curve.
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21 Functions of Two Variables

In Chapter §3, we learnt that functions can be described as a machine that takes in an
input and produces an output according to a rule. Some examples of functions that we
have encountered thus fare are f(z) = 22, g(r) = cosz, etc. These are functions of one
variable, also called univariate functions.

However, in real life, there are functions that depend on more than one variable (i.e. the
domain is not a subset of the real numbers). For instance, the cost (output) of a taxi ride
may depend on variables (input) like time, distance travelled, traffic conditions, demand,
etc. In this case, the function is called a multivariate function. The input with many
variables can be expressed as a vector.

Similarly, the codomain of a function does not necessarily need to be a subset of the real
numbers. Consider the following function f(s,t):

s+t

fls,t) =1 't
2s—1

Here, f(s,t) takes in two inputs (s and t), and spits out three outputs (s +¢, t and 2s — 1).
For the rest of this chapter, we will only study scalar-valued functions of two variables,
of the form

z = f(x,y),

which we can visualize in 3D space. We will see how the ideas from univariate functions
can be extended to two variable functions and how concepts of vectors can be useful in
studying these functions.

21.1 Functions of Two Variables and Surfaces

21.1.1 Functions of Two Variables

Definition 21.1.1. A (scalar) function of two variables, f, is a rule that assigns each
ordered pair of real numbers (x,y) in its domain to a unique real number.

Recall that the domain of a function g(z) is a subset of the real number line, i.e. Dy C R.
Generalizing this to scalar functions of two variables, the domain of f is a subset of the
zy-plane, denoted R x R or R%2. Mathematically,

Dy C R

If the domain of f(z,y) is not well specified, then we will take its domain to be the set
of all pairs (z,y) € R? for which the given expression is a well-defined real number.

Example 21.1.2 (Domain of f(z,y)). Let f(z,y) = In(y* — z). For f(z,y) to be well-
defined, the argument of the natural logarithm must be positive. That is, we require
y?> — 2 > 0. The domain of f is hence

Dy ={(z,y) eR*|y* —2 > 0}.
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21.1.2 Surfaces

Recall that we defined the graph of a function g(x) to be the collection of all points (z,y)
in the xy-plane such that the values x and y satisfy y = g(x). We can extend this notion
to functions of two variables:

Definition 21.1.3. The graph of z = f(x,y), or surface with equation z = f(x,y), is the
collection of all points (z,y, z) in 3D Cartesian space such that the values z, y and z
satisfy z = f(x,y).

Visualizing and illustrating a 3D surface can be challenging, especially as surfaces become
complicated. We can study the surface by fixing or changing the variables one at a time.
This is the idea behind traces, or level curves.

Definition 21.1.4. Horizontal traces (or level curves) are the resulting curves when we

intersect the surface z = f(z,y) with horizontal planes.

This is like fixing the value of z, giving the 2D graph of the equation f(x,y) = ¢ for
some constant c.

Definition 21.1.5. Vertical traces are the resulting curves when we intersect the surface
z = f(x,y) with vertical planes.
This is like fixing the value of  or y (or a combination of both, e.g. y = x).

Definition 21.1.6. A contour plot of z = f(z,y) is a graph of numerous horizontal traces
f(z,y) = c for representative values of ¢ (usually spaced-out values).

We may identify a surface by examining these traces to visualize graphs of two variables.

Example 21.1.7 (Graph of z = f(z,y)). Let f(z,y) = In(2* + y?). Consider the horizon-
tal traces of z = f(x,y). Setting z = ¢, we get

In(z? +y°) = ¢ = 2° +y* =¢".

Hence, the horizontal trace of z = f(x,y) at z = ¢ corresponds to a circle centred at the
origin with radius e“. Thus, the graph of z = In (a:2 + y2) looks like

Figure 21.1

21.1.3 Cylinders and Quadric Surfaces

Exploring the traces of a surface allows us to visualize the shape of the surface. We can
now look at some of the common surfaces, such as cylinders and quadric surfaces.
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Definition 21.1.8. A surface is a cylinder if there is a plane P such that all planes parallel
to P intersect the surface in the same curve (when viewed in 2D).

Examples of cylinders include the graphs of 2 4+ 22 = 1 and z = y?, as shown below:

\\}l

i

S L
V‘A «lﬂ‘“‘
“.M\\,‘.)i;ll

Figure 21.2: Graph of 22 + 22 = 1. Figure 21.3: Graph of z = 3.

Observe that 22 4 22 = 1 is a special case of a function of two variables z = f(z,y) that
can be reduced to z = f(z) since z is independent of y. Similarly, z = y? can be reduced
to z = f(y) since z is independent of z. Indeed, if a function z = f(x,y) can be reduced to
a univariate function, then its surface must be cylindrical.

Another common surface is a quadric surface, which is a 3D generalization of 2D conic
sections. Recall that a conic section in 2D has the general form

Az? + Bry+ Cy* + Dz + By + F = 0.

We can generalize this into 3D to get a quadric surface.

Definition 21.1.9. A quadric surface has the form
Az? + By? + C22 + Doy + Eyz + Fzax + Go + Hy + Iz + J,
where A, B,...,J € R and at least one of A, B and C is non-zero.

An example of a quadric surface is the ellipsoid, which is a generalization of an ellipse
and has equation

$2 y2 22

¥+—2+c—2:1.

b

Figure 21.4: An ellipsoid.

When a = b = c=r, we get the equation

?+yP 4+ =0
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This represents a sphere centred at the origin with radius . Observe the similarity between
the equation of a circle (22 + y? = 7?) and the equation of a sphere.

21.2 Partial Derivatives
Recall that for a function f of one variable z, we defined the derivative function as

F) -t T AT S )

a Az—0 Ax

The usual notations are g—g or % if y = f(x).

The notation (% gives some insight into how derivatives are derived. We can view

e “dx” as a small change in z, and
e “dy” as the change in y as a result of the small change in x.

Hence, the notation g—gyc actually represents the “rise over run”, which is a measure of
gradient at the point (z,y) on the graph.

We can extend this notion to functions of two variables z = f(z,y). There are now two
variables that will affect the change in the value of f. We can choose to vary x slightly
(Ax) or vary y slightly Ay and see how f changes (Af). This gives us some notion of a
derivative. However, because we are only varying one independent variable at a time, we
are only differentiating the function f(z,y) “partially”. We hence call these derivatives
the partial derivatives of f.

Definition 21.2.1. The (first-order) partial derivatives of f(x,y) are the functions f,
and f, defined by

folz,y) = lim Ay :
Ay) —
fole.) = Jim, fla,y+ Ay; flay)

In Liebniz notation,

0 0
fl(xvy) = Fia fy(«x,y) = ag

Recipe 21.2.2 (Partial Differentiation). To partially differentiate a function f(x,y) with
respect to x, we differentiate f(z,y) as we normally would, treating y as a constant.
Similarly, if we are partially differentiating with respect to y, we treat x as a constant.

Sample Problem 21.2.3. Given f(z,y) = cos(zy + y?), find f(z,y).

Solution. To partially differentiate it with respect to x, we treat y as a constant. Using the
chain rule,

0
[azy + yQ} .

folz,y) = — sin(wy + y2) I

Since y is a constant,

0 0
3. @Y) =y, -y =0
Hence,

folz,y) = —ysin(zy + y°) .
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21.2.1 Geometric Interpretation

Consider a surface S given by the equation z = f(z,y). Let P(a,b,c) be a point on S.

(a, b, 0)

Figure 21.5: Partial derivatives as slopes of tangent lines.'

The curve C is the graph of the function g(z) = f(z,b), which is the intersection
curve of the surface and the vertical plane y = b. The slope of its tangent 77 at P is

) —
9'(x) = fa(a,b).

Similarly, the curve Cs is the graph of the function h(y) = f(a,y), which is the intersection
curve of the surface and the vertical plane z = a. The slope of its tangent 75 at P is

h/(y) = fy(aa b)
We can hence visualize partial derivatives at the point P on S as slopes to the tangent
lines T7 and T5 at that point.

21.2.2 Gradient
To represent the “full” derivative of a function, we simply collect its partial derivatives.

Definition 21.2.4. The gradient of a function f(x,y), denoted as V£, is the collection of
all its partial derivatives into a vector.

fm)
Vf= .
1= (5
Example 21.2.5 (Gradient). Let f(x,y) = xy? + 3. Then its gradient is
fx) <y2 + 3x2)
Vf= = .
f <fy 2xy

21.2.3 Second Partial Derivatives

Similar to second-order derivatives for univariate functions, we can also consider the partial
derivatives of partial derivatives:

(f2)ar (fo)y, (fy)er  (fy)y:

'Source: https://www2.victoriacollege.edu/~myosko/m2415sec143notes(7) .pdf
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If z= f(x,y), we use the following notation for the second partial derivatives:

(o=t = 2L = 22
Uy = foy = =
(fy)e = Fya = G(fgy - 8(12;7;’
(fy)y = fyy = gzg - g;

Thus, the notation f;, means that we first partially differentiate with respect to x and
then with respect to y. Notice that the order the variables appear in the denominator is
reversed when using Liebniz notation, similar to the idea of composite functions:

0 [(of\ _ 9*f
(fe)y = dy <8w> © Oyox’

Example 21.2.6 (Second Partial Derivatives). Consider the function f(z,y) = zy* + 2% +
Iny. Its partial derivatives are

1
fo=vy*+32% f,=2zy+ "

and its second partial derivatives are

1
faz = 6z, f:cy:2ya fyx:2ya fyyZQx_?‘

Notice in the above example that f;, = fy.. This symmetry of second partial derivatives
is known as Clairaut’s theorem.

Theorem 21.2.7 (Clairaut’s Theorem). If f;, and fy, are both continuous, then f, = fyu

21.2.4 Multivariate Chain Rule

Recall that for a univariate function y = f(z), where the variable x is a function of ¢, i.e.

x = g(t), the chain rule states
dy _ dyds

dt — dzdt’
We can generalize this result to multivariate functions using partial derivatives:

Proposition 21.2.8 (Multivariate Chain Rule). Consider the function f(z,y), where z and
y are functions of ¢. Then

df 9fde _9fdy

dt ~ Oz dt +87ydt'

To see why this is morally true, we return to the definition of a partial derivative:

Az—0 Ax ’

Ay—0 Ay
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Rewriting these equations, we get

f(.%'—i—Al‘,y) =f(a:,y)+Axfx(a:,y), (1)
f(x,y+Ay):f(x,y)—i-Ayfy(ar,y), (2)

where Axz and Ay should be thought of as infinitesimally small changes in x and y.
We now consider the quantity f(x + Az,y + Ay). Applying (1) and (2) sequentially, we
get

flx+ Az, y+ Ay) = f(x,y + Ay) + Az fo(z,y + Ay)

Observe that if we partially differentiate (2) with respect to =, we get

fx(x,y + Ay) = fx(:r,y) + Ayfyx(xyy)-

Substituting this into (3) yields

[z 4+ Az,y+ Ay) = f(z,y) + Ay fy(z,y) + Az [fo(z,y) + Ay fyz(z, y)]
= f(z,y) + Ayfy(z,y) + Az fo(z,y) + AzAy fye(z,y). (4)

Since Az and Ay are both infinitesimally small, the quantity AzAy is negligible and can
be disregarded. We thus have

Af = fla+ Az, y+ Ay) = f(z,y) = Axfulz,y) + Ayfy(2,y).
Dividing throughout by At and writing f;, f, in Liebniz notation, we have
Af_ofAc of Ay
At OJx At Oy At
In the limit as At — 0, we have

Af de Ae dr Ay dy
At dtT At AT At dt
Thus,
df ofdx Ofdy
dt — drdt ' dydt’
O
Observe that if we had applied (2) before (1) on f(z + Az,y + Ay), we would have got

flz+Az,y+ Ay) = f(z,y) + Ayfy(z,y) + Az fo(z,y) + AzAy foy(z, y).
However, by Clairaut’s theorem, we know f;, = fyz, so we would still have ended up with
(4).

21.2.5 Directional Derivative

So far, we only know how to find the instantaneous rate of change of f(x,y) in two special
cases:

e The first case is when we vary = and hold y constant, in which the partial derivative
fxz(z,y) represents the instantaneous rate of change of f(x,y).

e The second case is when we vary y and hold x constant, in which the partial derivative
fy(x,y) represents the instantaneous rate of change of f(z,y).
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We wish to construct a more general “derivative” which represents the instantaneous rate
of change of f(x,y) where x and y are both allowed to vary.

To simplify matters, we assume that x and y are changing at a constant rate. That is,
every time x increases by u,, y will increase by u,. We can represent this change with a
unit vector u along the zy-plane:

u= .
Uy

Because we are measuring the instantaneous rate of change of f(x,y) along a direction, we
call this quantity the “directional derivative”.

Definition 21.2.9. The directional derivative of f(x,y) in the direction of the unit vector
u = (ug, uy)T is denoted Dy, f(z,y) and is defined as

Duf(z,y) = }1113% f(x 4 hug,y +hhuy) — f(m,y).

We now relate the directional derivative with the gradient of f.
Proposition 21.2.10.

Duf(x7y) = Vf u = u:vfz(x7y) + uyfy(xv y)-
Proof. In §21.2.4, we derived the equation

flx+ Az, y+ Ay) — f(x,y) = Axfo(z,y) + Ay fy(x,y),

where Az and Ay are infinitesimally small. If we take (Aw, Ay)T to be in the same
direction as (ug, uy)T, ie.
<A$> = lim h <uz> ,
Ay h—0 Uy

f(i[f + huﬂmy + huy) - f('rvy) = hu!ﬁfﬁv(w?y) + huyfy(xay)v

then we have

keeping in mind that we are taking the limit A~ — 0 on both sides. Dividing both sides
throughout by h,

o 1@+ oy + ) = f(ay)
h—0 h

= uxfz(xay) + uyfy(l‘,y)a

which was what we wanted. O

With this relation, we can prove several neat results.

Proposition 21.2.11. Suppose f is differentiable at (xg,yo), and V f(zg,y0) # 0. Then
V f(z0,yo) is perpendicular to the level curve of f through (zo, yo).

Proof. Let f(x,y) = (x(t),y(t)). Note that the tangent to the level curve at (z¢,yo) has
direction vector u = (dz/dt, dy/dt)".

Let the level curve at (xg,yo) have equation f(z,y) = c. Implicitly differentiating this
with respect to t, we get

ofde  Ofdy  [(fs . de/dt\ o
ot ayat = () (agjar) =9 u=o

Since both V f and u are non-zero vectors, they must be perpendicular to each other. [J
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Proposition 21.2.12. f increases most rapidly in the direction of V f, and decreases most
rapidly in the direction of —V f

Proof. Since u is a unit vector,
Duf=Vf-u=|Vf||u|cost = |Vf|cosb,

where 6 is the angle between V f and u. Clearly, Dy f is maximal when 6 = 0, in which
case u is in the same direction as V f. Similarly, Dy f is minimal when 6 = m, in which
case u is in the opposite direction as V f. 0

We say that V f(a,b) is the direction of steepest ascent at (a,b), while —V f(a,b) is
the direction of steepest descent.

21.2.6 Implicit Differentiation
Consider the unit circle, which has equation
z? + y2 =r

Previously, we learnt that to find dy/dz, we can simply differentiate term by term, treating
y as a function of x and using the chain rule

S = o)
az?WV = dyg V"4
Using our example of the unit circle, we get
dy dy Y
2 2y—= = — =-=.
T yda: 0= dz T

While morally true, this approach to implicit differentiate is not entirely rigorous. For a
more formal justification, we turn to partial derivatives.
Going back to our example of the unit circle, if we move all terms to one side of the
equation, we get
2+ y2 —r?2=0.
Now, observe that the LHS is simply a function of x and y, i.e.

flay) =a®+y* =12

Hence, we can define y implicitly as a function of x that satisfies

f(z,y)=0.

If we differentiate the above equation with respect to x, by the multivariate chain rule, we

get
df _ofde 0fdy

dz ~ Oz dzx + 87ydx N
Clearly, dz/dx = 1. Rearranging, we get

dy _ _fz(x7y)
dz — fy(z,y)
Since
fz(z,y) =2z, and fy(x,y) =2y,
we get
dy 2z T
dv 2y

as expected.
More generally,
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Proposition 21.2.13 (Implicit Differentiation for Univariate Functions). If the equation

fla,y)=0
implicitly defines y as a function of z, then

% _ fao(z,y)

dz fy(z,y)’

given that fy(x,y) # 0.

We can extend this result to functions of two variables.

Proposition 21.2.14 (Implicit Differentiation for Functions of Two Variables). If the equation

fla,y,2)=0
implicitly defines z as a function of  and y, then

0: _ _folwyx) o 05 fy@y)

%_ fz(w,y,z) 83/ fz(xayaz)a

given that f.(z,y,2) # 0.

To see this in action, consider the following sample problem:
Sample Problem 21.2.15. Find the value of 022/9x2 at (0,0, c) of the ellipsoid

$2 y2 2’2

Solution. Let ) ) )
x Yy z
flay,2)= 5+5+5 -1

Applying the above result, we have

9z fulw,y,2)  2z/a® Pz

or  fu(z,y,2) 22/ Atz

Partially differentiating with respect to x once more,
0%z Oz A x B c?
0x?2  Ox a2z) a2z’

o2
O0zx?

Hence,

s
(0,0,¢) a
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21.3 Approximations

In §18, we learnt that

" (3)
f(@) = F0) + fO)z+ L 2<!°> 2+ 3!(0) I

If we want to approximate f(z) for x near 0, we can truncate the Maclaurin series of
f(z). For instance, the linear approximation to x is

f(x) ~ £(0) + f'(0),

which is the tangent line at x = 0. If we want better approximations, we can simply
take more terms. For instance, if we take one more term, then we get the quadratic

approximation ,
Fla) & £(0) + ) + T %2

In some sense, we can get a good approximation to f(x) around x = 0 if we can find a
simpler function which

e has the same value as f at z =0, and
e has the same derivatives as f at x = 0 (up to the order of derivatives we prefer).

The same idea is extended to functions of two variables (or any multivariate functions)
at a general point. The idea of approximation f(x,y) at a point (a,b) is to find a simpler
function which

e has the same value as f at (a,b), and

e has the same nth-order partial derivatives as f at (a,b) (where n is the highest order
we prefer).

In this subsection, we look at the case where n = 1 (linear approximation) and n = 2
(quadratic approximation).

21.3.1 Tangent Plane

To find a linear approximation of f(z,y) at (a,b) is to find a simpler function which
e has the same value as f at (a,b), and
e has the same partial derivatives as f at (a,b).

Let this approximation be T'(z,y). As the name suggests, T'(z,y) is linear and is hence of
the form

T(z,y) = C1 + Ca(z —a) + C3(y — b),
where C1, Cy and (5 are constants to be determined.
From the first condition, we require f(a,b) = T'(a,b). Hence,

fla,b) =T(a,b) = Ch.

From the second condition, we require f;(a,b) = T;(a,b) and fy(a,b) = T,(a,b). This
gives
fz(a,b) = Ty(a,b) = Co
and

fy(a,b) =Ty(a,b) = Cs.

We hence have:
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Proposition 21.3.1 (Linear Approximation). The linear approximation at (a,b) is given by
T(x,y) = f(a,b) + fa(a,b)(x — a) + fy(a,b)(y —b).

Recall that the linear approximation to a univariate function at x = a is the tangent
line at that point. Generalizing this up a dimension, the linear approximation 7'(z,y) is
the tangent plane to f(z,y) at (a,b).

Using 3D vector geometry, we can find the normal vector to z = f(x,y) at (a,b):

fx(aa b)
n= fy(a> b)
—1
21.3.2 Quadratic Approximation

To find a quadratic approximation of f(z,y) at (a,b) is to find a simpler function which
e has the same value as f at (a,b), and
e has the same first and second partial derivatives as f at (a,b).

Remark. In univariate functions, the word “quadratic” refers to functions with terms of
order 2, such as 22. Similarly with multivariables, “quadratic” refers to terms with order
2, but it could be z2, y? or zy; all variables contribute to the total order of the term. For
instance, z2y> is a term of order 2 + 3 = 5.

To get the quadratic approximation Q(z,y), we simply add terms of order 2 to the linear
approximation T'(z,y):

Q(z,y) = T(z,y) + Ci(x — a)’ + Ca(z — a)(y — b) + C3(y — b)*,

where C7, Co and C3 are constants. We can determine them by equating the second partial
derivatives of Q(x,y) with that of f(x,y)’s:

fxa:(a7 b) = sz(aa b) = 201,

fxy(ay b) - sz(aa b) = (9,

fyy(a,b) = Que(a,b) = 2Cs.
We hence have:

Proposition 21.3.2 (Quadratic Approximation). The quadratic approximation at (a,b) is
given by

QUy) = F(a,8) + fula,b)(w — @) + f,(a,D)(y D)
b5 a0, D) = @)+ fay () — )y = )+ 3 Flas D)y — B

Note that by Clairaut’s theorem, we can interchange f;, and fy; in the formula above,
so long as they are continuous.
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21.4 Maxima, Minima and Saddle Points

One important application of calculus is the optimization of functions which have many
dependent variables. For example, one may maximize the amount of profit based on
parameters such as the cost of raw materials, workers’ salaries, time needed for production,
etc.

To find stationary points of a univariate function, we equate its gradient to 0. Similarly,
for functions of two variables f(z,y), if we want to find stationary points, we look for
points where its gradient, V f, is the zero vector, i.e.

7)-0)
vi= ( ~ (9.
fy 0
In functions of two variables, the stationary points we often come across are maxima,
minima and saddle points (so named because it looks like a horse saddle).

z=a?+y? z=—ax2—y?

Figure 21.6: Minimum point at (0, 0). Figure 21.7: Minimum point at (0, 0).

z =22 —y?

Figure 21.8: Saddle point at (0,0).

21.4.1 Global and Local Extrema

In optimization, we may distinguish between a local extremum (a collective term used
to refer to the maximum and minimum) from a global extremum. Basically, a global
maximum/minimum is the highest/lowest value which the function can achieve.

Local extrema are like the stationary points which we just discussed. For example,
consider the following graph of f(z,y) = ze~ Y

Figure 21.9
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The intuitive idea behind local extrema is that when we move away from the max-
ima/minima in any direction, the value of the function will decrease/increase. However,
this may not apply to global extrema. Consider the function f(z,y) = 22 + y? with domain
—2<r<2, 2<y<2

Figure 21.10

The global maxima occur at the corners of the domain. Note that these global maxima
are also not stationary points.

Recipe 21.4.1 (Finding Global Extrema). To find the global extrema of a function, we
must

e check all local extrema (set Vf = 0), and

e check for extrema along the boundary of the function’s domain.

21.4.2 Second Partial Derivative Test

We can determine the nature of the stationary points by the second partial derivative test:

Proposition 21.4.2 (Second Partial Derivative Test). Let (a,b) be a stationary point of
f(z,y). Let
D = fuz(a, b)fyy(a’ b) — [fa?y(a7 b)]2 .

e If D >0, and
— faa(a,b) >0 (or fyy(a,b) > 0), then (a,b) is a minimum point.
— faa(a,b) <0 (or fyy(a,b) <0), then (a,b) is a maximum point.
e If D <0, then (a,b) is a saddle point.

e If D =0, the test is inconclusive.

The proof is similar to the proof of the second derivative test for univariate functions (see
Proposition 17.3.5).

Proof. Consider the quadratic approximation Q(z,y) of f(x,y) at a stationary point (a, b).
We have f;(a,b) = fy(a,b) =0, hence

Q(z,y) = f(a,b) + % [foo(a,b) (@ —a)® + 2fuy(a,b)(z — a)(y — ) + fyy(a,0)(y — )*].

Let
P(w,y) = fua(a,b)(x — a)? + 2fay (a,b) (z — a)(y = b) + fyy(a, b)(y — b)*.
We can view P(z,y) as a quadratic in (z — a)?. Consider the discriminant A of P(xz,y):
A = [2fay(a,0)(y = ) = 4fau(a,b) fyy(a, b)(y — b)*
= —A(y = 1) (fau(a,5)Fiy(0,5) = [firy a,0)?)

Let D = fur(a,b) fyy(a,b) — [fuy(a,b)]>. We make the following observations:
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e If D >0, then A < 0.
— If fyz(a,b) > 0, then P(z,y) > 0 (since fyz(a,b) is the leading coefficient of
P(z,y)). Thus, Q(z,y) > f(a,b), whence (a,b) is a minimum point.
— If fiz(a,b) <0, then P(z,y) < 0. Thus, Q(z,y) < f(a,b), whence (a,b) is a

maximum point.

o If D <0, then A > 0. This means that P(z,y) has zeroes elsewhere other than (a, b),
and it is sometimes positive and negative. Hence, (a,b) is a saddle point.

e If D=0, then A = 0. Hence, P(z,y) has zeroes elsewhere other than (a,b), and it is
either always > 0 or < 0 outside the zeroes. Thus, the stationary point could be a
maximum, a minimum or even a saddle point; the test is inconclusive.

O
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22 Differential Equations

22.1 Definitions

Definition 22.1.1. A differential equation (DE) is an equation which involves one or
more derivatives of a function y with respect to a variable x (i.e. ¥/, y”, etc.). The order
of a DE is determined by the highest derivative in the equation. The degree of a DE is
the power of the highest derivative in the equation.

Example 22.1.2. The differential equation
2y\° | 5 (dy
-J - -0
x<d$2> +x (daz>+y

Observe that the equations y = 22 — 2, y = 2 and y = 22 + 10 all satisfy the property
y' = 2z and are hence solutions of that DE. There are obviously many other possible
solutions are we see that any equations of the form y = 22 + C, where C is an arbitrary
constant, will be a solution to the DE ¢/ = 2.

has order 2 and degree 3.

Definition 22.1.3. A general solution to a DE contains arbitrary constants, while a
particular solution does not.

Hence, y = 2% 4 C' is the general solution to the DE ¢/ = 2z, while y = 2% — 2, y = 22
and y = 22 + 10 are the particular solutions.
In general, the general solution of an nth order DE has n arbitrary constants.

22.2 Solving Differential Equations

In this section, we introduce methods to solve three special types of differential equations,
namely

e separable DE,
e first-order linear DE, and
e second-order linear DE with constant coefficients.

We also demonstrate how to solve DEs using a given substitution, which is useful if the
DE to be solved is not in one of the above three forms.

22.2.1 Separable Differential Equation

Definition 22.2.1. A separable differential equation is a DE that can be written in the
form

Y = faoly).
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Recipe 22.2.2 (Solving via Separation of Variables).

1. Separate the variables.

2. Integrate both sides with respect to x.

[ama o= [ 10 = [ [ s

Example 22.2.3 (Solving via Separation of Variables). Consider the separable DE

dy 2
20— = 1.
xd:n vt
Separating variables,
2 dy 1
y24+1dz 2

Integrating both sides with respect to x, we get

2 dy 1

Using the chain rule, we can rewrite the LHS as
2 1
dy = | —dx.
y2+1 4 / x o

2arctany = In |z| 4+ C.

Thus,

This is the general solution to the given DE.

22.2.2 First-Order Linear Differential Equation

Definition 22.2.4. A first-order linear differential equation is a DE that can be written
in the form

To solve a linear first-order DE, we first observe that the LHS looks like the product
rule has been applied. This motivates us to multiply through by a new function f(z) such
that the LHS can be written as the derivative of a product:

F@) 3+ F@plaly = F@), (1)

Recall that
d dy

Sl = f@ L+ @
Comparing this with (1), we want f(x) to satisfy
P (I
f(@)p(x) = f(z) = o) p().

Observe that the LHS is simply the derivative of In f(x). Integrating both sides, we get

In f(z) = / p@)de — f(z) = exp / p(z) da.
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Going back to (1), we get

d {yefpu) dx} _ y(w)el P@ e

dx

Once again, we get a separable DE, which we can solve easily:
yel P@)de — /q(x)efp(x) 4z 4.

This is the general solution to the DE.

Definition 22.2.5. The function f(z) = /P47 ig called the integrating factor, some-
times denoted I. F..

Note that we do not need to derive the integrating factor like above every time we solve
a linear first-order DE. We can simply quote the result . F. = el P@)dz The following list
is a summary of the steps we need to solve a linear first-order DE.

Recipe 22.2.6 (Solving via Integrating Factor).

1. Multiply the DE through by the 1. F. = e/ P(2)dz,

d
ol P@ dxé + el P@ o)y = of P dog(g),

2. Express the LHS as the derivative of a product.

4d [yefp(x) dx] — o P@ ey,

dx

3. Integrating both sides with respect to x.
yefp(m) de /efp(x) d’”q(x) dz.

Note that when finding the integrating factor, there is no need to include the arbitrary
constant or consider || when integrating 1/z with respect to z, as it does not contribute
to the solution process in any way; the constants will cancel each other out.

Example 22.2.7 (Solving via Integrating Factor). Consider the DE equation

d
zY + 3y = 52
dz

dy 3

ILF. = ef3/1‘dac — 3z _ 3

Writing this in standard form,

The integrating factor is hence

Multiplying the integrating factor through the DE,

d d
.TU3£ + 3x2y = —

1 e (:n3y) = 5z,
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Integrating both sides with respect to x, we get the general solution
2y = /5x4dm =25+ C.

22.2.3 Second-Order Linear Differential Equations with Constant Coefficients

In this section, we look at second-order linear differential equations and constant coefficients,
which has the general form ,
ad—y + b%
dz? dz
If f(x) =0, we call the DE homogeneous. Else, it is non-homogeneous. In general, a
second-order DE will have two solutions.
Before looking at the methods to solve second-order DEs, we introduce two important

concepts, namely the superposition principle and linear independence.

+cy = f(x).

Theorem 22.2.8 (Superposition Principle). Let y; and y2 be solutions to a linear, homo-
geneous differential equation. Then Ay; + Bys is also a solution to the DE.

Proof. We consider the case where the DE has order 2, though the proof easily generalizes
to higher orders.
Suppose y; and y9 are solutions to
d?y

dy
— 4+ b= =0.
b3 + dx Ty

Substituting y = Ay, + Byo into the DE, we get

a (Ay{ + Bys) +b (Ay) + Byp) + e (Avs + Byn)
= A (ay{ + by + cyr) + B (ays + bys + cya)
=0.

Hence, Ay, + Byo satisfies the DE and is hence a solution. O

Definition 22.2.9. Two functions y; and y, are linearly independent if the only solution
to
Ay1 + By2 =0

is the trivial solution A = B = 0. If there exists non-zero solutions to A and B, then the
two functions are linearly dependent.

We are now ready to solve second-order DEs.

Homogeneous Second-Order Linear Differential Equations with Constant Coefficients

Consider a homogeneous first-order linear differential equation with constant coeflicients
which has the form d
a? + by = 0.
dx

Using the method of integrating factor, we can show that the general solution is of the
form ,
y=Ce a".
We can extend this to the second-order case, i.e.

d?y . dy
Sl A =0
ade -+ Az +cy



22.2 Solving Differential Equations 163

by looking for solutions of the form y = ™%, where m is a constant to be determined.
Substituting y = e™* into the differential equation, we get

am?e™ + bme™* + ce™® = ().
Dividing by ™*, we get the quadratic
am? +bm+c=0.

This is known as the characteristic equation of the DE.

If we can solve for m in the characteristic equation, we can find the solution y = e™*.
Since the characteristic equation is quadratic, it has, in general, two roots, say m; and ma.
We thus have the following three scenarios to consider:

e The roots are real and distinct.
e The roots are real and equal.

e The roots are complex conjugates.

Real and Distinct Roots If m; and msy are real and distinct, y; = €% and yo = ™2*
will both be solutions to the DE. Hence, by the superposition principle, the general solution
is

y = Ae"™?* + Be™?",

where A and B are constants.

Real and Equal Roots If the two roots are equal, i.e. m; = mo = m, then y; = ™% and
yo = €™2% are no longer linearly independent. Hence, we effectively only get one solution
y1 = ™. To obtain the general solution, we have to find another solution that is not

a constant multiple of e™*. By intelligently guessing a solution, we see that yo = xe™"*
satisfies the DE. Hence, by the superposition principle, the general solution is

y = Ae™* + Bxe™ = (A + Bx)e™”.

Complex Roots If the two roots are complex, then they are conjugates, and we can write

them as
my =p+1ig, mp=p—iq.
Hence,
yp = ePTiDT — oo (cos gz + isingx)
and

yo = eP1D)T — oo (cosqr — isingx).
By the superposition principle, we get the general solution
y = CeP? (cos gz + isinqx) + DeP” (cos gr — isinqzx)
= e (Acosqr + Bsingx),

where A =C + D and B = i(C — D) are arbitrary constants.
In summary,
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Recipe 22.2.10 (Homogeneous Second-Order Linear DE with Constant Coefficients). To

solve the second-order DE
B

d2 1 +cy =0,

1. Form the characteristic equation am? + bm + ¢ = 0.

2. Find the roots m1 and msy of this characteristic equation.

3. e If m; and my are real and distinct, then

y = Ae™* + Be™?".

e If m; and my are real and equal, i.e. m; = mo =

y = (A+ Bx)e™®

e If m; and my are complex, i.e. m; = p+ iq and mo =

y =eP? (Acosqr + Bsingx) .

Non-Homogeneous Second-Order Linear Differential Equations with Constant

Coefficients

We now consider the non-homogeneous second-order linear DE with constant coefficients,

which takes the form
LY
d 2 dz

In order to solve this DE, we apply the following result:

+cy = f(x).

Theorem 22.2.11. If y, is the general solution of

d?y d
ﬁ + bdy + CY = 0
and g, is a particular solution of
d’y o dy
F+bd +ecy = f(=),
then
Y ="Yec+ Yp
is the general solution to
d’y o dy
W‘de +Cy_f( )

Proof. We want to solve
ay” +by' +cy = f().
Let y. be the solution to ay” + by’ + cy = 0. Then

aye + by, + cye = 0.
Let y, be a particular solution to (1). Then

ayp+byp+cyp_f( )
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Substituting y = y. + y, into (1), we get

a (y¢ +up) +b (ve +9) + ¢ (ve + vp)
= (ay! + by, + cye) + (ay, + by, + cyp)
— 0+ f(2) = f(a).
]

Note that y. is called the complementary function while y, is called the particular
integral or particular solution.

We know how to solve the homogeneous DE, so getting y. is easy. The hard part is
getting a particular solution y,. However, if we make some intelligent guesses, we can
determine the general form of y,. This is called the method of undetermined coefficients.
We demonstrate this method with the following example:

Example 22.2.12 (Method of Undetermined Coefficients). Consider the differential equation

dzy dy 2
— = — 4y = .
12 +3dx y =3+ 8x

Yo can easily be obtained:
ye = Ae® + Be 1%,

Now, observe that f(x) = 3 + 822 is a polynomial of degree 2. Thus, we guess that y,, is
also a polynomial of degree 2, i.e. y, = C 22+ D+ E, where C, D and E are coefficients
to be determined (hence the name “method of undetermined coefficients”). Substituting
this into the DE yields

(20) +3(2Cx + D) — 4 (Ca® + Dz + E) = 3 + 82°.
Comparing coeflicients, we get the system

—4C =8
6C — 4D =0,
2C + 3D — 4E = 3

whence C' = -2, D = —3 and E = —4. Thus, the particular solution is
yp:—2x2—3x—4
and the general solution is
y:yc—l—yp:Aex+Be_4$—2ac2—3x—4.

In our syllabus, we are only required to solve non-homogeneous DEs where f(z) is a
polynomial of degree n (as above), of the form pe*®, or of the form p cos kz + ¢sin kz. The
“guess” for y, in each of the three cases is tabulated below:

’ f(zx) “Guess” for y,
Polynomial of degree n | Polynomial of degree n
pekx Cekm
pcoskx + gsin kx Ccoskx + Dsinkx

In the event where our “guess” for y, appears in the complementary function y., we
need to make some adjustments to our “guess” (similar to the case where m; = mg when



166 22 Differential Equations

solving a homogeneous DE). Typically, we multiply the guess by powers z until the guess
no longer appears in the complementary function.

Example 22.2.13 (Adjusting yp).

o If ay” + by’ + cy = €** has complementary function y, = Ae™>% + Be??, we tr
Y Yy Y p Yy Y. Yy

yp = Cae?™.
o If ay” + by’ + cy = €®* has complementary function y. = (A + Bx)e?*, we try
yp = Cz?e?®,

22.2.4 Solving via Substitution

Sometimes, we are given a DE that is not of the forms described in this section. We
must then use the given substitution function to simplify the original DE into one of the
standard forms. Similar to integration by substitution, all instances of the dependent
variable (including its derivatives) must be substituted.

Recipe 22.2.14 (Solving via Substitution).
1. Differentiate the given substitution function.

2. Substitute into the original DE and simplify to obtain another DE that we know
how to solve.

3. Obtain the general solution of the new DE with new dependent variables.

4. Express the solution in terms of the original variables.

Sample Problem 22.2.15. By using the substitution y = ux?, find the general solution
of the differential equation

d
225 —2zy =19, x>0.
dz

2

Solution. From y = ux”, we see that

dy 5du
— =2 —.
dz ur dx
Substituting this into the original DE,
2 o du 2 22
T <2ux+:v d) —2x(ua: ) = (ua: ) .
x

Simplifying, we get the separable DE

which we can easily solve:

1 1
/Qdu:/ldx - ——=x+C.
u u

Re-substituting y back in, we have the general solution

2
I orte
Y
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22.3 Family of Solution Curves

Graphically, the general solution of a differential equation is represented by a family of
solution curves which contains infinitely many curves as the arbitrary constant ¢ can take
any real number.

A particular solution of the differential equation is represented graphically by one member
of that family of solution curves (i.e. one value of the arbitrary constant).

When sketching a family of curves, we choose values of the arbitrary constant that will
result in qualitatively different curves. We also need to sketch sufficient members (usually
at least 3) of the family to show all the general features of the family.

Example 22.3.1. The following diagram shows three members of the family of solution
curves for the general solution y = Ae”’.

Figure 22.1

22.4 Approximating Solutions

Most of the time, a first-order differential equation of the general form dy/dx = f(x,y)
cannot be solved exactly and explicitly by analytical methods like those discussed in the
earlier sections. In such cases, we can use numerical methods to approximate solutions to
differential equations.

Different methods can be used to approximate solutions to a differential equation. A
sequence of values y1, %9, ... is generated to approximate the exact solutions at the points
Z1,T2,.... It must be emphasized that the numerical methods do not generate a formula for
the solution to the differential equation. Rather, they generate a sequence of approximations
to the actual solution at the specified points.

In this section, we look at Euler’s Method, as well as the improved Euler’s Method.

22.4.1 Euler’'s Method

The key principle in Euler’s method is the use of a linear approximation for the tangent
line to the actual solution curve y(t) to approximate a solution.

Derivation

Given an initial value problem

i ft,y),  y(to) = o,
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we start at (¢o,yo) on the solution curve as shown in the figure below. By the point-slope
formula, the equation of the tangent line through (¢o,y0) is given as

dy

= 3| (E—to) = fto,50)(t — to). (1)

t=to

Y—%Yo

If we choose a step size of At on the t-axis, then t; = tg + At. Using (1) at ¢ = ¢1, we can
obtain an approximate value y; from

y1 = yo + (t1 — to) f(to, yo)- (2)
Y actual solution curve ‘
(tron) 77
.®
P
z Lt t
(to’yo) - | ( 1ay( 1))
e |
AR :

O ,// to 51
Figure 22.2

The point (¢1,y1) on the tangent line is an approximation to the point (¢1,y(¢1)) on the
actual solution curve. That is, y; ~ y(t1). From the above figure, it is observed that the
accuracy of the approximation depends heavily on the size of At. Hence, we must choose
an increment At which is “reasonably small”.

We can extend (2) further. In general, at ¢t = t,,41, it follows that

Yn+1 = Yn + (tn+1 - tn)f(tnayn)'

Recipe 22.4.1 (Euler's Method). Euler’s method, with step size At, gives the approxima-
tion
Y(tn) = Ynt1 = Yn + (tns1 — tn) f (o, Yn)-

Example 22.4.2 (Euler's Method). Consider the initial value problem

dy 3
9y 1 0) = >
gL y(0) 5

which can be verified to have solution y = e?* + 1/2. Suppose we wish to approximate
the value of »(0.3) (which we know to be () 4 1/2 = 2.322). Using Euler’s method
with step size At = 0.1, we get

y1 =yo + At (2yo — 1) = 1.5+ 0.1 [2(1. | =17

1.5
yo=1y1 +At(2y1 — 1) =174 0.1[2(1.7) — 1] = 1.94
ys = o + At (2ys — 1) = 1.94 4 0.1[2(1.94) — 1] = 2.228

) -1
) -1

Hence, y(0.3) ~ y3 = 2.228, which is a decent approximation (4.04% error).
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Error in Approximations

Similar to the trapezium rule, the nature of the estimates given by Euler’s method depends
on the concavity of the actual solution curve.

e If the actual solution curve is concave upwards (i.e. lies above its tangents), the
approximations are under-estimates.

e If the actual solution curve is concave downwards (i.e. lies below its tangents), the
approximations are over-estimates.

Also note that the smaller the step size At, the better the approximations. However, in
doing so, more calculations must be made. This is a situation that is typically of numerical
methods: there is a trade-off between accuracy and speed.

22.4.2 Improved Euler’'s Method

In the previous section, we saw how Euler’s method over- or under-estimates the actual
solution curve due to the curve’s concavity. The improved Euler’s method address this.

Derivation

Suppose the actual solution curve is concave upward. Let Ty and 77 be the tangent lines at
t = tg and t = t; respectively. Let the gradients of Ty and 17 be mg and m; respectively.
We wish to find the optimal gradient m such that the line with gradient m passing through
(to,y(to)) also passes through (¢1,y(t1)).

Since the actual solution curve is concave upward, both Ty and T3 lie below the actual
solution curve for all ¢ € [tp, t1]. This is depicted in the diagram below.

Y e actual solution curve
(ti,y(t)) -~ T
//,
,,’,/,/”T/ Ty
(to,y(to)). ===~ |
N |
//// i i t
’ to t1
Figure 22.3

Now, observe what happens when we translate T} such that it passes through (¢g,y(to)):
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Y actual solution curve
//// ’
/// : (tby(t/l))
e |
-7 1 (to, y(to)) |
e ; ; t
to tq
Figure 22.4

The translated T} is now overestimating the actual solution curve at ¢ = £1! Hence, the
optimal gradient m is somewhere between mg and m1. This motivates us to approximate
m by taking the average of mg and my:

L + ma
—a
We now find mg and mi. Note that

mo = f(to,y(to)) and m1 = f(t1,y(t1)).

This poses a problem, as the value of y(¢1) is not known to us. However, we can estimate
it using the Euler method:

y(t1) = y1 = yo + At f(to, vo)-
Note that we denote this approximation as 71. We thus have

i Mot My fltoyo) + f(t1, 41)

2 2

We are now ready to approximate y(t1). By the point-slope formula, the line with
gradient m passing through (¢o,y0) has equation

Y —yo = m(t—to) ~ f(tO’yO);f(tlvgl)(t _ tO)

When t = t1, we get

f(to,yo) + f(t1,91)
05 Y0 . 1 1:|' (1)

y(t) =~ y1 = yo + At [

A similar derivation can be obtained when the actual solution curve is concave downwards.
Extending (1), we get the usual statement of the improved Euler’s method:

Recipe 22.4.3 (Improved Euler's Method). The improved Euler’s method, with step size
At, gives the approximation

f(tna yn) -+ f(tn—I—la gn—f—l)]
2 9

Yn+1 = Yn + At |:

where
Unt1 = Yn + Atf(tna yn)-
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| Definition 22.4.4. y,,,1 is called the predictor, while y,11 is called the corrector.
Example 22.4.5 (Improved Euler's Method). Consider the initial value problem

dy 3
Z=2y—1, y0)=2
g -y L y0)=g,
which we previously saw in Example 22.4.2. Suppose we wish to approximate the value
of y(0.3). Using the improved Euler’s method with step size At = 0.1,

y1 =yo + Atf(to,y0) = 1.7

f(t()v yO) + f(t17gl>
2

ylzyo+At[ ]:1.72

Yo = y1 + Atf(t,y1) = 1.964

[t y1) + f(t2,y2)
2

y2 = y1 + At [ ] = 1.9884

U3 = y2 + Atf(ta, y2) = 2.28608

f(t2,y2) + f(t3,93)
2

ys =y2 + Al [ ] = 2.35848

Hence, y(0.3) ~ y3 = 2.35848, which gives an error of 0.270%, much better than the
4.04% achieved by Euler’s method.

22.4.3 Relationship with Approximations to Definite Integrals

Recall that solving differential equations analytically required us to integrate. It is thus no
surprise that approximating solutions to differential equations is related to approximating
the values of definite integrals. As we will see, the Euler method is akin to approximating
definite integrals using a Riemann sum, while the improved Euler method is akin to using
the trapezium rule.

Consider the differential equation % = f(t,y). By the fundamental theorem of calculus,
the area under the graph of f(¢,y) from ¢t =ty to t = ¢; is given by

t1 t1 dy
ftwydt= [P at=y(t) - oito). &
to to
Note that we know y(tp). Hence, the better the approximation of the integral, the better
the approximation of y(t1), which is what we want.
We can approximate this integral using a Riemann sum with one rectangle. Note that
this rectangle has width At and height f(¢o,y0). Hence,

t1

t f(t,y)dt = y(t1) — y(to) =~ Atf(to, yo)-

Rewriting, we get the statement of the Euler method:

y(t1) =~ y(to) + Atf(to, yo)-

We now approximate the integral in (1) using the trapezium rule with 2 ordinates. Note
that the area of this trapezium is given by %At [f(to,y0) + f(t1,y1)]. Hence,

t1
i ft,y)dt = y(t1) — y(to) ~ At f(to,%0) ; f(t1,y1)
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Rewriting, we (almost) get the statement of the improved Euler method:

f(t(]ay()) + f(tla yl)
2

y(t1) = y(to) + At

Recall that generally, the trapezium rule is a much better approximation than a Riemann
sum. Correspondingly, it follows that the improved Euler method is a much better
approximation than the Euler method.

22.5 Modelling Populations with First-Order Differential
Equations

Populations, however defined, generally change their magnitude as a function of time.
The main goal here is to provide some mathematical models as to how these populations
change, construct the corresponding solutions, analyse the properties of these solutions,
and indicate some applications.

For the case of living biological populations, we assume that all environment and/or
cultural factors operate on a timescale which is much longer than the intrinsic timescale of
the population of interest. If this holds, then the mathematical model takes the following
form of a simple population:

dpP
S = @) PO =po >0,

where P(t) is the value of the population P at time ¢. The function f(P) is what
distinguishes one model from another.
We would expect the model to have the same structure

& =Py - d(P)

where g(P) and d(P) are the growth and decline factors respectively. Also, we assume
g(0) = d(0) = 0, whence f(0) = 0. This is related to the axiom of parenthood, which states
the “every organism must have parents; there is no spontaneous generation of organisms”.

In this section, we will look at two common population growth models, namely the
exponential growth model and the logistic growth model.

22.5.1 Exponential Growth Model

A biological population with plenty of food, space to grow, and no threat from predators,
tend to grow at a rate that is proportional to the population. That is, in each unit of time,
a certain percentage of the individuals produce new individuals (similar for death too). If
reproduction (and death) takes place more or less continuously, then the growth rate is

represented by

dp
= —kP
dt ’

where k is the proportionality constant.
We know that all solutions of this differential equation have the form

P(t) = poert.

As such, this model is known as the exponential growth model. Depending on the value
of k, the model results in either an exponential growth, decay, or constant value function
as seen in the diagram below.
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P(t) k>0
k=0
— k<0

Figure 22.5

While the cases where £ < 0 are possible to happen in real life, the case where k£ > 0 is
not realistically possible as most populations are constrained by limitations of resources.

22.5.2 Logistic Growth Model

The following figure shows two possible courses for growth of a population. The red curve
follows the exponential model, while the blue curve is constrained so that the population
is always less than some number N. When the population is small relative to N, the two
curves are identical. However, for the blue curve, when P gets closer to N, the growth
rate drops to 0.

P(t) exponential model
N e e - ------=---——-— | logistic model

Figure 22.6

We may account for the growth rate declining to 0 by including in the model a factor
1 — P/N, which is close to 1 (i.e. no effect) when P is much smaller than N, and close to 0
when P is close to N. The resulting model

ap P
= —kp(1-=
dt < N)’

is called the logistic growth model. k is called the intrinsic growth rate, while IV is called
the carrying capacity.
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Given the initial condition P(0) = py, the solution of the logistic equation is
_ poN
po + (N — po)e

P(t)

Long-Term Behaviour

We now analyse the long-term behaviour of the model, which is determined by the value of
Py.

Notice that the derivative of the logistic growth model, dP/dt = kP(1 — P/N), is 0 at
P =0and P = N. Also notice that these are also solutions to the differential equation.
These two values are the equilibrium points since they are constant solutions to the
differential equation.

Consider the case where k > 0.

dp
d (3N, 3kN)
.
P
0 N
Figure 22.7

From the above diagram, we observe that

e if 0 < Py < N, then P will increase towards NN since dP/dt > 0.

o if Py > N, then P will decrease towards N since dP/dt < 0.

Since any population value in the neighbourhood of 0 will move away from 0, the
equilibrium point at P = 0 is known as an unstable equilibrium point. On the contrary,
since any population value in the neighbourhood of N will move towards IV, the equilibrium
point at P = N is known as a stable equilibrium point.

Now consider the case where k < 0.

dp
dt

Figure 22.8
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From the above diagram, we observe that
e if 0 < py < N, then P will decrease towards N since dP/dt < 0.
e if po > N, then P will increase indefinitely since dP/dt > 0.

In this case, the equilibrium point at P = 0 is stable, while the equilibrium point at
P = N is unstable.

Thus, we see that what happens to the population in the long-run depends very much
on the value of the initial population, Fj.

22.5.3 Harvesting

There are many single population systems for which harvesting takes place. Harvesting is a
removal of a certain number of the population during each time period that the harvesting
takes place. Below are some variants of the basic logistic model.

Constant Harvesting

The most direct way of harvesting is to use a strategy where a constant number, H > 0, of
individuals are removed during each time period. For this situation, the logistic equation

gets modified to the form
dpP P
—=kP|(1-—=)|—-H
dt ( N > ’

where H is known as the harvesting rate.
Observe that the equilibrium solutions to this modified logistic equation are:

dP P N IN2 NH

With the equilibrium solutions, we can do the same analysis above to determine the
long-term behaviour of the model.

Variable Harvesting

The model

ap P
— —kp(1-=)-HP
i =+ (1)

results by harvesting at a non-constant rate proportional to the present population P. The
effect is to decrease the natural growth rate k£ by a constant amount H in the standard
logistic model.

Restocking

The equation

dt N

models a logistic equation that is periodically harvested and restocked with maximal rate
H. For sufficiently large pg, the equation models a stable population that oscillates about
the carrying capacity N with period T' = 27 /w.

P _ kP <1 — P) — H sin(wt)
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23 Convergence Tests

23.1 Tests for Sequences

Theorem 23.1.1 (Monotone Convergence Theorem). Suppose {uy,} is increasing (decreas-
ing). Then {u,} converges if and only if {u,} is bounded above (below).

In the following proof, we take {u,} to be increasing. The case where w,, is decreasing is
entirely analogous.

Proof. (=) Suppose {uy} converges to L. By the definition of the limit of a sequence,
for all £ > 0, there exists some natural number N such that

lup, —L| <e = u, < L+e¢

for all n > N. Because the sequence is increasing, we also have u; < uy < L + ¢ for all
1 <4 < N. Thus, the sequence is bounded above by L + €.

( <= ) Suppose {u,} is bounded above. By the completeness of the real numbers,
L = sup {u,} exists. We now show that L is the limit of {u,}.

Fix € > 0. There exists some index N such that uy > L—e (lest L—& be an upper bound,
contradicting the minimality of L). Since {u,} is increasing, we have u, > uny > L — ¢
for all n > N. Further, we must have u, < L by definition of the supremum. Putting
everything together, we obtain

lup, — L] < €

for all n > N, whence L is the limit of {u,} and the sequence converges. O

23.2 Tests for Series
Theorem 23.2.1. If u,, /A 0 as n — oo, then S, diverges.

Proof. We work with the contrapositive. Suppose Sy converges to So.. Then
lim w, = lim (S, — Sp—1) = Soc — Sec =0,
n—0o0 n—oo
so u, — 0. ]

Note that the converse is not true (consider > >° | 1/n).

Theorem 23.2.2. Suppose u,, > 0 for all n. Then S,, converges if and only if its sequence
of partial sums is bounded above.

Proof. Follows readily from the monotone convergence theorem. O

Theorem 23.2.3 (Comparison Tests). Suppose there is a positive integer N for which
0 <wu, <wy,foralln> N. Let U, and V,, denote the nth partial sums of {u,} and {v,}
respectively.

e If V,, converges, then U,, converges.
o If U, diverges, then V,, diverges.

Proof. Follows readily from the monotone convergence theorem. O



23.3 Tests for Definite Integrals 177

Theorem 23.2.4 (Absolute Convergence). If "> | |u,| converges, then S,, converges.

Proof. Observe that
0 < up + |un| < 2uyl

for all n, so > > (un + |up|) converges by the comparison test. Hence,

oo oo oo
Sn=D un =D (wn+ funl) = 3 funl
n=1 n=1 n=1
is convergent. O

23.3 Tests for Definite Integrals

Proposition 23.3.1 (Direct Comparison Test). Let f and g be continuous on [a, c0) with
0< f(z) <g(z) for all x > a.

o If faoo f(x)dx diverges, then faoo g(z) dz diverges.

o If [* g(x)da converges, then [ f(z)dx converges.

Example 23.3.2. Consider the integral [°(sin®z)/2%dz. Since

i 02
S~ x
0<

< 1
2 ~ 22
on [1,00) and the integral floo 1/2% dx converges, then by the direct comparison test, the
integral in question converges.

Proposition 23.3.3 (Limit Comparison Test). If the positive functions f and g are con-
tinuous on [a,00), and if lim, o f(2)/g(z) is finite and positive, then [ f(z)dz and
[.% g(z) dz either both converge or both diverge.

Example 23.3.4. Consider the integral [[°(1 —e™*)/xdxz. Since

1—e~®
lim M: lim (1 —e7%) =1,

T—00 1/1,' T—00

which is a positive finite limit, by the limit comparison test, the integral in question
diverges since floo 1/ dz diverges.
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24 Inequalities

24.1 Triangle Inequality

Theorem 24.1.1 (Triangle Inequality). For all a,b € R, we have
la + 0| < la| + |b].

Equality occurs if and only if a and b have the same sign.

Proof. We have
—la]<a<a and —|b|<b<0D.

Adding both inequalities, we get
—(lal +[b]) < a+b < al + 0],
so |a+b| < |a| 4 |b| as desired. O

The triangle inequality gets its name from the fact that the sum of any two sides in a
triangle is always larger than the remaining side. In general, given a vector space V', the
vectors u, v and u + v form the sides of a triangle, so

[u+v| < luf+|v|.

The triangle inequality can be used to give bounds on series and integrals.

Corollary 24.1.2. For all sequences {a;}, we have

n n
D o <D lail.
i=1 i=1

Equality occurs if and only if all terms have the same sign.

Proof. Induct on n. O

Corollary 24.1.3. Suppose f is integrable over D. Then

/Df(a:) dz

Equality occurs if and only if f(x) is non-negative or non-negative almost everywhere.

< /D ()] da.

24.2 Jensen’s Inequality

Recall that a function f is said to be convex on an interval [ if for any two points z1, 20 €
and weights t1,t2 > 0 with t; + 3 = 1, we have

f(tizr +toxa) < t1f(x1) + taf(z2).

We can easily generalize this result to the case with n points and n weights.
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Theorem 24.2.1 (Jensen's Inequality (Convex)). Let f be convex on I. Given z; € I and
t;>0fori=1,...,n with ) ;'  t; =1, we have

f(Z tﬁi) <> tif (x).
i=1 i=1
Equality occurs if and only if 1 = -+ = x,, or f is linear on the convex hull of {z;}.

Proof. We induct on n. Note that the n = 1 is trivial and the n = 2 case is true by
definition. Now suppose our result holds for some n € N. Then

n+1 n )
f <Z tzmi) = f(tn+133n+1 + (1 —tnt1) Z tzxz)
=1

i—1 1- tn—i—l

n
t,
St f(@ngr) + (1 —thpr) f (Z 1_;%)
i=1 ntl
where we used the n = 2 case in the second line. Since

n

Z ti 1 —tp —1

= 1=t 1l —tpy

by our induction hypothesis, we have

n

b1 f(@ng1) + (1= tnga) f <Z ti%‘) < tppian + (L= tnp1) Y Lf(l’i)

o1t
n+1

= Ztif(l‘i)-

i=1
This closes the induction and we are done. O

If f is concave, we get an analogous result.

Theorem 24.2.2 (Jensen's Inequality (Concave)). Let f be concave on I. Given z; € [
and t; >0 for i =1,...,n with Y ;" ; ¢; = 1, we have

f(Z ti$i> > thf(%)
i=1 i=1

Equality occurs if and only if 1 = --- =z, or f is linear on the convex hull of {z,}.

24.3 AM-GM Inequality

Definition 24.3.1. For real numbers z1,...,z,, the arithmetic mean is defined as
1/n

i

n oz . . n
> i1 “» and the geometric mean is defined as [[i_; =

Theorem 24.3.2 (AM-GM Inequality). For non-negative real numbers z1,...,z,, the

arithmetic mean is greater than or equal to the geometric mean:

T+ ...%p

> (21 ...2,) "™
" > (z1...70)

Equality holds if and only if 1 = --- = z,.
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Proof. Since the logarithm function is concave, by Jensen’s inequality, we have
ln(i xl) > iw = 11n<ﬁx,;) = ln(ﬁx-l/n> .
o) = " i=1 i=1 '
Since exponentiation is monotonic, we have

1+ ... Ty

- > (a:l...xn)l/",

which is precisely the AM-GM inequality. O

Sample Problem 24.3.3. If a, b and ¢ are positive, prove that (a+b)(b+c)(c+a) > 8abe.
Solution. By the AM-GM inequality, we have
a+b>2Vab, b+c>2Vbe, c+a>2/ca

Multiplying these three inequalities together, we obtain
(a+b)(b+c)(c+a)> (2\/@) (2\/%) (2y/ca) > 8abe

as desired. ]

24.4 Cauchy-Schwarz Inequality

The general form of the Cauchy-Schwarz inequality relates the magnitude of an inner
product to the product of norms.

Theorem 24.4.1 (Cauchy-Schwarz Inequality). Let V' be a vector space with an inner
product (-,-). Then for any vectors u,v € V, we have

2
[(w, V)7 < [lul[ vl

where ||| is the norm induced by the inner product. Equality holds if and only if u and
v are linearly dependent.

The more familiar Cauchy-Schwarz inequality is recovered when V is the Euclidean
n-space R™ with the dot product as the inner product.

Proposition 24.4.2 (Cauchy-Schwarz Inequality (R")). For real numbers ay, ..., a, and

bi,... by, )
() (5= (£0)
=1 =1 =1

with equality if and only if a; = 0, b; = 0, or a; = Ab; for some constant A.
Proof 1 (Dot Product). For any two vectors a,b € R", we have
a-b =la||b|cosf < |a| |b].

Letting a = (aq, ag, ..., an)T and b = (by, be, ..., bn)T, we get the Cauchy-Schwarz
inequality. Equality holds when the two vectors are parallel, i.e. a; = Ab; for constant A,
or when either vector is the zero vector. O
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Proof 2 (Discriminant). Let t be an arbitrary real number. Observe that > (a;t — b;)? is
non-negative. Expanding, we get a quadratic in ¢:

n

Z(ait —b)?= (Zn: a?) t? — (2 Zn:ain) t+ Zn: b2
i=1 i=1 i=1

=1

For at most one root, the discriminant must thus be non-positive, so

(5e0) (85 () <o

Rearranging, we get the Cauchy-Schwarz inequality.
If > a? =0 or Y b? = 0, then equality trivially holds. Else, ¢ # 0 and equality holds
when Y (a;it — b;)2 =0, i.e. a; = (1/t)b; for all 1 <1i < n. O

Sample Problem 24.4.3. Prove Titu’s Lemma:

2 2 2
ﬁ+.'.+$7n2(1'1+ +x”)
1 Yn Y1+t Yn
for all positive real numbers y1, ..., yy.

Solution. Let a; = x;/./y; and b; = \/y;. By the Cauchy-Schwarz inequality,
2 2
x x
Y1 Yn

and we immediately acquire the desired result. O

The general triangle inequality is a simple corollary of the Cauchy-Schwarz inequality in
R™.
Corollary 24.4.4 (Triangle Inequalty in R™). For u,v € R™, we have |[u+ v| < |u| + |v].

Proof. Let u,v € R™ with inner product (u,v) =u-v. Then

ju+ v = [uf +2(u-v) + |v|?
<fuf+2u-v|+ v
< [uf® + 2[ul[v] + |v|?
< (Ju| + |v])?

Taking roots, we get our desired result. O
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Part VI

Combinatorics
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25 Permutations and Combinations

25.1 Counting Principles

Fact 25.1.1 (The Addition Principle). Let Eq and F3 be two mutually exclusive events. If
FE4 and E5 can occur in ny and ng different ways respectively, then Fy or Es can occur
in (n1 + ng) ways.

Fact 25.1.2 (The Multiplication Principle). Consider a task S that can be broken down
into two independent ordered stages S1 and Sy. If S7 and S can occur in n; and ne
ways respectively, then S; and Sy can occur in succession in nijny ways

Note that both the Addition and Multiplication Principles can be extended to any finite
number of events.

25.2 Permutations

Definition 25.2.1. A permutation is an arrangement of a number of objects in which
the order is important.

Example 25.2.2. ABC, BAC and CBA are possible permutations of the letters ‘A’, ‘B’
and ‘C’.

Definition 25.2.3 (Factorial). The factorial of a non-negative integer n is given by the

recurrence relation
nl=n(n—-1), 0=1.

Equivalently,
! ’ n!l=nn-1)(n-2)...(3)(2)(1), 0'=1.

Proposition 25.2.4 (Permutations of Objects Taken from Sets of Distinct Objects). The
number of permutations of n distinct objects, taken r at a time without replacement, is
given by

"P,,:n(n—l)(n—Q)---(”_T""l):(n—r)!’

r consecutive integers

where 0 < r < n.

Proof. Suppose we have n distinct objects that we want to fill up r ordered slots with.
This operation can be done in r stages

e Stage 1. The number of ways to fill in the first slot is n.

e Stage 2. After filling in the first slot, the number of ways to fill in the second slot is
n — 1.

e Stage 3. After filling in the first and second slots, the number of ways to fill in the
third slot is n — 2.

This continues until we reach the last stage:
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e Stage r. After filling all previous r — 1 slots, the number of ways to fill in the last
slotisn—(r—1)=n—r+1.

Thus, by the Multiplication Principle, the number of ways to fill up the r slots are

n(n—l)(n—2)...(n—r+1):m.

O]

Corollary 25.2.5 (Permutations of Distinct Objects in a Row). The number of ways to
arrange n distinct objects in a row, taken all at a time without replacement, is given by
nl.

Proof. Take r = n. O

Proposition 25.2.6 (Permutations of Non-Distinct Objects in a Row). The number of
permutations of n objects in a row, taken all at a time without replacement, of which
ny are of the 1st type, ny are of the 2nd type, ..., n, are of the kth type, where
n=mn;+ng+ -+ ng, is given by

n!

nilng! .. .ng!’

Proof. Let A; be the set of arrangements where objects in the first ¢ groups are now
distinguishable, while objects in the remaining groups remain indistinguishable. For
instance, Ay is the set of arrangements of n objects in a row, of which nsy are of the 2nd
type, ng are of the 3rd type, ..., ng are of the kth type, while the objects previously of the
1st type are now distinct. We prove the above result by expressing |Ag| in terms of |Ag|.

Suppose we make objects of the 1st type distinct. For each arrangement in Ag, the nq
objects of the 1st type can be permuted among themselves in ni! ways. Hence,

|A1| = nq!|Ao].

Next, suppose we make objects of the 2nd type distinct. For each arrangement in A;, the
ng objects of the 2nd type can be permuted among themselves in no! ways. Hence,

|A2| = na! |Ax].
Continuing on, we see that
|Ak| = ’I’Lk' |Ak_1‘ == nk!nk_ll |Ak_2’ == ’I’Lk' nk_ll PN 77,1! ‘A0| .

However, by definition, Ay, is the set of arrangements of n distinct objects, which we know
to be n!. Thus,

O

| . . . . . . . . .
Remark. m is known as a multinomial coefficient, which is a generalization of the

binomial coefficient and is related to the expansion of (x; + z2 + - -+ + x)".
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Sample Problem 25.2.7. Find the number of different permutations of the letters in the
word “BEEN”.

Solution. Note that there is 1 ‘B’ 2°'E’s and 1 ‘N’ in “BEEN”. Using the above result, the
number of different permutations is given by
4!
ot

O

Proposition 25.2.8 (Circular Permutations). The number of permutations of n distinct
objects in a circle is given by (n — 1)!.

Proof. Fix one object as the reference point. The remaining n — 1 objects have (n — 1)!
possible ways to be arranged in the remaining n — 1 positions around the circle. O

Proposition 25.2.9 (Permutations of Objects Taken from Sets of Distinct Objects with
Replacement). The number of permutations of n distinct objects, taken r at a time with
replacement, is given by n”, where 0 < r < n.

25.3 Combinations

Definition 25.3.1. A combination is a selection of objects from a given set where the
order of selection does not matter.

Proposition 25.3.2 (Combinations of Objects Taken from Sets of Distinct Objects). The
number of combinations of n distinct objects, taken r at a time without replacement, is

LA n!
Cr = <r> Corl(n =)

Proof. Observe the number of ways to choose 7 objects from n distinct objects is equivalent
to the number of permutations of n objects, where r objects are of the first type (chosen)
while n — r objects are of the second type (not chosen). Using the formula derived above,
we have

given by

where 0 < r < n.

|
O
O
Corollary 25.3.3. For integers r and n, where 0 < r < n,
"P.="C, - r.
Proof. Rearrange the above result. O

Corollary 25.3.4. For integers r and n, where 0 < r < n,

"Cr="Ch_y.
Proof. Observe that
n!
ri(n —r)!

is invariant under r — n — 7. O
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25.4 Methods for Solving Combinatorics Problems

Some problems involving permutations and combinations may involve restrictions. When
dealing with such problems, one should consider the restrictions first. There are four basic
strategies that can be employed to tackle these restrictions.

Recipe 25.4.1 (Fixing Positions). When certain objects must be at certain positions,
place those objects first.

Sample Problem 25.4.2. How many ways are there to arrange the letters of the word
“SOCIETY” if the arrangements start and end with a vowel?

Solution. We first address the restriction by placing the vowels at the start and end of
the arrangement. Since there are 3 vowels in “SOCIETY”, there are 3 -2 = 6 ways to
do so. Next, observe there are 5! ways to arrange the remaining 5 letters. Thus, by the
Multiplication Principle, there are

6-5!' =720
arrangements that satisfy the given restriction. O

Recipe 25.4.3 (Grouping Method). When certain objects must be placed together, group
them together as one unit.

Sample Problem 25.4.4. Find the number of ways the letters of the word “COMBINE”
can be arranged if all the consonants are to be together.

Solution. Consider the consonants ‘C’, ‘M’, ‘B’ and ‘N’ as one unit:

[c M B N| [0] [1] [E]

e Stage 1. There are 4! ways to arrange the 4 units.

e Stage 2. There are 4! ways to arrange ‘C’, ‘M’, ‘B’ and ‘N’ within the group.
Hence, by the Multiplication Principle, the total number of arrangements is
4! 4! = 576.

O

Recipe 25.4.5 (Slotting Method). When certain objects are to be separated, we first
arrange the other objects to form barriers before slotting in those to be separated.

Sample Problem 25.4.6. Find the number of ways the letters of the word “COMBINE”
can be arranged if all the consonants are to be separated.

Solution. We begin by arranging the vowels, of which there are 3! ways to do so.

+ o] t+ [1] + [E] t.

Next, we slot the 4 consonants into the 4 gaps in between the vowels (i.e. where the arrows
are). There are 4! ways to do so. Thus, by the Multiplication Principle, the total number
of arrangements is

3141 = 144.

O
Recipe 25.4.7 (Complementary Method). If the direct method is too tedious, it is more
efficient to count by taking all possibilities minus the complementary sets. This method
can also be used for “at least/at most” problems.
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Sample Problem 25.4.8. Find the number of ways the letters of the word “COMBINE”
can be arranged if all the consonants are to be separated.

Solution. Note that, without restrictions, there are a total of 7! ways to arrange the letters
in “COMBINE”. From the previous example, we saw that the number of arrangements
where all consonants are together is 576. Thus, by the complementary method, the number
of arrangement where all consonants are separated is

total — complementary = 7! — 576 = 144,

which matches the answer given in the above example. O



190

26 Distribution Problems

In the previous chapter, we learnt how to count the number of ways to distribute distinct
objects into distinct boxes:

Proposition 26.0.1. The number of ways of distributing » distinct objects into n distinct
boxes such that each box can hold

e at most one object (assuming r < n) is "P,;
e any number of objects is n'".

In this chapter, we focus mainly on counting the number of ways to distribute identical
objects into distinct boxes.

26.1 The Bijection Principle

Theorem 26.1.1 (Bijection Principle). Let A and B be finite sets. If there exists a bijection
f:A— B, then
Al = [B].

The bijection principle is particularly useful when enumerating A is hard, but enumerating
B is easy.
Sample Problem 26.1.2. Determine the number of positive divisors of 12600.

Solution. Observe that 12600 = 23 x 32 x 52 x 7!. Let A be the set of divisors of 12600.
Let B be the set

B:{(p7q77475)€Z410§p§3andOSqSQandOSrSQandOSsg1},
Let f: B — A be such that
f(p’Q7r78):2pX3qX5r><7s.

It is clear that f is bijective: by the Fundamental Theorem of Algebra, every divisor d € A
is uniquely expressible as a product of prime powers of 2, 3, 5 and 7. Hence, by the bijective
principle, we have

Al =|B| =B+ 12+ 12+ 1)(1+1) =72,

i.e. 12600 has 72 divisors. U]
One can easily generalize the above result:

Proposition 26.1.3. Let
k
n= pr‘
i=1

where p; are distinct primes and e; are non-negative integers. Then n has

positive divisors.
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26.2 ldentical Objects into Distinct Boxes

We first prove a standard result:

Proposition 26.2.1 (Stars and Bars). The number of non-negative integer solutions to
the equation 1 + -+ z, = r is

(-0

A={(z1,...,zn) ENg: 1 + -+ 2y =7}

Proof. Let

be the set of all non-negative integer solutions to the above equation. Consider a row of
r +mn — 1 objects. Let B be the set of all possible ways to colour n — 1 of these r +n — 1
objects red, and the remaining r objects blue. It is easy to see that

Bl = <T—IT;7_LII> _ <7‘—|—:L—1>‘
@ o0

Figure 26.1: An example colouring, where r =2+4+3+1 =6 and n = 4.

We now establish a bijection between A and B. Consider the following procedure,
starting with a solution (x1,...,z,) € A:

e Colour the first 1 balls blue, and the next ball red.

e Colour the next xo balls blue, and the next ball red.

e Colour the next x,, balls blue.

It is easy to see that all » +n — 1 balls will be coloured, and exactly n — 1 balls will be
red. Further, each solution (z1,...,z,) € A uniquely determines a colouring in B and vice
versa, i.e. the procedure is a bijection between A and B. By the bijection principle,

r+n—1 r+n—1
al=te= () = (),

The method of counting is commonly known as “stars and bars”. We can think of the
blue objects as “stars” (the objects we wish to distribute), and the red objects as “bars’
(the dividers separating the objects).

Proposition 26.2.2 (ldentical Objects into Distinct Boxes (Part 1)). The number of ways
of distributing r identical objects into n distinct boxes is given by

r+n—1\ (r+n-1
n—-1 ) r ’
Proof. Let z; be the number of objects in the ¢th box. Since we have a total of r identical
objects, we require

O]

9

r1+x2+---+xTHy =7

By stars and bars, we attain our desired result. O
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Proposition 26.2.3 (ldentical Objects into Distinct Boxes (Part I1)). The number of ways
of distributing 7 identical objects into n distinct boxes, such that each box has at least k

objects, is given by
r—nk+n-—1
n—1

Proof. Let x; + k be the number of objects in the ith box. Since each box has at least k
objects, we have x; < 0 for all 1 < i <n. Since we have a total of r identical objects, we
require

(1 + k) + (24 k) + -+ (T + k) =1

This equation simplifies to
1 +29+ - +x, =17 —nk.
We hence seek the number of non-negative integer solutions to the above equation, which

we know to be
r—nk+n—1
n—1

by stars and bars. O

Corollary 26.2.4. In the case where we require each box to be non-empty (k = 1), the
number of distributions is given by

(o)=00)

26.3 Distinct Objects into Identical Boxes

Definition 26.3.1. A Stirling number of the second kind is defined to be the number of
ways of distributing r distinct objects into n identical boxes such that no box is empty.
It is denoted S(r,n).

Proposition 26.3.2. For 0 < n < r, we have the recurrence relation
S(r+1,n) =S(r,n—1)+nS(r,n),
with initial conditions S(r,r) =1 for r > 0 and S(r,0) = S(0,7) = 0 for r > 0.

Proof. Let A be an arbitrary object.

Case 1: A is alone in a box. There remains r distinct objects to be distributed into
n — 1 identical boxes with no empty boxes. The number of ways to do so is S(r,n — 1).

Case 2: A is not alone in a box. We first distribute the other r distinct objects into n
identical boxes such that no box is empty. This can be done in S(r,n) ways. Then, we
place A into one box. There are n boxes, thus by the multiplicative principle, the total
number of ways in this case is nS(r,n).

Altogether, the total number of ways to distribute r 4+ 1 distinct objects into n identical
boxes such that no box is empty is given by

S(r+1,n) =S(r,n—1)+nS(r,n).

The initial conditions can easily be verified. O
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Sample Problem 26.3.3. Find the number of ways to express 2730 as a product ab of
two integers a and b, where 2 > a > b.

Solution. Note that 2730 = 2 x 3 x 5 X 7 x 13. The number of ways to express 2730 as
a product ab is hence given by S(5,2) = 15, as we have 5 distinct prime factors and 2
identical boxes (a and b). O

Proposition 26.3.4. The number of ways to distribute r distinct objects into n identical
boxes with empty boxes allowed is given by

n
Z S(r, k).

k=1

Proof. Suppose only k boxes are filled. There are S(r, k) ways to distribute the objects
into these k£ boxes. Enumerating over all possible cases, we see that the total possible
distributions number .

Z S(r, k).

k=1

26.4 ldentical Objects into Identical Boxes

Definition 26.4.1. The partition of a positive integer r into n parts is a set of n positive
integers whose sum is . We denote the number of different partitions of r into n parts
with P(r,n).

Proposition 26.4.2. We have the recurrence relation
P(r,n)=P(r—1,n—1)+ P(r —n,n),
with conditions P(r,1) =1 for all » > 1, and P(r,n) =0if n > r.

Proof. Case 1: At least one box has exactly one object. We place one object in one box.
We then distribute the remaining r — 1 objects into the remaining n — 1 boxes such that
no boxes are empty. The number of ways this can be done is P(r — 1,n — 1).

Case 2: All the boxes have more than one object. We place one object into each of the n
boxes. We then distribute the remaining r — n objects into the n boxes so that no boxes
are empty. The number of ways this can be done is P(r — n,n).

Altogether, we have

P(r,n)=P(r—1,n—1)+ P(r —n,n)

as desired. ]
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27 Principle of Inclusion and Exclusion

Theorem 27.0.1 (Principle of Inclusion and Exclusion). Let A;, Ao, ..., A, be finite sets.
Then
n
(= ¥ cnmnal
k=1 IC[n] i€l
[+

Proof. Let A = J;_; A be the union of all n sets. Define the indicator function of a set
A; tobe1;: A— {0,1} such that

1 Ai,
1z($) _ , T €
0, z¢A.

Consider now the function .
F(z) =[]0 - 1)
i=1
Observe that for all z € A, we must have = € A; for some 1 < ¢ < n, thus F(z) is identically
zero. We now expand F'(z):

Fz)=1+ > (D] 1i(2).
IC[n] i€l
142

It is not too hard to see that [[,.; 1;() is the indicator function of ();c; A;. Summing
over all x € A, we hence obtain

S F@)=> |1+ Y ()] 1)

zeA zeA IC[n] i€l
4o
= (A1 + > (- (Z le-(:c))
IC[n] xcAiel
1#£2

- ﬂAi

el

+ Y (=

ICn]

U
k=1

Since F'(z) is identically zero, we immediately obtain the desired result:

Uad =3 o N,
k=1

IC[n] i€l
I1#£2

O

A classic application of the Principle of Inclusion and Exclusion is counting the number
of surjections between two finite sets.
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Proposition 27.0.2. Let X and Y be finite sets with cardinality |X| = m and |Y| = n,
where m > n. Then the number of surjections from X to Y is given by

>0t ()0

k

k=0

Proof. For convenience, we number the elements of X and Y such that X = [m] and

Y = [n]. Let S be the set of mappings from X to Y, and A; be the set of mappings from
X to Y \ {i}, where 1 < i < n. We see that for an arbitrary non-empty set of indices
I C [n] of size k,

M =#

i€l

mappings from m elements to n — k elements) = (n — k)™.

Since there are (Z) possible sets of indices of size k, by the Principle of Inclusion and
Exclusion,

Ap| = Z(—l)mH

IC[n]
1£0
n

N

iel

n
k=1

k=1

This counts the number of mappings that are not surjective. For the number of mappings
that are surjective, we simply take

51— | 4
k=1

— zn:(_l)kﬂ (Z) (n— k)™

k=1

0t ()

n—1

k=0

Corollary 27.0.3. The Stirling numbers of the second kind are given by

Proof. There are S(m,n) ways to partition [m] into n non-empty subsets. The number of
ways to assign these n parts to a distinct value in [n] is n!. Thus, the number of surjective
functions from [m] to [n] is nlS(m,n). Using the above result, we obtain

TS
]

Yet another famous application of the Principle of Inclusion and Exclusion is counting
the number of derangements.

Definition 27.0.4. A derangement is a permutation 7 : [n] — [n] with no fixes point, i.e.
for all 1 <14 <n, we have 7(7) # .
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Proposition 27.0.5. The number of derangements 7 : [n] — [n] is given by

n

Z(—nk%.

k=0

Proof. Let S be the set of all permutations of [n], and let A; be the set of all permutations
that fix . Note that |S| = n!, and for an arbitrary non-empty set of indices I C [n] of size

k,
N

il

= #(permutations of n — k elements) = (n — k)!.

Since there are (2) possible sets of indices of size k, by the Principle of Inclusion and
Exclusion,

= Z (=11

ICn]
[#0

_ i(_nkﬂ (Z) (n —k)!

= Z(_1)k+1%:.

k=1

N

i€l

n
U
k=1

This counts the number of permutations with fixed points. For the number of derangements,
we simply take

n

" !
15| — | A :n!—Z(—l)k‘H%
k=1 k=1 '

B = 1!

_Z(—1) i

k=0
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28 Probability

28.1 Basic Terminology

Definition 28.1.1. A statistical or random experiment (or trial) refers to a process that
generates a set of observable outcomes, and can be repeated under the same set of
conditions.

Definition 28.1.2. The sample space (or possibility space) S of an experiment is the set
of all possible outcomes of the experiment.

Definition 28.1.3. An event E is a subset of S. The complement of E, denoted by F’,
is the event that E does not occur, i.e. E' =S\ E.

Definition 28.1.4. Given a subset G C S, the function n(G) returns the number of
possible outcomes in G.

28.2 Probability

Definition 28.2.1 (Classical Probability). If the sample space S consists of a finite number
of equally likely outcomes, then the probability of an event E occurring (a measure of
the likelihood that E occurs) is denoted P[E] and is defined as

Proposition 28.2.2 (Range of Probabilities). For any event E,
P[E] € [0,1].

Proof. Let the sample space be S. Since £ C S, we have

0<n(B)<n(S) = 0< Z((g)) gzg — 0<P[E] <1
O
Corollary 28.2.3. Let A and B be any two events. If A C B, then P[A] < P[B].
Proof. Identical as above. O

Definition 28.2.4. When P[E] = 0, we say that E is an impossible event. When P[E] =1,
we say that P is a sure event.
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Proposition 28.2.5 (Probability of Complement). For any event E,
P[E] +P[E'] = 1.
Proof. Let the sample space be S. By definition, E' = S\ E. Hence,

n(E") = n(S) — n(E) = Z(g + ’;(g)) = Zg; — PIE] +P[E] =1.

O]

Definition 28.2.6. Let S be the sample space of a random experiment and A, B be any
two events.

e The intersection of A and B, denoted by A N B, is the event that both A and B
occur.

e The union of A and B, denoted by A U B, is the event that at least one occurs.

Proposition 28.2.7 (Inclusion-Exclusion Principle). Let A and B be any two events in a
sample space S. Then

P[AU B] = P[A] + P[B] — P[AN B].

Proof. When we take the sum of the number of outcomes in events A and B, i.e. n(A)+n(B),
we will count the ‘overlap’, i.e. n(AN B), twice. Hence,

n(AUB) =n(A)+n(B) —n(ANB).
Dividing throughout by n(S) yields the desired result. O
Proposition 28.2.8 (Intersection of Complements). Let A and B be any two events. Then
P[A] =P[ANB]+P[ANDB'].
Proof. By definition, B’ = S\ B. Taking the intersection with A on both sides,

P[ANB'| =P[ANS]—-P[ANB] = P[ANB]+P[ANB'| =P[A4].

Proposition 28.2.9 (“Neither Nor"). Let A and B be any two events. Then
P[ANB']|=1-PAUB].
Proof. In layman terms, the above statement translates to
P[neither A nor B] =1 —P[A or B],

which is clearly true. ]
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28.3 Mutually Exclusive Events

Definition 28.3.1. Two events A and B are said to be mutually exclusive if they cannot
occur at the same time. Mathematically,

P[AN B] =0.
An equivalent criterion for mutual exclusivity is
P[A U B] = P[A] + P[B],

which can easily be derived from P[A N B] = 0 via the inclusion-exclusion principle.

28.4 Conditional Probability and Independent Events

Proposition 28.4.1 (Conditional Probability). The probability of an event A occurring,
given that another event B has already occurred, is given by

P[AN B

PIA| B =~

Proof. Since B has already occurred, the sample space is reduced to B. Hence,

n(AN B)
PA| Bl = ———
418)="" 5
Dividing the numerator and denominator by n(S) completes the proof. O

Corollary 28.4.2. The event (A, given B) is the complement of the event (not A, given

B), i.e.
P[A|B]+P[A'| B] =1.
Proof. /
P[A| B]+P[A"| B] = P[ﬁ[gf] + P[‘;[Q}B] - ﬁg -t

O]

Definition 28.4.3 (Independent Events). Let A and B be any two events. If either of the
two occur without being affected by the other, then A and B are said to be independent.

Mathematically,
P[A | B] = P[4], P[B | A] = P[B].

Proposition 28.4.4 (Multiplication Law). A and B are independent events if and only if
P[AN B] = P[A] P[B].
Proof. Since P[A] = P[AN B] /P[B] and P[A | B] = P[A4],

P[AN B|

b = Pl <= PlAN B = Pl4P(B].
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Proposition 28.4.5. If events A and B are independent, then so are the following pairs
of events:

e Aand B,
e A" and B,
e A’ and B'.

Proof. We only prove that A’ and B are independent. The proofs for the other pairs are

almost identical.
Since A and B are independent events, we have P[A N B] = P[A]P[B]. Now consider
P[A"N B].

P[A'n B] = P[B] — P[AN B] = P[B] — P[A] P[B] = P[B] [1 — P[A]] = P[B] P[A4] .

Hence, A’ and B are independent. O

28.5 Common Heuristics used in Solving Probability Problems

Recipe 28.5.1 (Table of Outcomes). Table of outcomes are useful as they serve as a
systematic way of listing all the possible outcomes.

Sample Problem 28.5.2. Two fair dices are thrown. Find the probability that the sum
of the two scores is odd and at least one of the two scores is greater than 4.

Solution. Consider the following table of outcomes.

11213145 |6
112|345 |6 |7
2134|516 | 7|8
314567 |81]09
4156|7819 10
516789 |10 11
6 |7|8(9]10 |11 |12

From the table of outcomes, the required probability is clearly %. O

Recipe 28.5.3 (Venn Diagrams). Venn diagrams are useful when we need to visualize
how the events are interacting with each other.

Sample Problem 28.5.4. Let A and B be independent events. If P[A’ N B'] = 0.4, find
the range of P[A N BJ.

Solution. Consider the following Venn diagram.

A B

0.4

Figure 28.1
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We see that
a+b+c=0.6. (%)

Further, since A and B are independent, we know
P[ANB] =P[A]P[B] = b= (a+b)(c+b)=(a+0)(0.6 —a).
Expanding, we get a quadratic in a:
a® 4+ (b—0.6)a + 0.4b = 0.
Since we want a to be real, the discriminant A is non-negative. Hence,
(b—0.6)2 —4(1)(0.4b) >0 = b<0.135 or b> 2.66.

Since 0 < b < 1, we reject the latter. Thus, the range of P[A N B] = b is [0, 0.135]. O
Recipe 28.5.5 (Probability Trees). A probability tree is a useful tool for sequential events,
or events that appear in stages. The number indicated on each branch represents the
conditional probability of the event at the end node given that all the events at the
previous nodes have occurred.

Sample Problem 28.5.6. Peter has a bag containing 6 black marbles and 3 white marbles.
He takes out two marbles at random from the bag. Find the probability that he has
taken out a black marble and a white marble.

Solution. Consider the following probability tree.

5
8 B
W
B
W 2 W
8
Figure 28.2

['he required probability is thus
<6> (3) (3) <6> 1
9 8 9 8 2
U

Recipe 28.5.7 (Permutations and Combinations). Using combinatorial methods is useful
when the most direct way to calculate P[E] is to find n(E) and n(S5).

Sample Problem 28.5.8. A choir has 7 sopranos, 6 altos, 3 tenors and 4 basses. At
a particular rehearsal, three members of the choir are chosen at random. Find the
probability that exactly one bass is chosen.

Solution. Note that there are a total of 20 people in the choir. Hence, the number of ways
to choose three members of the choir, without restriction, is given by 2°C5. Meanwhile,
the number of ways to choose exactly one bass is given by *C; - 16Cy: first choose one
bass out of the four, then choose 2 members out of the remaining 16. Thus, the required
probability is

401 . 1602 8

QOC3 - 19'






203

Part VII

Statistics
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29 Introduction to Statistics

Statistics is the art of learning from data. It is concerned with the collection of data, its
subsequent description, and its analysis, which often leads to the drawing of conclusions.

Unlike other real-life problems that can be modelled with maths, the “answers” provided
by statistics are never exact; there is always error. However, statistics allows us to control
this error. Indeed, it is this precise control of statistical error that is at the heart of every
statistical technique.

29.1 Samples and Populations

Definition 29.1.1. A population (or universe) is all possible subjects that meet certain
criteria. It is the entire group of subjects that we are interested in studying.

We want to know something about a population, but there is a good chance that we
can never get a very accurate picture of the population simply because it is constantly
changing. Not only are populations often in a constant state of flux, practically speaking,
we cannot always have access to an entire population for study. Time and cost often get in
the way. As a result, we turn to a sample as a substitute of the entire population.

Definition 29.1.2. A sample is a subset of the population. A random sample is a sample
that is representative of the population.

Example 29.1.3. If we were interested in the weight of all 12-year-old kids on Earth,
then all the kids who meet the criteria (i.e. 12-year-old kids on Earth) would constitute
the population.

However, realistically speaking, there is no way we can accurately weigh all 12-year-old
kids on Earth. Instead, we could weigh a sample of 500 12-year-old kids from all around
the globe, which would be representative of the population.

29.2 Two Categories of Statistics

Broadly speaking, the usage of statistics can be split into two categories: descriptive and
inferential.

29.2.1 Descriptive Statistics

Descriptive statistics are used to summarize or describe data from samples and populations.

Suppose we are interested in the test results of a class of students. We could create a
data distribution by listing the test scores of all students in the class and looking at it
with the idea of getting some intuitive picture of how they are doing. Alternatively, we
could simply calculate the mean of the students’ test scores. The calculation of the mean
represents the use of descriptive statistics, allowing us to summarize or describe our data.
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29.2.2 Inferential Statistics

Using descriptive statistics, we can calculate the characteristics of a data set, e.g. mean,
mode, etc. If this data set was collected from the entire population, we call such a
characteristic a parameter of the population. This could be “mean test score of a cohort
of students”. However, if the data set was collected from a sample (i.e. not the entire
population), we call the characteristic a statistic. This could be “mean test score of a
class”.

Because we are often not directly able to obtain a population parameter, we have to
rely on sample data to make inferences about the population. This branch of statistics is
known as inferential statistics — using sample statistics to make inferences about population
parameters.

29.3 Measures of Central Tendency

A central tendency can be thought of as the “typical” value of a data set. There are three
main measures of central tendency, namely the mean, median and mode.

29.3.1 Mean

Definition 29.3.1. The mean is the sum of all observations, divided by the total number
of observations.

Mathematically, given n observations x1, T2, 3, ..., Zn,

Mean = =

T+ Ta a3+ +3, 1o
== x.

Here, a lower-case ‘n‘ represents the sample size. We use the uppercase ‘N’ to represent
the population size. It is essential to make it clear when we are referring to the mean of a
sample or when we are referring to the mean of a population. To do so, statisticians use
different symbols (Z and p):

_ 1 . 1
Sample mean = T = - Z:}:, Population mean = p = N Zx

We can also calculate the mean of a data set from its frequency table:

doxf
I

where f represents the frequency of a value z.

Mean =

Example 29.3.2. Suppose the test scores of students in a particular class has the following
frequency table:

] Test score, x \ Frequency, f ‘

12 2
13 3
15 6
16 )
17 4
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Then, the mean test score can be calculated as
>oxf _ (12)(2) + (13)(3) + (15)(6) 4+ (16)(5) + (17)(4)
S f 24+3+6+5+4

Since the mean takes into account the entire sample data, it is very sensitive to outliers.
Hence, the mean may be insufficient for data sets with outliers.

= 15.05.

‘f:

Example 29.3.3. Suppose now that another student in the class obtained a ‘1’ on the
test. The new mean can be calculated as
>ozf  (HA)+(12)(2) + (13)(3) + (15)(6) + (16)(5) + (17)(4)

S f 1+2+3+6+5+4 ’

Kl

which is much less than the previous mean of 15.05.

29.3.2 Median
Definition 29.3.4. The median is the point in a distribution that divides the distribution
into halves, i.e. the midpoint of a distribution.

Generally, for n values x1, zo, ..., x, arranged in ascending order,
. T n odd
Median — 1(n+1)/27 )
5 (acn/g + xn/2+1) , N even

Example 29.3.5. For the original data of 20 students, the set of data in ascending order
is
12,12,13,13,13,15,15,15,15,15,15, 16,16, 16,16,16,17,17,17,17.

The median is hence the average of the two middle values, i.e. %(15 +15) = 15.

Unlike the mean, the median is not sensitive to outliers.

Example 29.3.6. For the data of 21 students (original 20 + one outlier), the set of data
in ascending order is

1,12,12,13,13,13, 15,15, 15, 15, 15, 15, 16, 16, 16, 16, 16,17, 17, 17, 17.

The median is hence the 11th value, 15.

29.3.3 Mode

Definition 29.3.7. The mode is the value that occurs the most frequently in a distribution.

In the previous examples, the mode for the original sample of 20 and the new sample of
21 are both 15.

A distribution containing the values 2, 3, 6, 1, 3, 7 and 7 would be referred to as a
bimodal distribution because it has two modes — 3 and 7. A distribution with a single
mode is called unimodal. If each value appears the same number of times, the distribution
has no mode.

The mode, unlike the mean, is not affected by outliers. It is easy to state as it does not
require any calculation. However, it is a crude measure of central tendency as it ignores a
substantial part of the data and is thus usually not very representative and useful.
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29.3.4 Bonus: Relationship with LP-norms

So far, we have motivated the introduction and use of the mean, median and mode to
counter the shortcomings of the other measures. While this is sufficient for understanding
why (and when) we should care about certain measures of central tendency, there is a more
fundamental property that these three measures have in common.

Recall that we introduced a central tendency as the “typical” value of a data set.
Intuitively, a measure of central tendency minimizes the total “distance” between any data
point and itself. One method to measure this “distance” is the LP-norm.

Definition 29.3.8. Let p > 1. The L”-norm of a vector x = (z1,x2,...,2y), denoted

[[x[|,, is defined as
n 1/p
I, = (Z |fvz‘!p> :

i=1

Example 29.3.9. When p = 2, we recover the Fuclidean norm:

n 1/2
= ($502) = et
=1

In our case, we can take x; to be the values of our data set. Now, consider an n-
dimensional vector ¢ = (¢, ¢,...,c). Then ||x — c||, measures the total “distance” between
c and any data point. Thus, the value of ¢ that minimizes [|x — cl|, will be a measure of
central tendency.

We now show that the mean, median and mode correspond to the cases where p = 2, 1
and 0 respectively.

Proposition 29.3.10. The mean minimizes ||x — c||,.

n 1/2
[x —cll; = (Z(fﬂz —6)2> -

=1

Proof. By definition,

Differentiating this with respect to c,

. " -1/2
3 Ix—cllo =~ (Z(wz - 0)2> > (@i —e).

i=1 =1
. . d _
For stationary points, we want 3 [|x — c||, = 0. Hence,

n

Z(wi—C)ZO — Zn::ci—cnzo — C:Tllzn:l“i,
=1 i=1

i=1

which is exactly the definition of the mean. It is an exercise for the reader to show that
this stationary point is a minimum. O

Proposition 29.3.11. The median minimizes ||x — c||,.

Proof. By definition,

n
e —elly =)l — .
i=1
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Without loss of generality, suppose 1 < x3 < --- < z,,. For ||x —cl|; to be minimized,
there must exist a k > 1 such that x; < c for all ¢ < k and x > ¢ for all ¢ > k. Then

k n
x—clly =) (c—az)+ > (i —o).
=1 i=k+1

Differentiating this with respect to c,

d
&Hx—cﬂl =2k —n.

Setting this equal to 0 yields & = n/2. That is, half of the data values are less than ¢, while
the other half are greater than c. Thus, ¢ is the median. O

Proposition 29.3.12. The mode minimizes ||x — c||,.
Proof. While the LP norm is not defined for p = 0, we can take the appropriate limit to get
n 1/p n
_ — 1 P — . _ .0
- clo = I (z i~ ) DI
1= 1=

where we take 00 = 0. Clearly, to minimize ||x — c||,, we must have ¢ = z; for as many i
possible. It follows that ¢ must be the mode. O

29.4 Measures of Spread

Suppose that the original 20 test scores come from students from a particular class, and
that there is another class of 20 whose test score has the following frequency distribution
table:

Test score, x | Frequency, f ‘

9 2
10
13
15
16
17
18
20
21

NN WIN| N A&~ DN

The mean test score of both classes are the same (15.05). However, the second class
clearly has a wider spread of test scores.

Measures of central tendencies do not give any indication of these differences in spread,
so it is necessary to devise some other measures to summarize the spread of data.

29.4.1 Range and Interquartile Range

Definition 29.4.1. The range is the difference between the maximum and minimum
values in the set of data.
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Example 29.4.2. The first class has a range of 17 — 12 = 5, while the second class has
a range of 21 — 9 = 12. Hence, the test scores for the second class are more diverse as
compared to that for the first class.

Note, however, that the range is usually not a good measure of dispersion as it only
considers the extreme values which may be atypical of the rest of the distribution and does
not give any information about the distribution of the values in between. For instance, if
we include the outlier in the first class, the range becomes 17 — 1 = 16.

For this reason, we typically consider the interquartile range instead.

Definition 29.4.3. The interquartile range is the difference between the first and third
quartiles, i.e. Q3 — Q1.

Recall that the nth percentile of a distribution is the value such that n% of the data is
less than or equal to that number. The first and third quartiles are hence the 25th and
75th percentile respectively. Note that the second quartile (50th percentile) is simply the
median.

Example 29.4.4. The first class has interquartile range 16 — 14 = 2, while the second
class has interquartile range 17.5 — 13 = 4.5.

If we include the outlier in the first class, then the interquartile range becomes

16 — 13 = 3, which is a much smaller change compared to that of the range.

Again, the interquartile range may not be a good measure of dispersion as it only takes
into account the two specific percentiles.

29.4.2 Variance and Standard Deviation

One of the main reasons for using the interquartile range in preference to the range as a
measure of spread is that it takes some account of how the interior values are spread rather
than concentrating on the spread of the extreme values. The interquartile range, however,
does not take into account of the spread of all the data values and so, in some sense, it is
still an inadequate measure. An alternative measure of spread, which takes into account of
all the values, can be devised by finding how far each data value is from the mean.

This can be represented mathematically with the formula

1
M dist = — — .
ean distance - Z |z — |

Unfortunately, a formula involving the modulus sign is awkward to handle algebraically.
This can be avoided by squaring each of the quantities x — Z, leading to the expression

1 \2
— r—Z
Ly en
as a measure of spread. We call this quantity the variance of the distribution.
If the data values xz1, ..., x, have units associated with them, then the variance will be
measured in units?. This can be avoided by taking the positive square root of the variance.

The positive square root of the variance is known as the standard deviation, and it always
has the same units as the original data values, i.e.

e /1 N2
Standard deviation = 4/ — E —I)%
andard deviation - (r— 1)

When referring to the standard deviation of the population, we use the symbol o. Hence,
the population variance is denoted by o2.

In its given form, the variance of a data set is tedious to calculate. Fortunately, an
alternative formula is easier to use is available:
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Proposition 29.4.5.
1
Vot _ = Z 2 _ =2
ariance = n X X

Proof. We have

. _l __2_1 2 _ _9 _l 2_2.%2.%’ i’221
Variance = Z(x ) = Z(x 2:U:U+x)—n2x " + m

n n

Observe that = >~z =z and }_ 1 = n. Thus,

1 1
Variance = — 22 =2+t == % — 72
-, ==
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30 Discrete Random Variables

30.1 Random Variables

Definition 30.1.1. A random variable is a variable whose possible values are numerical
outcomes of a random experiment.

Random variables are typically denoted by capital letters such as X or Y.
There are two types of random variables: discrete and continuous.

Definition 30.1.2. A discrete random variable is a random variable that assumes
countable values x1, xa, ..., z, (can be infinite).

Examples of discrete random variables include the number that shows on the toss of
a fair die (X = 1,2,...,6), and the number of times a fair die is thrown until a ‘6’ is
obtained (Y =1,2,..., to infinity).

In this chapter, we will only discuss discrete random variables. We will deal more with
continuous random variables in §31.

30.2 Properties

30.2.1 Probability Distribution

Since the values of a random variable are determined by chance, there is a distribution
associated with them. We call this a probability distribution.

Definition 30.2.1. A probability distribution describes all possible values of the random
variable and their corresponding probabilities. It assigns a probability value to each
possible outcome in the sample space.

A probability distribution of a discrete random variable can be given in the form of a
table, a graph or a mathematical formula.

Note that the particular values of a random variable are denoted by lower-case letters.
For instance, the particular values of a random variable X are denoted by z.

Example 30.2.2. A single fair 6-sided die is thrown. Let X be the random variable
representing the number of dots showing on the die. Note that the possible values of X
are x = 1,2,3,4,5,6.

The probability distribution associated with X can be given in table form:

x| 112314516
PX=a][s1sl5lsl6l3s

or expressed as a formula:
1
PX =z] = & ° €{1,2,3,4,5,6},

or expressed as a graph:
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From the above example, the discrete random variable X takes on only countable values,
and that if we sum all probabilities, we get a total of 1. In fact, these are conditions that
all discrete random variables must satisfy.

Condition 30.2.3 (Discrete Random Variable). For X to be a discrete random variable,
e X can take only countable values (finite or infinitely many), and

e X has a probability distribution such that 0 < P[X = z] <1 for all x and

) PX =a]=1

30.2.2 Expectation

Recall that in descriptive statistics, the mean of a sample can be calculated as

xf

Mean = ,
n

where x is a data value and f is its frequency. In the case of a discrete random variable X,
we can think of x as a particular value of X, and f/n as the probability that x occurs (i.e.
how “frequently” x occurs). Thus,

Mean = Z:UIP’[X = z].

We call this “mean” the expectation of X.

Definition 30.2.4. The expectation, or expected value, of X, denoted as E[X] or u, is
given by
E[X] =) aP[X =2].
x

Example 30.2.5. A single fair 6-sided die is thrown. Let X be the random variable
representing the number of dots showing on the die. Note that the possible values of X
are x = 1,2,3,4,5,6. Since P[X = z| = % for all possible values of x, the expectation of
X is given by

6
E[X] =) aP[X =a] = éZx =3.5.
r=1

Note that the phrase “expected value of X” refers to the long-term weighted average
value of a random variable X and is not a typical value that X can take. In fact, a random
variable might never be equal to its “expected value”. For instance, in the above example,
a 6-sided dice will clearly never roll a value of 3.5.

We can generalize the notion of expectation to other functions involving X.
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Definition 30.2.6. Let f(X) be any function of the discrete random variable X. Then

E[f(X)] =) f(z)P[X =a].

For instance, E[10X] = Y~ 10z P[X = z|, and E[X? — 4] = }_(2* — 4) P[X = .
From the definition of E[f(X)], one can easily prove the following results:

Proposition 30.2.7 (Properties of Expectation). For a real constant a,
o Ela] = a,
o ElaX]=aE[z],
o E[f1(X) + fo(X)] = E[fi(X)] + E[f2(X)], where f; and fs are functions of X.

In fact, the last property is a direct consequence of the linearity of the expectation with
respect to multiple random variables:

Proposition 30.2.8 (Linearity of Expectation). Let X and Y be random variables (depen-
dent or independent), and let a and b be real constants. Then

E[aX £ bY] = o E[X] £ bE[Y].

30.2.3 Variance
Recall that in descriptive statistics, the variance of a sample can be calculated as
Variance = 1 Z f(x—z)?
n 7

where f is the frequency of a data value x and Z is the mean of the sample. In the context
of discrete random variables, P[X = z] corresponds to f/n, while y corresponds to z. Thus,

Variance = Z (z — p)’P[X =z] = E[(z — p)?].

Definition 30.2.9. The variance of a random variable X, denoted by Var[X] or o2, is
defined as the expectation of the squared deviation of X from the mean p. Mathematically,

Var[X] = E [(X - M)ﬂ .

As motivated above, we can rewrite Var[X] solely in terms of expectations:

Proposition 30.2.10.
Var[X] = E[X?] - E[X]*.

Proof.

Var[X] = E[(X - p)’]

X% —2uX + p?]

E
E
E
E
E

[
= E[X?] - 2uE[X] + 12
= E[X?] - 2E[X]* + E[X]?
=E[X?] - E[X].
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Compare this with the alternative expression for the variance used in descriptive statistics:

2
Variance = %Zfﬁ - <111 Zfl‘) .

A small value for the variance indicates that most of the values that X can take are
clustered about the mean. Conversely, a higher value for the variance indicates that the
values that X can take are spread over a larger range about the mean.

Correspondingly, the standard deviation, which is the positive square root of the variance,

is denoted by o, i.e.
o — \/Var[X].
From the definition of variance, one can easily prove the following properties:
Proposition 30.2.11 (Properties of Variance). Given that a and b are real constants,
e Var[a] =0,
e Var[aX] = a? Var[X],
e Var[aX + b] = a® Var[X].
Proof. 1t suffices to prove the last statement. Applying the formula Var[X]| = IE[X 2] —
E[X]?, we have
Var[aX + 0] = E[(aX + b)?] — E[aX + b]*
=E[a?X? + 2abX +b?] — (aE[X] +b)?
=a’E[X?] + 2abE[X] + b? — a?E[X]* — 2abE[X] — b*
— o? [E[X?] — E[X]’]
= a* Var[X].

O]

Another important property is the variance of more than one random variable. In fact,
the property Var[aX + b] = a® Var[X] is a direct consequence of the statement below:
Proposition 30.2.12 (Variance of More Than One Random Variable). If X and Y are two
independent variables, then

Var[aX +bY] = a® Var[X] + b? Var[Y].

Notice that the sign on the RHS is always a ‘4’ regardless of the sign on the LHS.
Intuitively, we expect deviations to increase when combining more observations together,
not reduce it.

30.3 Binomial Distribution

Consider an experiment which has two possible outcomes, one we term “success” and the
other “failure”. A binomial situation arises when n independent trials of such experiments
are performed.

Examples of such experiments are:

e Tossing a fair coin 6 times (consider obtaining a head on a single toss as “success”
and obtaining a tail as “failure”).

e Shooting a target 5 times (consider hitting the bull’s eye in each shot as “success”
and not hitting the bull’s eye as “failure”).
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Condition 30.3.1 (Binomial Model). The conditions for a binomial model are:
e a finite number, n, trials are carried out,
e the trials are independent,
e the outcome of each trial is either a “success” or a “failure”, and

e the probability of success, p, is the same for each trial.

Definition 30.3.2. Let the random variable X be the number of trials, out of n trials,
that are successful. If the above conditions are met, then X is said to follow a binomial
distribution with n number of trials and probability of success p, written as

X ~B(n,p).

Example 30.3.3. Recall the example of tossing a fair coin 6 times. This experiment
clearly fits a binomial model:

e There are 6 tosses — i.e. a finite number of trials.

e Given that the tosses likely take place one after another, the outcome of one toss
will not affect the outcome of another toss — i.e. the trials are independent.

e Each toss only results in a head or tail —i.e. only two possible outcomes, a “success”

or “failure”.

e The probability of obtaining heads remains the same at 0.5 for each toss — i.e. the
probability of success remains unchanged.

30.3.1 Probability Distribution

Proposition 30.3.4 (Probability Distribution of Binomial Distribution). Let the random
variable X ~ B(n,p). Then

PX =z] = <n)pz (I—=p)" .

Proof. The event X = x represents obtaining x successes (and n — x failures) out of n total
trials. The probability of x successes is simply p®, while the probability of n — x failures
is (1 — p)"~*. Since there are "C, ways to choose the x successes from n total trials, the
probability of having exactly = successes, i.e. P[X = z], is

Pl =)= () (-

30.3.2 Expectation and Variance
Proposition 30.3.5 (Expectation of Binomial Distribution). For X ~ B(n,p),

E[X] = np.

Proof. Since probabilities sum to 1, we have
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Differentiating this with respect to p, we have

r
r=0

S (0) b ta-pr - - <o,

We can expand the LHS as

;iTC)p’"(l -2 = Zn: <Z)p’”(1 -p)""+ 1% Zn:r<7:)pr(1 -p)" " =0.

p r=0

Rewriting this in terms of P[X = r| yields

— rPX =r] ——— PX =r|+—— rPX =r|=0.
p; [ | = [ ] 1_pgo [ ]
—_————
FX] 1 FX]
Thus,
LEx) - "+ L Ex]—0 — E[x]
_ — = == np
p l=p 1-p
U
Proposition 30.3.6 (Variance of Binomial Distribution). For X ~ B(n, p),
Var[X] = np(1 — p).
Proof. One can use a similar trick (differentiating E[X] = np) to obtain
E[XQ] =np(l —p+ np).
Thus,
Var[X] = E[X?] = E[X]* = np(1 — p+np) — (np)* = np(1 — p).
O

30.3.3 Graphs of Probability Distribution

Given that X ~ B(n,p), the graphs of the probability distribution of X for various values

of n and p are shown below.
| | | |
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0.20 |- =
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0.00 |- —‘ a
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Dn =25,p=09]

Notice that

e when p is low, the graph is skewed to the left, i.e. probabilities are larger for lower
values of X,

e when p is high, the graph is skewed to the right, i.e. probabilities are larger for higher
values of X, and

e when p = 0.5, we get a symmetrical distribution.

Also note that a binomial distribution can only have 1 or 2 modes. In addition, if there
are 2 modes, they must be adjacent to each other, i.e. they differ by 1.

30.4 Poisson Distribution

Definition 30.4.1. Let X be the number of occurrences of a particular event over an
interval of time (or space) t. Let A be the mean rate of occurrence per unit time. Then
X is said to follow a Poisson distribution with parameter \t, written as

X ~ Po(At).

Remark. Typically, we assume ¢ to be the unit time interval, in which case we simply write
X ~ Po(M).

For X to follow the Poisson distribution, the following conditions must also be fulfilled:

Condition 30.4.2 (Poisson Model).
e Events must be independent.

e Events occur singly (i.e. the chances of 2 or more occurrences at precisely the same
point in time (or space) is negligible) and randomly.

e Events occur at a constant average rate, i.e. for a given interval of time (or space),
the mean number of occurrences is proportional to the length of the interval.

Such a model is also called a Poisson process.
Situations where a Poisson model could be used include:

e the number of car accidents on a stretch of road on a random day, and

e the number of raisins per 10 cm? of a chocolate bar.
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30.4.1 Probability Distribution

Proposition 30.4.3 (Probability Distribution of Poisson Distribution). Let X ~ Po(\t).

Then
(At)”

z!

P[X = 2] =e ™ ,  x € Np.

We will present two proofs/derivations for the probability distribution of the Poisson
distribution. The first proof (adapted from a note by Cowan) involves infinitesimals
and differential equations, while the second proof (adapted from a blog post) uses a
measure-theoretic argument.

Proof 1 (Differential Equations). Suppose X is the number of occurrences of an event over
some time interval t. We can divide this interval into infinitely short subintervals At. For
convenience, let P[x;t] be the probability that exactly = events happen in the time interval
t.

Since A is the mean rate of occurrence, we have

P[1; At] = AAt.

Additionally, since At is infinitely short, we can assume that either one event occurs, or no
event occurs, i.e.

P0; At] =1 —P[1; At] = 1 — AAt.

We now wish to find an expression for P[z;¢]. To do so, we first consider P[0;¢]. Suppose
we extend the time interval ¢ by At. Since events occur independently and randomly, we

must have
P[0; t + At] = P[0; t] P[0; At] = P[0;¢] (1 — NA¢).

We can rearrange this to get

POt + A —PI0:H] _ d

—AP[0;t] = A =%

IP[0; t] thus satisfies the differential equation

d
— P[0;t] = —AP[0;¢
S P[0t = —AP[;1],

which has solution
P[0;t] = Ce M.

Since no event can happen in a time interval of 0 seconds, we have
P0;0] =1 = C=1.

Thus,
P[0; 1] = e . (1)

We now consider P[x;t + At], where x # 0. If z events have occurred in a time interval
of t + At, one of two things must have occurred:

e There were x events in the first ¢ seconds, but none in the last At.

e There were x — 1 events in the first ¢ seconds, and one in the last At.


https://www.pp.rhul.ac.uk/~cowan/stat/notes/PoissonNote.pdf
https://blog.kalculate.ai/2024/03/27/poisson-distribution/
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We hence have
Plx;t + At] = Plz; t] P[0; At] + Pz — 1; ] P[1; At]
= Plz;t] (1 — AAt) + Plz — 1;t] AAL.

Rearranging, we get a differential equation involving P[z;¢]:

%P[x;t] + AP[x;t] = AP[z — 1;¢].

Multiplying through by the integrating factor e*, we get

G [ Plastl] =2 Plo - 1. 2

We now induct on (2) to get an expression for P[z;t]. We claim that

(A1) oA

Plx;t] = o

We have already shown that this holds for the = = 0 case. Now, substituting x + 1 into (2),
we get

d At)* Azt
I M Pz + 1;t]} =AM Plz;t] = XeM [(m!)e_)‘t] =
Integrating and simplifying, we get
)\a:+1tx Y 41
Plz+1;t] = e M dt = (A1) e My CeM,
x! (z+1)!
Since P[x + 1;0] = 0, we have C' = 0, whence
(A=
P 1;t] =
This closes the induction, and we conclude that
At)”®
PX = z| =Plx;t] = ( ') e M.
x!

O]

Proof 2 (Measure Theory). Suppose = events occur in the time interval [0,¢), and let their
times be given by the unordered x-tuple (t1,t2,...,t;). Without loss of generality, we take
0<t1 <ty <--- <ty <t Let S, be the set of all such xz-tuples. Since )\ is the mean rate
of events per unit time, we define the measure p such that p([0,1)) = A.

Consider the set T' = [0,¢)* of all ordered a-tuples. Its measure is given by

u(T) = p(0.)7) = (t([0,1))" = (A)".

Define the equivalence relation ~ on T such that any two z-tuples u = (u1, us, ..., u;) and
v = (v1,v2,...,0;) in T,
ur~v <= {up,ug,...,uz} ={v1,v2,...,0,}.

Then the quotient set 7'/ ~ is exactly S,. Furthermore, since ~ partitions 7" into equivalence
classes of size x!, it follows that
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Now consider the sample space S, which is given by

S = fj S
=0

Since all S, are disjoint, the measure of S is simply

W) =3 u(S) =3 A x
=0

z!

=0

Thus, the probability that exactly x events occur in time ¢ is given by the ratio

p(Sz) _ (A)*/at (A"

w(S) eMt x!
O

Let X and Y measure the number of events F and F' over some time interval. Then
X 4+Y counts the event G = X + Y over the same time interval. Intuitively, X + Y should
follow a Poisson distribution since it satisfies the three conditions (30.4.2):

e ( is independent: Since X and Y both follow a Poisson distribution, £ and F' must
both occur independently. Since X and Y are independent of each other, £ and F'
are also independent of each other. Thus, G occurs independently.

e (G occurs singly and randomly.

e (G occurs at a constant average rate: Since F occurs with constant random rate Aj,
and F' occurs with constant random rate A9, we expect G to also occur with constant
random rate \; + \o.

We can prove this statement more rigorously using the probability distribution of a
Poisson random variable:

Proposition 30.4.4 (Sum of Independent Poisson Random Variables is a Poisson Random
Variable). Let X ~ Po(A1), Y ~ Po()2) be independent random variables. Then X +Y ~
PO()\l + /\2)

Proof. Consider the event X + Y = n. This can only happen if X =m and Y =n — m.
Thus,

PIX+Y =n]=> PX=mandY =n—m].
m=0

Since X and Y are independent, we can split the summands into products:

P[X—I—Y:n]:iP[X:m]}P’[Y:n—m].

m=0

Using the probability distribution we derived earlier,

n m n—m —(Mt+A2) ™ |
Py =a)= 3 oo | o 2] S

m! (n —m)! n! ml(n —m)

Observe that the sum is simply the binomial expansion of (A; + A2)™. Thus,

PIX 4V = n] = e~(utre) At A2)"

n! ’

which is exactly the probability distribution of a Poisson random variable with parameter
A1+ Ao O
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30.4.2 Expectation and Variance

Proposition 30.4.5 (Expectation of Poisson Distribution). Let X ~ Po(At). Then E[X] =
At.

Recall that we defined A as the mean rate of occurrence per unit time. Since we measure
X over a time interval of length ¢, the mean number of events, E[X], is simply A\t. We can
verify this with the following calculation:

Proof.

ZxIP’ :imP[X:x]:ixe_’\t()\t
r=1 =1

)%
') = Me MM = \t.

O
Proposition 30.4.6 (Variance of Poisson Distribution). Let X ~ Po(At). Then Var[X]| = At.

Proof 1. Consider E[X? — X| = E[X (X —1)].

E[X Z_: z(x—1)P :x]:z_:za:(x—l)]P’[X:m}

(At) = (At)2e MM = (X1)2.

Thus, E[X?] = E[X? — X]| + E[X] = (A\t)? + At, from which it follows
Var[X] = E[X?] - E[X]* = Xt.
O

Proof 2. Partition the time interval on which we measure X into n equal subdivisions. Let
Y; measure the number of events that occur in the ith subdivision. As n — oo, each Y;
approaches a point, in which case Y; follows a Bernoulli distribution with probability of
success p = E[Y;] = At/n. Thus,

Varlt = (1 =)= 2 (122

n

Since the events occur independently, the variance of X is simply the sum of the variances
of Y;. We thus obtain

Var[X] = lim Var[¥;] = lim & <1 — )\t> = lim n <)\t> (1 - M) = M.

n—00 n—00 4 n n n—00 n n
i=1 =0
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30.4.3 Graphs of Probability Distributions

Given that X ~ Po()), the graphs of the probability distribution of X for various values
of A are shown below:
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30.4.4 Poisson Distribution as an Approximation to the Binomial Distribution

Proposition 30.4.7. If X ~ B(n,p) and n is large (n > 50) and p is small (p < 0.1), then
X can be approximated by Po()), where A = np.

Proof. We know that

Since n is large relative to k, we have

<n> _nn-1n-2)...(n—k+1) %nk

k k! K (2)

Note also that
(1 _ p)n—k _ e(n—k) ln(l—p)'

Since p is small, we have In(1 — p) & —p. Since n is large relative to k, we have n — k ~ n.
Thus,
(1—p)"F e (3)
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Substituting (2), (3) and A = pn into (1), we get the approximation

k k k k
n o AP A A
Pl k] ~ k!pke T=e )\k! <n> ¢ /\k:!’

Thus, X is approximately a Poisson distribution where X ~ Po(\), where A =np. O

The approximation gets better as n gets larger and p gets smaller, as the following

diagrams illustrate.
| |
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This relationship between the binomial and Poisson distributions is particularly useful
when we wish to find the sum of two binomial distributions. Consider two random variables
X1 ~ B(ni,p1) and X2 ~ B(ng,p2), and let Y = X; + Xo. If we stick with binomial
distributions, finding P[Y" = k] would be a nightmare, as we would have to enumerate
through all possible cases and calculate many terms:

k
PlY =k =Y P[X; =i|P[Xy =k —1i].
i=0

However, if we use approximate X7 and X using the Poisson distribution, i.e. X7 ~ Po(\1)
and X3 ~ Po(\2), we immediately have Y ~ Po(A; + A\2), and we can easily approximate

PlY = k:
k
By = 4] oo ALl

k!

30.5 Geometric Distribution

Definition 30.5.1. Let X be the number of trials up to and including the first success.
Then X follows a geometric distribution with probability of success p, denoted X ~
Geo(p).

Condition 30.5.2 (Conditions for Geometric Distribution). The conditions for a geometric
model are:

e The trials are independent.

e There are only two possible outcomes to each trial, which we will call “success”
and “failure”.

e The probability of “success”, p, is the same for each trial.



30.5 Geometric Distribution 225

Note that the geometric model requires the same conditions as the binomial model,
with the exception that the number of trials need not be finite. Intuitively, one could be
extremely unlucky and keep on failing.

Situations where the geometric model could be applied to include:

e The number of cards drawn from a pack (with replacement) before an ace is drawn.

e The number of times a fisherman casts a line into a river before he catches a fish.

30.5.1 Probability Distribution

Proposition 30.5.3 (Probability Distribution of Geometric Distribution). Let X ~ Geo(p).
Then
PIX =z]=(01—-p)*1p, zeZ".

Proof. By definition, the event X = x can only occur if the previous x — 1 trials are failures
(which occur with probability 1 — p), and the xth trial is a success (which occur with
probability p). Thus,

PIX =a]=(1-p)"'p.

The geometric distribution has the following useful property:

Proposition 30.5.4. Let X ~ Geo(p). Then
PX >z =(1—-p)".

Proof 1. The event X > x is equivalent to the event that the first x trials were all failures.
Thus, P[X = z] = (1 — p)*. O

Proof 2 (Probability Distribution). We have

PIX>a]= ) PX=k= > (1-pf'p
k=z+1 k=z+1

This is simply an infinite geometric series with common ratio 1 — p and first term (1 — p)®p.
Thus,
(1—p)p

P[X>x]:m

= (1-p)"

This actually implies a much stronger property about the geometric distribution:

Definition 30.5.5. A random variable X is said to be memoryless if
PX >s+t|X >t =P[X > s
for all non-negative s, t.

Proposition 30.5.6 (Geometric Distribution is Memoryless). Let X ~ Geo(p). Then X is
memoryless.
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Proof.

PX >s+tand X >t] P[X >s+1]
P[X FIX >t = _
(X >s+t] X >1] PIX > {] P[X > {]
(1_p)s+t

:W:(l—p)S:P[X>S].

O]

Intuitively, this means that having s more observations before a success does not depend
on there already being ¢ observations of failure. In other words, the “waiting time” for a
success does not depend on how much “time” has already passed.

30.5.2 Expectation and Variance
Proposition 30.5.7 (Expectation of Geometric Distribution). Let X ~ Geo(p). Then

Proof 1. Intuitively, since each trial has probability of success p, we expect p successes for
every 1 trial. This is equivalent to 1 success every 1/p trials. Hence, E[X] = 1/p. O

Of course, we can prove this fact more rigorously:

Proof 2 (Probability Distribution,).
EX] =) kPX =kl =p» k(1-p~"
k=1 k=1

Recall that the Maclaurin series of (1 — z)~2 is

1 N
TESE = Z kz" .
k=1

Substituting 1 — p for x, we get

Proof 3 (Memoryless Property). The first trial can result in one of two outcomes:

e The first trial is a success (occurs with probability p). If this happens, the process
stops, and X = 1.

e The first trial is a failure (occurs with probability 1 — p). If this happens, the process
effectively “restarts” (memoryless property). The expected number of trials in this
case becomes E[1 + X| =1+ E[X].

The expectation of X can thus be calculated as:

E[X] = P[success] (# trials if success) + P[failure] (# trials if failure)
= (1) + (1 -p)E[l + X]

Simplifying, we have E[X] = 1/p. O
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Proposition 30.5.8 (Variance of Geometric Distribution). Let X ~ Geo(p). Then

I—p

Var|X| =
[X] 2

Proof 1 (Probability Distribution). Recall that

> 1
Zxk: 1—z

k=1

Differentiating this twice with respect to x, we get

;/@(k — 12" = (1—2:1,-)3 = ; (K — k) a*1 = a ixw)?“ (1)

Now consider E[X?] — E[X]:

B[X?] ~ ELX] = 3 (K - k)P = k= p >~ (K~ k) (L= p)* .
k=1 k=1

Using (1) with =1 — p,

Thus,

Proof 2 (Memoryless Property). Following the memoryless property proof above, we have

E[X 2] = P[success] (# trials if success)? + P[failure] (# trials if failure)?
= (p)(1)* + (1 = p) E[(1 + X)?]

=p+(1-p) [1+;+E[X2]]

Simplifying, we have

E[X?] = 27P ., Var[X] =E[X?] - E[X]* = it

30.5.3 Graphs of Probability Distribution

Given that X ~ Geo(p), the graphs of the probability distribution of X for various values
of p are shown below:
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All geometric distributions show this type of skewness (extreme positive skewness).
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31 Continuous Random Variables

In the previous chapter, we saw how a discrete random variable assumes countable values.
If we want a random variable to take on uncountably many values, then we must turn to
continuous random variables instead.

Definition 31.0.1. A continuous random variable is a random variable that can take on
any value in a given interval.

Since the value of a continuous random variable is uncountable, it can only take on an
interval of values, not a specific value.

An example of continuous random variables is the volume of beverage (in ml) in a 500
ml bottle (100 < X < 200, 200 < X < 300, etc.)

31.1 Discrete to Continuous

In the previous chapter, we saw how we could represent the probability distribution of a
discrete random variable using a table. For instance, the probability distribution of the
outcome of a single throw of a 6-sided dice is given by the following table:

(123456
PX=2][5lalalalsls

We can try to specify the distribution of a continuous random variable in the same way.
Consider the lengths, in millimetres, of 50 leaves that have fallen from a particular tree.
We can illustrate the distribution of the lengths using a histogram:

0.20 - 2

0.15 |

0.10

0.05 |- 2

0.00

0 ) 10 15

Figure 31.1: A histogram of the lengths of leaves.

Here, the vertical axis represents the frequency density of lengths in a particular interval,
hence the total area of the histogram is 1. This property also allows us to find the
probability that a length is in a given interval: simply sum up the area of the rectangles in
the given interval.
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Notice that if we want the probability of a certain length, e.g. L = 6.3 cm, the
answer would be zero. Though it is theoretically possible for L to be 6.3 cm exactly (i.e.
6.30000...), the probability is actually zero. This means that

P6<L<T7=P6<L<T7 =P6<L<T7=P6<L<T.

That is, whether we include the bounds of the interval does not affect the probability that
L falls within the interval.

The probabilities calculated from the histogram could be used to model the length of a
tree leaf. However, the model is crude, because of the limited amount of data, and the
small number of classes in which the leaves are grouped into, resulting in the “steps” in
the histogram.

The model could be further refined by repeating the process of collecting more data and
reducing the class width. If this process were to be continued indefinitely, then the outline
of the histogram would become a smooth curve:

a b
Figure 31.2: Smooth curve after repeating process infinitely.

The probability of the length of a leaf lying between a and b is given by the area under
the curve between a and b.
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31.2 Properties

31.2.1 Probability Density Function

We have seen how the outline of a histogram may approach a smooth curve when we allow
the sample size to increase with correspondingly narrower class widths.

Definition 31.2.1. The curve is the graph of the probability density function (pdf
in short), and the function is usually denoted by the small letter f. It describes
mathematically how the unit of probability is distributed over the range of x-values.

Note that f(x) does not represent the probability. It is the area under f(x) that
represents probability.

The probability density function f(x) of a continuous random X has the following
properties:

Fact 31.2.2 (Properties of pdf).

e f(z) is non-negative (since we cannot have negative probabilities):

Ve :  f(x)>0.

The total area under the graph is 1 (since the probability must sum to 1):

IRCEE

Probability is given by the area under f(x):

]P’[a<X<b]—/bf(w)dx.

The boundary of an interval does not affect probability:

Pa<X <b)=Pa<X<b=Pa<X<b=Pa<X <.

If f has a maximum when x = M, then M is the mode.

If P[X <m]= ["_f(z)de=1/2, then m is the median. If f is symmetric about
the line z = xg, then m is simply zg.

Note that f(x) need not be continuous; it only needs to be non-negative and have a
total area of 1. For instance, the piecewise function

z, 0<x<1,
flx)=<R2—2, 1<z2<2,
0, otherwise

is a valid probability density function.

31.2.2 Cumulative Distribution Function

Definition 31.2.3. The cumulative distribution function F(x) is often referred to as the
distribution function, or as the cdf. The function is defined by

Plz) = PIX < 2] = /_ F(2)dt.
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Example 31.2.4. Let the continuous random variable X have pdf f(z) given by

() = {e‘”, x>0,

0, otherwise.

Let the cdf of X be F(z). For z <0, we clearly have F/(z) = 0. For x > 0, we have

F(m):F(O)—I—/Oxf(t)dt:(]—l—/oxe_tdt: [—e_t]gzl—e_m.

0, z <0,
F(z) = {1 —e x>0

The cdf of a continuous random variable X has the following properties:
Fact 31.2.5 (Properties of cdf).

By the fundamental theorem of calculus, we have

d
@F(ﬂf) = f(z).

e The lower and upper limits of F'(z) are 0 and 1 respectively:

lim F(z)=0 and lim F(z)=1.

T—r—00 T—r00

e [ is a non-decreasing function, i.e. a < b implies F(a) < F(b).
e ['is a continuous function, even if f is discontinuous.

o Pla< X <bl=F()— F(a).

The median m satisfies F'(m) = 1/2.

31.2.3 Expectation and Variance

Definition 31.2.6. For a continuous random variable X with pdf f, the expectation of
X is given by

For a general function g, we calculate E[g(X)] as

Blo(x)] = [ " g(@)f(x) da.

—00
Note that if f is symmetric about the line z = ¢, then E[X] = c.
Using the above definitions, we can easily calculate the variance of X:

Definition 31.2.7. The variance of X, denoted Var[X], is given by

Varlx] = E[(X = 0] = [ (5 - pP (o) o

However, it is usually easier to calculate Var[X] using

Var[X] = E[X?] — E[X]°.
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Note that all results of expectation and variance algebra (see §30.2.2 and §30.2.3) continue
to hold:

Fact 31.2.8 (Properties of Expectation and Variance). For a continuous random variable
X and constants a and b,
E[X +Y]=E[X]+E[Y],

where Y is any continuous random variable. If Y is also independent with X, then
Var[aX + bY] = a* Var[X] + b? Var[Y] .

The proofs of the two facts are similar to the discrete case.

31.2.4 Distribution of a Function of a Random Variable

Suppose we have a continuous random variable Y that is given as a function of another
continuous random variable X, i.e. Y = g(X). If we know that cdf of X, we can easily
find the pdf and cdf of Y using the following method:

Recipe 31.2.9 (Finding pdf and cdf of V). Let X be a continuous random variable with
pdf fx. If Y = g(X) (i.e. Y depends on X), then

Fy(y) =PlY <y] =P[g(X) <y].
Then, to obtain the pdf of Y, we differentiate Fy (y) with respect to y.

Sample Problem 31.2.10. Let X have pdf

2 s
PRl OSJ;S*?
fX(l,):{ﬂ' 2

0, otherwise.
Find the pdf of Y, where Y = sin X.

Solution. Integrating fx, we obtain the cdf of X:

0, x <0,
L, x>3

Now consider Fy (y):

Fy(y) =PlY <y] =P[sin X <y] =P[X < arcsiny]

0, arcsiny < 0, 0, y <0,
= %arcsiny, 0 <arcsiny < 3, = %arcsiny, 0<y<1,
1, arcsiny > § 1, y > 1.
Differentiating, we obtain the pdf of Y:
%7 O S y < ]-)
fy(y) = ™viv _
0, otherwise.
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31.3 Uniform Distribution

Definition 31.3.1. If the continuous random variable X is equally likely to lie anywhere
in the interval [a, b], where a and b are constants, then X follows a uniform distribution,
denoted X ~ U(a,b).

31.3.1 Density and Distribution Functions
Proposition 31.3.2. The probability density function of X ~ U(a,b) is

f(f@z{bi‘“ ter=h

0, otherwise.

Proof. Since X is equally likely to lie anywhere in the interval [a, b], we know its pdf has

the form
c, a<uzx<hb,
€Tr) =
/@) {O, otherwise,

where c¢ is a constant. Since the sum of probabilities is 1,

1—/Zf(x)dw—/bcdx—c(b—a).

a

Thus, ¢ =1/(b — a), as desired. O
f(x)
L %
b—a ‘ ‘
. . v
0 a b

Figure 31.3: The probability density function f(z).

Proposition 31.3.3. The cumulative density function of X ~ U(a,b) is

0, r < a,
Flz)=4 52, a<z<b,
1, x > b.

Proof. Clearly, F'(z) =0 for all < a. For a < x < b, we have

1 r—a

F(x):F(O)+/mf(t)dt:0+/mb_adt: )

For x > b, we clearly have F'(x) = 1. Thus,

0, r < a,
Fz)=4%2, a<z<b,

1, x> b.
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@) a b
Figure 31.4: The cumulative distribution function F'(z).

31.3.2 Expectation and Variance
Proposition 31.3.4. If X ~ U(a,b), then E[X] = (a +1)/2.

Proof. The pdf of X is symmetric about x = (a + b)/2. Thus, (a + b)/2 is the mean. []

Proposition 31.3.5. If X ~ U(a,b), then Var[X] = (b — a)?/12.

Proof. Consider E[X 2]:

IE[X2]:/OO AP [xg]b:(b_“)Q.

Thus,

31.4 Exponential Distribution

Definition 31.4.1. Let the continuous random variable X be the “waiting times” between
successive events in a Poisson process with mean rate A. Then X follows an exponential
distribution with parameter A\, written X ~ Exp(}).

As its definition suggests, the exponential distribution is often used to model waiting
times. Some situations where the exponential model is applicable include:

e time between telephone calls or accidents,
e the length of time until an electronic device fails,

e the time required to wait for the first emission of a particle from a radioactive source.
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31.4.1 Density and Distribution Functions
Proposition 31.4.2. The probability density function of X ~ Exp()) is given by

o) = {)\e_)‘x, x>0,

0, otherwise,

and the cumulative distribution function of X is given by

0 xz <0
F — 7 9
(@) {1 —e M 2 >0.

Proof. Consider a Poisson process with mean rate A\. Let Y be the number of events
occurring in a time interval of length z, i.e. Y ~ Po(Az). Let X be the random variable
denoting the “waiting time” between successive such random events.

Since X is the amount of time until the next event occurs, the event X > x is equivalent
to no events happening in a time interval of . In other words, X > x is equivalent to
Y = 0. Hence,

PX >z =PY =0] = e =e"
Hence, for > 0, the cdf of X is given by
F(z)=PX <z]=1-PX >z]=1-e"

Also, since the “waiting time” cannot be negative, we have

F(x):{o, z <0,

1—e_)‘x, x> 0.

Differentiating, we obtain the pdf of X:

Fa) = {Ae_’\f"’, x>0,

0, otherwise,

Figure 31.5: The probability density function f(z).
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| Proposition 31.4.3. The exponential distribution is memoryless.
Proof. Let X ~ Exp(XA). We have

PIX >a+band X > a PIX >a+b
PX>a+b| X >a]= [ PX > d ]: [IP’[X>a]]

= —e N =P[X >10].

Thus, the probability that one has to “wait” another b units of time does not depend on
the time already spent “waiting”, i.e. X is memoryless. ]

31.4.2 Expectation, Variance and Median
| Proposition 31.4.4. If X ~ Exp()), then E[X] =1/

Proof. We have
E[X]:/ a:f(ac)dx:/ Aze M dz.
0

Integrating by parts, we get

A R |
E[X] = |—ze™ — ==,
A
O]
| Proposition 31.4.5. If X ~ Exp(}\), then Var[X] = 1/)2.
Proof. We have
E[XQ] :/ 22 f(x)dz :/ e M d.
—00 0
Integrating by parts, we get
E[X?] = [—:J:Qe_’\xro + 2/00 ze M dr =0+ gIE[X] _ 2
0 0 A A2
Thus,
2 1 1
_ 2 2 _ —
Var[X] = E[X?] - E[X]* = i <)\> =3
O

| Proposition 31.4.6. The median of X ~ Exp(A) is In2/\.

Proof. Let m be the median. Then F(m) = 1/2. Hence,

In2
f:F(m)zl—e_)‘m = M =2 — m:nT.
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31.5 Normal Distribution

Definition 31.5.1. The probability density function of a continuous random variable
X that follows a normal distribution with mean p and standard deviation o, written
X ~ N(M,O’2), is given by

f(m) = 1 e_%(%)Q

Co2r

The normal distribution arises in many different situations. For instance, the normal
distribution can be used to model various characteristics of a model, e.g. heights, weights,
and even test scores. The reason why the normal distribution is such a good fit for modelling
population-sized data sets is due to a very important theorem called the Central Limit
Theorem, which we will learn in a later chapter.

31.5.1 Properties

0 i

Figure 31.6: The pdf of a normal distribution.

As exemplified by the figure above, a normal curve has the following properties:
e It is bell-shaped.

e The mean, median and mode are all equal (symmetric about x = p, maximum at
T =p).

e It approaches the z-axis as x — +oo.

Note also that the shape of the normal curve is completely determined by two parameters,
namely the mean p and the standard deviation o. The following figures show how the
mean and the standard deviation affect the shape of the normal curve:

i1 12 1

Figure 31.7: Varying pu. Figure 31.8: Varying o.
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Increasing p has the same effect as translating the normal distribution curve in the
positive z-direction. Meanwhile, increasing o has the effect of flattening the normal
distribution curve, i.e. the area under the curve about p becomes less concentrated, or
more dispersed.

In a normal distribution, about 68.3%, 95.4% and 99.7% of the values of x are expected
to lie within £1, +2 and £3 standard deviations from the mean of X respectively.

Perhaps the most important property of the normal distribution is that the sum or
difference of normal distributions is also a normal distribution.

Proposition 31.5.2. If X and Y are two independent random variables such that X ~
N(ul,a%) and Y ~ N(ug,ag), then their sum and differences also follow a normal
distribution:

aX +bY ~ N(ap & bus, a0 + b%03).

31.5.2 Standard Normal Distribution
Definition 31.5.3. A random variable Z is said to follow a standard normal distribution
if Z ~N(0,1), i.e. Z has mean 0 and variance 1.

Suppose X ~ N(u,0?). Then the random variable defined by Z = (X — p)/o follows a
standard normal distribution. The process of converting X ~ N(u,0?) into Z ~ N(0,1) is
known as standardization and can be viewed as a transformation on the normal curve of
X.

Standardization is typically used to compare different random variables that follow
normal distributions, such as test scores for different subjects.

Definition 31.5.4. Let X ~ N(/L,O’Q), and let z be an observation of X. Then the
normalized score of z, called a z-score, measures the position of a score from the mean
where its distance from the mean is measured in standard deviations. Mathematically,

T — p
—.

As the definition suggests, the higher the z-score, the better x is relative to its distribution.

For instance, if z = 1, then z is 1 standard deviation above the mean, while if z = —2,
then z is 2 standard deviations below the mean.
Sample Problem 31.5.5. In the final year examination, a student obtains a score of
70 for Chemistry and 65 for Mathematics. If the cohort’s scores for Chemistry and
Mathematics follows N (60, 102) and N(57, 42) respectively, which subject did the student
do better in?

Solution. Normalizing the student’s Chemistry score, we get a z-score of

X-—p  70-60
s 10

Z1 1.

Normalizing the student’s Mathematics score, we get a z-score of

X —p 6557
SR 2T

2.

<2

We see that the student has a higher z-score for Mathematics than for Chemistry. Thus,
even though the student obtained a higher score for Chemistry, he did better in Mathematics
when compared against his peers. ]

The standard normal distribution is also used for various scoring systems, such as PSLE
T-scores, 1Q scores and SAT scores.
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31.5.3 Normal Distribution as an Approximation

Previously, we saw how the binomial distribution, under certain conditions, could be
approximated to the Poisson distribution. Similarly, the normal distribution can be used
to approximate both the binomial and Poisson distributions when certain conditions are
satisfied.'

However, unlike the case of binomial to Poisson, which is a discrete-to-discrete ap-
proximation, approximately either the binomial or Poisson distribution to the normal
distribution is a discrete-to-continuous change. We hence introduce the idea of a “conti-
nuity correction”. Intuitively, what this means is that P[X = k| (in the discrete case) is
taken to be Pk — 0.5 < X < k+ 0.5] (in the continuous case). For instance, P[X = 16] =
P[15.5 < X < 16.5], and P2 < X <20] =P[2.5 < X < 20.5].

Approximating the Binomial Distribution

Proposition 31.5.6. If X ~ B(n,p) and n is sufficiently large such that y = np > 5 and
n(l —p) > 5, then X can be approximated by N(np, np(1 — p)), taking into account the
continuity correction.

If p is close to 0.5, the binomial distribution is almost symmetrical. Thus, the approx-
imation by a normal distribution (which is symmetrical) gets better as p gets closer to
0.5.

Consider the following figure, where X ~ B(15,0.5). We can approximate the distribution
X with a normal distribution with mean np = 7.5 and variance np(1 — p) = 3.75.

f(x) 2 —N(7.5,3.75)
= B(50,0.5)

xr

S =—

Figure 31.9: Approximating the binomial distribution.

Approximating the Poisson Distribution

Proposition 31.5.7. If X ~ Po(\) such that A > 10, then X can be approximated by
N(A, ), taking into account the continuity correction.

!This is a consequence of the Central Limit Theorem, which we introduced earlier in the section.
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f(z) — N (15, 15)
r/r/ = Po(15)

i =5

Figure 31.10: Approximating the Poisson distribution.
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32 Sampling

32.1 Random Sampling

In §29, we saw how we cannot always have access to an entire population for study. Hence,
we often turn to a sample to make inferences about the characteristics of the population.

A central notion about samples is the idea of them being representative of the population.
We use the phrase random sample to denote such samples. We can think of random
samples as a “fair” or “unbiased” sample; every member of the population has an equal,
non-zero probabilities of getting sampled. On the other hand, a non-random sample is
biased and are not representative of the sample; every member of the population does not
have an equal chance of getting sampled.

32.1.1 Simple Random Sampling

Simple random sampling is a method of selecting » members from a population of size N
such that each possible sample of that size has the same chance of being chosen.
One procedure for obtaining a simple random sample is the following:

Recipe 32.1.1 (Simple Random Sampling).
1. Make a list of all N members of the population. This is called the sampling frame.
2. Assign each member of the population a different number.
3. For each member of the population, place a corresponding numbered ball in a bag.

4. Draw n balls from the bag, without replacement. The balls should be chosen at
random.

5. The numbers on the ball identify the chosen members of the population.

32.2 Sample Mean

We now look at the first objective of obtaining a random sample: calculating probabilities
relating to the sample mean.

Definition 32.2.1. If X1, X5, ..., X, is a random sample of n independent observations
from a population, then the sample mean X is defined as

X1+ Xo 4+ X,
- .

X =
Note that the sample mean X is also a random variable since it varies depending on the
samples taken.

Proposition 32.2.2. Let the population mean be i and the population variance be o2.
Then the sample mean X has expectation u and variance o2 /n.
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Proof. We have
X1+X2+~--+Xn] CEX1+ Xo+ -+ X

Em:E[ '

_E[Xi]+E[Xa] +--- +E[X,] _ nE[X] _ E[X] =

and

Xi+Xo+ -+ X,

1
Vaf[m:Vaf[ ] :ﬁVar[X1+X2+--.+Xn]

n
_ Var[Xi] 4 Var[Xs] + --- + Var[X,,] nVar[X] 072
B n? - on2

O]

Definition 32.2.3. The standard deviation of X, /y/n, is known as the standard error
of the mean.

Observe that as n increases, the standard error of the sample mean decreases. This
aligns with our intuition: as n increases, we are effectively sampling a larger proportion of
the population, so our statistic (the sample mean) should tend towards the parameter (the
population mean).

32.2.1 The Central Limit Theorem

If sampling is done from a normal population, then the sample mean will also follow a
normal distribution.

Proposition 32.2.4. If X ~ N(u,az), then
— 0'2
X ~ N(u, ) exactly.
n

However, if the population does not follow a normal distribution, then the sample mean
also does not follow a normal distribution. However, if the sample size is large, then the
distribution of the sample mean will be approximately normal. This result is known as the
Central Limit Theorem.

Theorem 32.2.5 (Central Limit Theorem). If X does not follow a normal distribution,
with E[X] = u and Var[X] = 02, and n is large (typically n > 30), then

2
X~N <,u, J) approximately.
n

Here, we are assuming that the samples X7, Xo,..., X,, are independent and identically
distributed. Further, the variance o2 must be finite.

Note that the condition n > 30 is only a guideline. Depending on the context, the
distribution of the sample mean can still be approximated using a normal distribution with
a smaller sample size.
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32.3 Estimation

In many cases, we are concerned with two population parameters, namely, the population
mean () and population variance (02). So far, we have studied the distribution of the
sample mean assuming complete knowledge of these parameters. In most situations,
however, it is difficult to compute these parameters. Hence, we will often need to use
sample statistics to help us estimate the population parameters.

32.3.1 Estimators and Estimates

Definition 32.3.1. An estimator is a method for estimating the quantity of interest. An
estimate is a numerical estimate of the quantity of interest that results from the use of
a particular estimator.

Example 32.3.2. Suppose our quantity of interest is the mean height p of all male adults
in Singapore. Suppose we take a random sample of 100 adult mean in Singapore and
measure their heights.

Using this data, we can compute the sample average, T of the heights. That is, the
sample mean random variable, X = ﬁ (X1 4+ -4+ Xj00), is an estimator that provides
an estimate of our quantity of interest. For instance, if T = 170 c¢m, then 170 cm is the
estimate of p provided by the “sample average” estimator.

Another strategy could be to use the “sample median” of the heights as an estimator.
Suppose the sample median is 169 cm. Then 169 cm is the estimate of u provided by
the “sample median” estimator.

32.3.2 Unbiased Estimators

As illustrated by the above example, there are many estimators we can use to estimate pu.
However, we would want to choose the estimator that performs the best. Logically, a good
estimator should be unbiased. That is, the expected value of the estimator should be equal
to the true value of the quantity it estimates.

Definition 32.3.3. If a population has an unknown parameter 6 and T is a statistic derived
from a random sample taken from the population, then T is an unbiased estimator for
6 if and only if E[T] = 6.

Population Mean

Proposition 32.3.4. The sample mean X = %Zx is an unbiased estimator for the
population mean u.

Proof. Previously, we showed that Eﬁ] = u. Hence, by definition, X is an unbiased
estimator for u. O

Population Variance

Proposition 32.3.5. Let T be the sample mean. Then

F= S = [Zf—i(z“@)z}

is an unbiased estimator for the population variance o=.
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Proof. We first show that the two forms of s2 are equivalent:
Z(z: —7)? = Z (:E2 - me—i—fQ) = 2:52 - 252364—7”@2
1 1 2 1 2
2 2
S (L) (£ (L) e L)
St -2 (3 50) (Sa)4n (1 X)) =X -1 (Ea
Dividing throughout by n — 1 gives us the desired equality. In fact, we can go one step
further and write s2 as ]
s? = " (Za:Z—nEQ>.

This is the form of 02 we will work with.
Before we process, we note that

Var[X] = E[X?] - E[X]* = E[X?] = u*+ o2
Similarly,
Var[X] =E[X’] - E[X]

Now consider IE[SQ]:

E[$7] :IE[nil (> x* —nXQ)] = nil (e’ -nE[X’))

1

et (e D) =

n—1

2

Hence, s? is an unbiased estimator for the population variance o2. ]

Note that the presence of n — 1 in the denominator reflects the degrees of freedom we
have when calculating s2. We will elaborate more on this in the next chapter.

Corollary 32.3.6. If ¢ is a constant, then

# = — [Z(:{:—c)z—i(Z(x—c))Q]

This is particularly useful when the sample data is given in summarized form.

Population Proportion

Definition 32.3.7. A population proportion p is a parameter that describes the percentage
of individuals in a population that exhibit a certain property that we wish to investigate.
Mathematically,

p= N’

where X is the number of “successes” in the population (individuals who exhibit the

property), and N is the population size. The sample proportion Pg is defined similarly:
X

PS = 757

n

where Xg is the number of “successes” in the sample.

Example 32.3.8. Suppose we wish to investigate the number of Singaporean citizens
aged 35 years or older. The associated population parameter P is then calculated as

p_ number of Singaporean citizens aged 35 years or older
N total number of Singaporean citizens '
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If we obtain a sample of 1000 Singapore citizens, of whom 750 are aged 35 years or older,
then the observed sample proportion, which we denote p, is simply p = 750/1000.

Proposition 32.3.9. The sample proportion Pg is an unbiased estimator for the population
proportion p.

Proof. Consider a population in which the proportion of “success” is p. If a random
variable of size n is taken from this population, and Xg is the random variable denoting
the number of “successes” in this sample, then

XS ~ B(nvp)

The expected value of Pg is thus

E[PS]:IE[);S] :E[ifS]::Lf:p.

Thus, Ps is an unbiased estimator for p. ]

We can use the same idea to calculate Var[Ps]:

Var[Ps] = var[)ﬂ _ Vajl[fs] _mw(l-p) _p(l-p)

Hence, for large n, by the Central Limit Theorem, we have the following approximation:
1—
Ps ~N <p, p(p)) approximately.
n

The distribution of Pg is known as the sampling distribution of the sample proportion
and its standard deviation, 1/p(1 — p)/n, is known as the standard error of proportion.
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33 Confidence Intervals

33.1 Definition

So far, we have seen how we can estimate an unknown population parameter from a random
sample. For instance, if the parameter we seek to estimate is the mean u, we can employ
an unbiased estimator, i.e. the sample mean T, to get a rough value for . This is what we
call a point estimate. However, a point estimate does not provide any information about
the uncertainty present. To this end, it is more desirable to obtain an interval estimate.

Definition 33.1.1. An interval estimate of an unknown population parameter is a random
interval constructed so that it has a given probability of including the parameter.

This leads us to the notion of a confidence interval.

Definition 33.1.2. Given a fixed value « € [0,1] (known as the level of significance), a
100(1 — @)% confidence interval for an unknown population parameter 6 is any interval
(a,b) such that

Pla<0<b=1-a.

As an example, let us take o = 0.05. If we can find a method of calculating the limits a
and b, this means that in the long run, if we repeatedly take samples, then the calculated
interval (a,b) will contain the population parameter 6 for 95% of the samples taken.
Equivalently, the probability of obtaining a random sample for which the corresponding
interval contains 6 is 0.95.

Note however, that for a particular sample, we do not know whether this is one of the
samples for which @ is in the sample. Our “confidence” in the interval comes from the fact
that we are using a formula which gives a correct result most of the time.

We can express the above notions diagrammatically:

Pl

27

o
L]

e
—

o

b
=]

Figure 33.1: One hundred 95% confidence intervals for ;1 (= 30) computed from 100 different
samples. Confidence intervals coloured red do not contain p.!

1Source: https://amsi.org.au/ESA_Senior_Years/SeniorTopic4/4h/4h_2content_10.html
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33.2 Population Mean

In this section, we explore interval estimates for the population mean pu.
Recall that for a significance level of «, we wish to find an interval (a, b) such that

Pla<p<b=1-a.

To make our lives easier, we impose the restriction that the confidence interval be symmetric
about p, that is, the interval should be of the form (u — E, u + E), where E is the margin
of error. However, we obviously do not know u, so we make use of the next best thing
available: Z, to get something of the form

(z—-E,T+E).
We thus wish to find the value of E such that
Pz-E<u<z+E=1-a. (33.1)

Depending on the situation, p will be distributed differently, so F will differ accordingly.
There are four cases we will consider, with their respectively subsection numbers labelled
in the table below:

9 Population Distribution
g " Normal Unknown
Large ) §33.2.2
Known Small §33.2.1
Large §33.2.3
Unknown = T 53394

33.2.1 Normally Distributed Population with Known Variance

Suppose our population is normally distributed with unknown mean g and known variance
02,50 X ~ N(u, 02). In the previous chapter, we learnt that

2
XNN(M,”)
n

where n is the sample size. If we standardize this, we get

_X-p
o/\n’
where Z is the standard normal distribution N(0,1). Manipulating (33.1), we get
E < T—p < E 1
_ =1-a.
o/yn a/yn a/yn

But we recognize the middle expression as Z, so we really have

Z

IP[xE<u<m+E]:P[

E E
Pl-—————=<Z<——|=1—a.
[ o/ U/VGJ “
Because Z is symmetric about 0, we can finally isolate E:

Uf/ﬁ}:lga = ]P’[Z<

We now introduce some notation regarding z-values.

—1-<

) 7

IP’[O<Z<
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Definition 33.2.1. Given a probability ¢ € [0, 1], the critical value z. is defined as
PlZ < z| = ¢,

i.e. it acts as an “inverse” to the standard normal distribution.

With this notation, we can isolate our margin of error E:

We thus obtain the following result:

Proposition 33.2.2. If X is normally distributed and has known variance 2, then the
symmetric 100(1 — «)% confidence interval for p is given by

_ o _ o
x—Zl_%%,x‘i_Zl_%% .
The two limiting values that define the interval are known as the 100(1 — «)% lower
and upper confidence limits, sometimes writen as

g
Ttz e—.
x 21 g\/ﬁ

Graphically, the area under N(E, 02) over the confidence interval is 1 — a:

2

2+ 20.975\/%

3
2 — 20975 75

Figure 33.2: An illustration of a 95% confidence interval for T = 2, 0 = 3 and n = 50.

Sample Problem 33.2.3. After a rainy night, 12 worms surfaced on the lawn. Their
lengths, measured in cm, were:

9.5, 9.5, 11.2, 10.6, 9.9, 11.1, 10.9, 9.8, 10.1, 10.2, 10.9, 11.0.

Assuming that this sample came from a normal population with variance 4, calculate a
99% confidence interval for the mean length of all worms in the garden.

Solution. Let X cm be the length of a worm. We have ¢ = 2 and n = 12. From the
sample, we calculate T = 10.392. Feeding this into the above expression, we see that a 99%
confidence interval for the mean length of all worms in the garden is

2 2
<10.392 — 20.995\/6, 10.392 + 20.995\/5) = (8.90, 11.9).
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33.2.2 Large Sample Size from Any Population with Known Variance

In the case where the sample size is large (n > 30), we can invoke the Central Limit
Theorem, regardless of the distribution of the population. If X has variance o2, then we
know from the previous chapter that

2
X ~N <,u, U) approximately.
n

By a similar argument as in §33.2.1, we obtain the following (more general) result:

Proposition 33.2.4. If X has known variance o2 and the sample size is large (n > 30),
then the symmetric 100(1 — «)% confidence interval for u is given by

_ o _ o
x—zl_%%, a;—i—zl_%% .

33.2.3 Large Sample Size from Any Population with Unknown Variance

In most practical situations, it is likely that both the mean and variance are unknown.
Provided that the sample size is large (n > 30), by the Central Limit Theorem, we
can say that the distribution of X is approximately normal. In place of the unknown
population variance o2, we use s, the unbiased estimate of the population variance as an

approximation. Hence,
2

X ~N (Iu, S) approximately.
n

Just like before, we get the following result:

Proposition 33.2.5. If X has unknown variance but the sample size is large (n > 30),
then the symmetric 100(1 — «)% confidence interval for yu is given by

S S
T—2j_a—F—, T+ 21_a—=].
< 2../n’ 2\/n

33.2.4 Normally Distributed Population with Unknown Variance and Small
Sample Size

Before looking at confidence intervals of u when the sample size is small, we first need to
consider the Student’s t-distribution.

The t-distribution

The crucial statistic in the construction of a confidence interval for the mean of a normal
distribution is Z, given by
_X-un
~o/yn
In §33.2.3, when o was unknown, we were able to o by s by virtue of the large sample size,
which allowed us to approximate X with a normal distribution.

In the present case, however, we do not have such a luxury. Now, when o is replaced by
S, the random variable

Z

_X-u
S/

can no longer be apporixmated by a normal distribution. Here, T" depends on two random
variables: namely X and S, the random variable corresponding to s. Note that the value

T
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of T varies from sample to sample not only because of the variation in X as in the case of
Z, but also because of the variation in S.
For samples of size n, it can be shown that

X —p
T= ~t(n—1).
NG (n—1)
Note that this requires X1, ..., X, to have independent and identical normal distributions.

Figure 33.3: The ¢-distribution when v = 2 and v = 10. Observe that as v increases, t(v)
approaches N(0, 1) in distribution.

The distribution of T" is a member of a family of distributions known as ¢-distributions.
All t-distributions are symmetric about 0 and have a single parameter, v, which is a positive
integer known as the degrees of freedom of the distribution. We notate this as t(r). As
v — 00, the corresponding t(v) distribution approaches the standard normal distribution
Z. In fact, when v > 30, the difference between the two is negligible, which explains why
the normal distribution could continue to be used for cases where n was large in §33.2.3.

Why does T have n — 1 degrees of freedom? Let us begin by introducing an informal
definition of a degree of freedom.

Definition 33.2.6 (Informal). The degrees of freedom of a statistic is the number of
independent bits of information that are used in estimating the statistic.

In the present case, we initially have a total of n bits of information, namely our n
observations (X7i,..., X,). In order to estimate the value of our T statistic, we must first
determine the value of the sample mean X and variance S. In an ideal world, both X
and S would be allowed to vary independently. Unfortunately, S depends on the observed

value of X:2 )
2 —\2
5= —— E (r—m)°.

That is to say, we must estimate X in order to estimate S. We hence treat T as a constant,
which we calculate as

T4t
e

T =

But this effectively imposes a constraint on 1, ..., 2,; if we somehow forgot our initial n
observations after calculating Z, we would only need to remember n — 1 observations. We
thus have n — 1 independent bits of information, so our degrees of freedom is n — 1.

20f course, we could have used the calculated value of s? to estimate Z. After working through the algebra,
one will find that we still end up with n — 1 degrees of freedom.
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Confidence Interval using i-distribution
Suppose X is normally distributed with mean p and unknown variance. Then
_X-u
S/

where S is estimated by s. Once again, employing a similar argument as in §33.2.1, we
obtain the following result:

T

~t(v—1),

Proposition 33.2.7. If X is normally distributed with unknown variance, then the
symmetric 100(1 — «)% confidence interval for p is given by

Here t. is the critical value for the ¢-distribution and is given by P[T" < t.] = c.

33.2.5 Summary

The following table shows the appropriate margin of error to be used in different scenarios
when finding confidence intervals for the population mean. For conciseness, we use ¢ = 1— 5.
Cells with gray backgrounds indicate an approximation.

Population Distribution
o? n

Normal Unknown

Large o e 7
Known Ze— = 7
NLD
S

Large Ze——

Unknown ‘vn
Small tC%

33.3 Population Parameter

Suppose we wish to find p, the proportion of “successes” in a population. For a large
sample size n,

1—
Pg ~N <p, M) approximately,
n
where Pg is the sample proportion. Standardizing, we see that
Ps—p
V(1 =p)/n

Notice the parallels with what we obtained in §33.2.1! Indeed, we can once again repeat
our argument to obtain the following result:

Proposition 33.3.1. Given a sample proportion §, the symmetric 100(1 — )% confidence
interval for p is given by

Yo 15
(ﬁ—zla /B ( p),ﬁJrzkg /B ( p))_
2 n 2 n
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Sample Problem 33.3.2. In a random sample of 400 carpet shops, it was discovered
that 136 of them sold carpets at below the list prices recommended by the manufacturer.
Calculate a 90% confidence interest for the proportion of shops that sell below list price.

Solution. Let p be the population proportion, and let the sample proportion be Pg ~
N(p,p(1 — p)/n). We have p = 136/400, so a 90% confidence interval for p is

136 136 136 136 136

136 136 (1 _ 136 (1 _ 136
100~ 209\ gm0 qop TR0\ g | = (0-30104,0.37896)

400 400 " 400
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34 Hypothesis Testing (Parametric)

Hypothesis testing is a statistical procedure used to determine if the data supports a
particular assumption (hypothesis) about the population. In this chapter, we will examine
various statistical tests employed in parametric hypothesis testing. Here, “parametric’
means that we are given (or assuming) that the observed data have well-known distributions,
such as the normal distribution. If we cannot make such assumptions, we will use a non-
parametric test, which is covered in the next chapter.

?

34.1 An Introductory Example

Let us look at a simple example. The manufacturer of a beverage claims that each bottle
they produce contains 500 ml of beverage on average. However, a consumer believes that
the mean volume is actually smaller than claimed. To investigate this, the consumer takes
a random sample of 30 bottles and finds that the mean volume of beverage in these 30
bottles is 498 ml.

The sample mean is certainly lower than the manufacturer’s claim, but how low is too
low? To answer this, we perform a hypothesis test.

Let X ml the volume of beverage in each bottle, and let the mean of X be u, where p is
unknown. Assume that the standard deviation o = 5, so that X ~ N(u, 25).

First, a hypothesis is made that ¢ = 500 ml. This is known as the null hypothesis, Ho,
and is written

Hp: p=500.

Since it is suspected that the mean volume is lower than the claimed 500 ml, we establish
the alternative hypothesis, Hi, which is that the mean is lesser than 500 ml. This is
written

Hy:  p < 500.

To carry out the test, the focus moves from X, the volume of liquid in each can, to the
distribution of X, the mean volume of a sample of 30 cans. In this test, X is known as
the test statistic and its distribution is needed. Luckily for us, because we assumed that
X ~ N(p,25), we know from previous chapters that X ~ N(u,25/30).

The hypothesis test starts by assuming the null hypothesis is true, so ;= 500. Under

HOa
— 25
X ~N(500,22).
(2005)

The result of the test depends on the whereabouts in the sampling distribution of the
observed sample mean of T = 498. We need to find out whether T is close to 500 or far away
from 500. If T is close to 500, then it is likely that T comes from a distribution with mean
500, so there would not be enough evidence to say that the mean volume has decreased.
On the other hand, if the 7 is far away from 500, than it is unlikely that T comes from a
distribution with mean 500, so the mean p is then likely to be lower than 500.

To quantify this “closeness”, we can look at the probability value (also called p-value)
associated with the test statistic X. In our case, the p-value is ]P’[Y < 498] . A large p-value
will indicate that if Hp: g = 500 is true, then obtaining a value of T = 498 is likely and
hence a reasonable variation we should allow. However, a small p-value will indicate that
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obtaining a value of T = 498 is a rare event if Hy is true, and hence, perhaps p isn’t 500,
but something else (in this case, less than 500).

|
!
T

498 500

Figure 34.1: The p-value ]P’[Y < 489] is given by the shaded area.

Note that whenever we use the test-statistic or p-value in this example, both are associated
with the left tail of the distribution. This is because we began with the suspicion that u
was lower than claimed. This type of test is called a 1-tail (left tail) test.

To determine if the p-value is small enough, we introduce a cut-off point, ¢, known as
the critical value, which indicates the boundary of the region where values of T would be
considered too far away from 500 ml and therefore would be unlikely to occur. This region
is known as the critical /rejection region. The probability corresponding to this critical
region will then become the upper probability limit of what we will consider to imply that
an unlikely or rare event has occurred. This probability, «, is called the significance level
of the test. In general for a left tail test at the « level, the critical value ¢ is fixed so that
P[Y < c] = « and the critical region is T < c. In practice, to avoid being influenced by
sample readings, it is important that « is decided before any samples values are taken.

¢ 500
Figure 34.2: The critical region for a = 0.25.

The hypothesis test then involves finding whether the sample value T lies in the critical
region, or whether the p-value is smaller than the significance level a. If T lies in the
critical region or if the p-value < «, then a decision is taken that T is too far away from
the mean associated with Hy to have come from a distribution with this mean, hence we
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reject Hy in favour of Hy. Else, if T lies outside the critical region or if the p-value > «, we
do not reject Hyg. For a significance level of «, if the null hypotheses Hyis rejected, then
the result is said to be significant at the « level.

To complete our example, suppose that a significance level of 1% is chosen. Since
X ~ N(500,25/30), we can work out the critical value or the p-value.

Critical Value Approach Using G.C.,
P[X <¢] =001 = ¢=497.88

Since T = 498 lies outside the critical region (Z = 498 > 497.88 = ¢), we do not reject
Hy and conclude there is insufficient evidence at the 1% significance level than the mean
volume of beverage in each bottle is lesser than 500 ml.

p-Value Approach The p-value of our sample is
P[X < 498] = 0.14230.

Since the p-value is greater than our significance level (0.14230 > 0.01 = «), we do not
reject Hy and conclude there is insufficient evidence at the 1% significance level than the
mean volume of beverage in each bottle is lesser than 500 ml.

34.2 Terminology

34.2.1 Formal Definitions of Statistical Terms
Definition 34.2.1. The level of significance of a hypothesis test, denoted by «, is defined
as the probability of rejecting Hy when Hy is true.

Definition 34.2.2. The p-value is the probability of getting a test statistic as extreme or
more extreme than the observed value. Equivalently, it is the lowest significance level at
which Hy is rejected.

34.2.2 Types of Tests

Suppose that the null hypothesis is Ho: p = pg."
There are three types of tests we can use, depending on what our alternative hypothesis
looking for:

e If H; is looking for an increase in p, we employ a 1-tail (right tail) test.
e If H; is looking for a decrease in p, we employ a 1-tail (left tail) test.

e If H; is looking for a change (either increase or decrease) in u, we employ a 2-tail
test.

'In the introductory example, we saw how Hy was defined to be the “status quo”. However, this is not
always the case. Given two hypotheses P and — P, the null hypothesis is the one that contains the
equality case. For instance, if P : u > 500, then we take =P : u < 500 to be our null hypothesis, in
which case we write Ho: p = 500 and Hi: p > 500.
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1-Tail (Right Tail) Test

In a 1-tail (right tail) test, Hi: p > po. Both the critical region and p-value are in the
right tail, with o = IP’W > c] and the p-value = IP’[X > f]

|

|

|

|

|

|

|

|

|

|

|
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|

|

|

; l
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Figure 34.3: The critical region for a right tail test.

1-Tail (Left Tail) Test

In a 1-tail (left tail) test, Hy: p < po. Both the critical region and p-value are in the left
tail, with a = PW < c] and the p-value = IP’[X < f]
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Figure 34.4: The critical region for a left tail test.

2-Tail Test

In a 2-tail test, Hy: pu # po. The critical region and the p-value are in two parts. The
critical value is given by any one of the following expressions

QZP[YSCI] —l—]P)[fZ CQ] :2PW§01] ZQ]P[Y>CQ],

while the p-value is given by

2P[X <z|, ifT < po,
p-value = .
2P[X >z, T > po.
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Figure 34.5: The critical region for a two-tail test.

34.2.3 Procedure
Below is a general framework for performing a hypothesis test.

Recipe 34.2.3 (Hypothesis Testing).

a) State the null hypothesis, Hy, and the alternative hypothesis, H;.

Consider the distribution of the test statistic, assuming that Hg is true.

(c

(d) Critical Value Approach. Calculate the critical value based on «, and the test
statistic value based on the sample data. Reject Hy if the value of the test statistic

falls in the critical region. Otherwise, do not reject Hy.

(a)

(b) State the level of significance, .
)
)

p-Value Approach. Calculate the p-value based on the sample data. Reject Hy if
the p-value < . Otherwise, do not reject Hy.

(e) Write down the conclusion in the context of the question.

Apart from step 3, the other steps are purely procedural. Hence, the most crucial step is
to decide the test statistic. This is what we will focus on in the next few sections.
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34.3 Population Mean

For hypothesis tests on the population mean, the test statistic is the sample mean X.
Similar to what we saw in §33.2, the following table shows the appropriate distribution to
consider for different scenarios. Cells with gray backgrounds indicate an approximation.

Population Distribution
o? n
Normal Unknown
Large | __ 2
Known X ~ N(M0> U)
n
Small
Large X ~ N po, —
Unknown n
X — o
Small ~t(n—1
ma NG (n—1)

When our test statistic follows a normal distribution, we say that we perform a z-test.
If instead our test statistic follows a t-distribution, we say that we perform a t-test.

Sample Problem 34.3.1. The lengths of metal bars produced by a particular machine are
normally distributed with mean 420 cm and standard deviation 15 cm. After changing
the machine specifications, a sample of 20 metal bars is taken and the length of each bar
is measured. The result shows that the sample mean is 413 cm. Is there evidence, at the
5% significance level, that there is a change in the mean length of the metal bars?

Solution. Let X cm be the length of a metal bar after the machine specifications were
changed. Our hypotheses are Hy: p = 420 and Hy: p # 420. We perform a 2-tail z-test at
the 5% significance level. Under Hy, our test statistic is X ~ N(420, 152/20). From the
sample, T = 413. Using G.C., the p-value is 0.0309, which is less than our significance level
of 5%. Thus, we reject Hy and conclude there is sufficient evidence at the 5% significance
level that there is a change in the mean length of the metal bars. O

34.3.1 Connection With Confidence Intervals

The testing of Hy: u = po against Hy: p # pg at a significance level 100a% is equivalent
to computing a symmetric 100(1 — a)% confidence interval for p. If pg is outside the
confidence interval, Hg is rejected. If pg is within the confidence interval, Hg is not rejected.

Sample Problem 34.3.2. In a study on the mathematical competencies of 15-year-old
Singaporean students, the following PISA test results for a sample of 17 students is
such that its sample mean is 565 with a sample standard deviation of 50. Find a 95%
confidence interval for the population mean of the results of students for the PISA test.
Hence, state the conclusion of a hypothesis test, at the 5% significance level, that tests if
the mean of the test results for the Singaporean students differs from 600.

Solution. Let X be the random variable denoting the PISA test results of a 15-year-old
Singaporean student. Our test statistic is

X — 565
S/VIT

From the sample, s = 50, so a symmetric 95% confidence interval for u is (539.29,590.71).
Since 600 is outside the confidence interval, we reject the null hypothesis that y = 600 and

~ t(16).
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conclude there is sufficient evidence at a 5% significance level that the mean of the test
results differ from 600. U]

34.4 Difference of Population Means

In this section, we explore the distributions of the differences of population means. This
is typically used when we are interested in comparing the population means from two
populations. There is a major distinction we must make when we encounter such bivariate
data:

Definition 34.4.1. If the data occurs in pairs, we say they are paired. Else, we say they
are unpaired.

Example 34.4.2. Suppose we measure the blood pressure of a number of hospital patients
before and after some treatment aimed at reducing blood pressure. Two values will be
recorded from each patient, hence the data is paired.

However, if we measure the blood pressure of two groups of patients, one receiving
treatment in Hospital A and the other in Hospital B, the data is unpaired.

There are some guidelines we can use to distinguish between paired and unpaired data:
e If the two samples are of unequal size, then they are unpaired.

e For data to be paired, there must be a reason to associate a particular measurement
in one sample with a measurement in the other sample. If there is no reason to pair
measurements in this way, the data is treated as unpaired.

34.4.1 Unpaired Samples

Let X; and X5 be two random variables with random sample sizes n; and no, mean py
and po. In comparing the two populations, we typically set up our null hypothesis as Hg:
11 — po = po with a one- or two-sided alternative hypothesis, similar to the single-value
case discussed in the previous section.

When comparing unpaired data, one key assumption we typically make is that X; and
Xy are independent, as this allows us to formulate our test statistics nicely.

Known Population Variance
Suppose X; and X, have known variances o7 and o3 respectively. If X7 and X5 are
normally distributed, then
2 2
X1~ N(ub ”1> and Xz ~ N(u% ”2>.
n1 12

If X; and Xy are not normally distributed, then for large samples (ni,ny > 30), by the
Central Limit Theorem, we can approximate X; and X» using a normal distribution:

— o2 — o2
X~ N(,ul, 1) and Xp ~ N(,ug, 2) approximately.
ni n2

Our test statistic is thus

2 2
N _ g g
XI—X2~N<M—M2,1 +2>,

niy ng

and we proceed with the two-sample z-test.
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Sample Problem 34.4.3. A random sample of size 100 is taken from a population with
variance o2 = 40. Its sample mean Z7 is 38.3. Another random sample of size 80 is taken
from a population with variance o5 = 30. Its sample mean T3 is 40.1. Assuming that
the two populations are independent, test, at the 5% level, whether there is a difference
in the population means p; and po.

Solution. Our hypotheses are Hyo: 1 — po = 0 and Hy: pp — ps # 0. Under Hy, our test

statistic is
40 30>

X -X~N(0,— 42
oo (0’ 100 80

From the sample, 77 = 38.3 and T3 = 40.1. Using G.C., the p-value is 0.040888, which is
less than our significance level of 5%. Thus, we reject Hy and conclude there is sufficient

evidence at the 5% level that there is a difference in the two population means. ]

Unknown Population Variance with Large Sample Size

If we do not know the population variances of X; and X5, we instead use the unbiased
estimates s% and s%. For large samples (ni,ny > 30), we have, by the Central Limit
Theorem, the following test-statistic:

— = o? o}
X1 —Xo~ N(,ul — fig, L + 2) approximately.
ni no

2 2 _

If we know further that the two populations have common variance?, i.e. 02 = 03, the

pooled variance

2 (m—1)st+ =183 > (1—70)°+ (22— 72)°
P (n1—1)+(n2—2) - (n1—1)+(n2—1)

would provide a more precise estimate of the population variance. Our test statistic is
hence

. 1 1
X1 — X9~ N<u1 — U2, 512, (nl + n2>> approximately.

Either way, we proceed with the two-sample z-test.

Sample Problem 34.4.4. Two statistics teachers, Mr Tan and Mr Wee, argue about
their abilities at golf. Mr Tan claims that with a number 7 iron he can hit the ball, on
average, at least 10 m further than Mr Wee. Denoting the distance Mr Tan hits the ball
by (100 4 ¢) m, the following results were obtained:

np =40, Y ¢=80, Y (c—e)=1132.

Denoting the distance Mr Wee hits the ball by (100 + ¢) m, the following results were

obtained:
ny =35 Y t=-175, > (t—7)° =1197.

If the distances for both teachers have a common variance, test whether there is any
evidence at the 1% level, to support Mr Tan’s claim.

Solution. Let X7 and Xo be the random variable denoting the distance, in m, for Mr Tan
and Mr Wee, with population mean p; and us respectively. From the data, we have

-1
HleO—i—%:lOQ and @:100+%:95,

2As a rule of thumb, the assumption o1 = o2 is considered reasonable if 1/2 < s1/s2 < 2.
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so the pooled variance is

s Y (@1 —T)+ N (e —73)° 113241197 2100
T D4 (me—1) (30— +@B5-1)

We now perform a two-sample z-test at the 1% level. Our hypotheses are Ho: 1 — pg = 10
and p1 — po < 10. Under Hy, our test statistic is

1

I 1
X — Xy ~ N(M1 — p2, s (m + m)) = N(10,1.70915).

Using G.C., the p-value is 0.0109, which is greater than our significance level of 1%. Thus,
we do not reject Hy and conclude there is insufficient evidence to suppose Mr Tan’s claim.
O

Unknown Population Variance with Small Sample Size

If the random sample sizes are not large, then the normal distribution is no longer a
reasonable approximation to the distribution of the test statistic. In order to progress, we
must have the following assumptions:

e X; and X5 have independent, normal distributions.
e X; and X5 have a common variance.

With these assumptions, it can be shown that the test statistic 7" given by

- (K—E) — (11 — p2) ~t((n1—1) + (n2 — 1)),

/1 1
S\l t s

g2 _ (n—1)S?+ (ny—1) 532
P (n1—1) + (n2 — 2)
is the pooled variance (unbiased estimate of the common variance). Note that there we
lose 2 degrees of freedom since we use both Z7 and T3 to estimate 5% and s%.

where

Sample Problem 34.4.5. The heights (measured to the nearest cm) of a random sample
of six policemen from country A were found to be

176, 180, 179, 181, 183, 179.

The heights (measured to the nearest cm) of a random sample of eleven policemen from
country B have the following data:

D y=1991, Y (y-7)° =54

Test, at the 5% level, the hypothesis that policemen from country A are shorter than
policemen from country B. State any assumptions that are needed for this test.

Solution. Let X4 and Xp be the height in cm of a policeman from country A and
B, with population mean p4 and pp respectively. We assume that X4 and Xp have
independent, normal distributions, and they share a common variance. Our hypotheses
are Hy: pa — pup =0 and Hy: pg — pup < 0. Under Hy, our test statistic is

T="A"25 (15).
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From the sample,

1991
The unbiased estimates of each sample variance is
1
2 2 2
=5.4 d =— — =5.4.
s% = 5.4667 and sy 1OZ(y y)° =5

Thus, the pooled variance is

~ (6—1)(5.4667) + (11 — 1)(5.4)
s2 = 6D+ (l-D) = 5.4222.

Using G.C., the p-value is 0.139, which is greater than our significance level of 5%. Thus,
we do not reject Hy and conclude there is insufficient evidence to claim that policemen
from country A are shorter than policemen from country B. O

34.4.2 Paired Samples

If the given data is paired, then the two populations are no longer independent, hence
we cannot use any of the tests previously discussed. Instead, we will now consider the
difference D = X1 — X5, which is calculated for each matched pair. Writing up for the
mean of the distribution of differences between the paired values, our null hypothesis is Hy:
up = po with a one-sided or two-sided H; as appropriate.

Notice that by working with the differences, we have effectively reduced our problem into
a single sample situation, so the usual hypothesis test considerations for a single sample
mean applies. For instance, if D can be presumed to be normally distributed, or if n is
sufficiently large that the Central Limit Theorem can be applied to approximate D to have

a normal distribution, then
2
— S
D ~N (MD7 D>7
n
and we proceed with a paired-sample z-test. Alternatively, if D can be presumed to have a
normal distribution, but n is small, then the test statistic

_D—pp _
Sp/v/n

can be used. In this case, we proceed with a paired-sample t-test.

T t(n—1)
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34.5 \? Tests

34.5.1 The y? Distribution

The x? distribution is a continuous distribution with a positive integer parameter v.

Definition 34.5.1. The sum of the squares of v independent standard normal random
variables Z1,. .., Z, is distributed according to a x? distribution v degrees of freedom,
denoted x2.

Z2 4+ 722~ 2

v=1
_V:
_]j:
—v =10

Figure 34.6: The x?2 distribution for varying values of v.

The x? distribution has a reverse “J”-shape for v = 1,2, and is positively skewed
for v > 2. As v increase, the distribution becomes more symmetric. For large v, the
distribution is approximately normal.

Fact 34.5.2 (Properties of the x? Distribution).
e A 2 distribution has mean v and variance 2v.
e A x2 distribution has mode v — 2 for v > 2.

e If U and V are independent random variables such that U ~ x2 and V ~ x2, then
U+V ~ X’l2L+’U'

34.5.2 ? Goodness-of-Fit Test

Previously, we have always assumed that a particular type of distribution is appropriate for
the data given and have focused on estimating and testing hypotheses about the parameter
of the distribution. In this section, the focus changes to the distribution itself, and we ask
“Does the data support the assumption that a particular type of distribution is appropriate?”

As a motivating example, suppose we roll a six-sided die 60 times and obtain the following
observed frequencies:

Outcome | 1|2 | 3 |4|5| 6
Observed frequency, O | 4 | 7 |16 | 8 | 8 | 17

In this sample, there seems to be a rather large number of 3’s and 6’s. Is this die fair, or
is it biased? With a fair die, the expected frequencies would each be 60/6 = 10.
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Outcome | 1 | 2 | 3 | 4| 5 | 6
Expected frequency, £ | 10 | 10 | 10 | 10 | 10 | 10

The question is thus whether the observed frequencies O and the expected frequencies

E are reasonably close or unreasonably different. An obvious comparison would be the
differences (O — E):

Outcome | 1 2 3 4 5 6

Observed frequency, O | 4 7 116 | 8 8 | 17
Expected frequency, £ | 10 | 10 | 10 | 10 | 10 | 10
Difference, O— F | -6 | =3 | 6 | =2 | =2 | 7

The larger the magnitude of the differences, the more the observed data differs from the
model that the die was fair.
Suppose we now roll a second die 660 times and obtain the following results:

Outcome | 1 2 3 4 5 6
Observed frequency, O | 104 | 107 | 116 | 108 | 108 | 117
Expected frequency, £ | 110 | 110 | 110 | 110 | 110 | 110
Difference, O — F | -6 | =3 | 6 2| =2\ 7

This time, the observed and expected frequencies seem close, yet the differences O — F
are the same as before. We see that it is not just the size of O — E that matters, but also
its relative size to the expected frequency (O — E)/E.

Combining the ideas, the goodness-of-fit for an outcome i is measured using

Oi—Ei _(0i— E;)?
The smaller this quantity is, the better the fit. An aggregate measure of goodness-of-fit of
the model is thus given by the y? statistic:

X2 — Z (Oz E‘Ez) ]

(0i — E;) -

As the name suggests, this test statistic follows a y? distribution.

Observe that if y2 = 0, there is exact agreement between O; and E;, so the model is a
perfect fit. If x2 > 0, then O; and E; do not agree exactly. The larger the value of x2, the
greater the discrepancy.

For the test, we define Hy as our sample having the expected probabilities of the various
categories. The alternative hypothesis Hy will be that Hy is incorrect, i.e. the sample does
not have the expected probabilities of the various categories. We use the x? test statistic,
which generally follows a X?n—l—k distribution, where m is the number of categories being
compared, and k is the number of parameters estimated from the data.

Example 34.5.3. Suppose we wish to test if a given set of data fits a Poisson model. If
we are not given the mean rate A, we can estimate it using * =~ A. In doing so, we lose
one degree of freedom, so the resulting x? test statistic will follow a x2,_, distribution.

Example 34.5.4. To formalize our motivating example, we define Hy: the die is fair, and
H;i: the die is not fair. We take a 2.5% level of significance. Our test statistic is

O; — E;)?
(2
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From the sample, the individual contributions are given by

Outcome | 1 2 3 4 5 6

O; 4| 7116 8] 8|17
E;l10]10]10] 10| 10 | 10
(O; —E)?/E; 3609 [36]04]04]49

The test statistic value is thus
364+09+364+04+044+09=138.

Using G.C., the p-value is
P[x* > 13.8] = 0.016931.

Since the p-value is less than our significance level of 2.5%, we reject Hg and conclude
there is sufficient evidence at the 2.5% significance level that the die is not fair.

Small Expected Frequencies

The distribution of >°(0; — E;)?/E; is discrete. The continuous x? distribution is simply a
convenient approximation which becomes less accurate as the expected frequencies become
smaller. Generally, the approximation may be used only when all expected frequencies are
less than 5. If a category has an expected frequency less than 5, we must combine it with
other categories. This combination may be done in any sensible grounds, but should be
done without reference to the observed frequencies to avoid bias.

Sample Problem 34.5.5. A random sample of 40 observations on the discrete random
variable X is summarized below:

x| 0|1 |2]3|4]2>5
Frequency | 4|14 |9 |7 |6 | 0O

Test, at the 5% significance level, whether X has a Poisson distribution with mean
equal to 2.

Solution. Our hypotheses are Hy: the data is consistent with a Po(2) model, and Hj: the
data is inconsistent with a Po(2) model. From the given data, the observed and expected
frequencies are

T 0 1 2 3 4 >5
O; 4 14 9 7 6 0
E; | 5.4143 | 10.821 | 10.827 | 7.2179 | 3.6089 | 2.1061

The last two categories have expected frequencies less than 5, so we combine them into
a single category:

x 0 1 2 3 >4
O; 4 14 9 7 6
E; | 5.4143 | 10.821 | 10.827 | 7.2179 | 5.7151

Our test statistic is

~ X5-1-

>y (0i—E)?*
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Using G.C., the p-value is 0.80373, which is larger than our 5% significance level, thus we

do not reject Hy and conclude there is insufficient evidence that the data is inconsistent

with a Po(2) model. O
In general, we have the following procedure:

Recipe 34.5.6 (x? Goodness-of-Fit Test).
1. State hypotheses and significance level.
2. Compute expected frequencies under Hy.
3. Combine any categories if there are expected frequencies under 5.
4. Determine the degrees of freedom and state the test statistic.
5. Calculate the p-value.

6. State the conclusion of the test in context.

34.5.3 ? Test for Independence

Suppose we record data concerning two categorical variables for a sample of individuals
chosen randomly from a population. It is convenient to display the data in the form of a
contingency table. Here is an example which shows information on voting:

Party A | Party B | Party C | Total
Male 313 124 391 828
Female 344 158 388 890
Total 657 282 779 1718

Sample data of this type are collected in order to answer interesting questions about the
behaviour of the population, such as “Are there differences in the way males and females
vote?” If there are differences, then the variables “vote” and “gender” are said to be
associated, else they are independent.

To test for independence between variables, we employ a 2 test for independence. Our
null hypothesis is that the variables are independent, while our alternative hypothesis is
that the variables are associated.

Under the null hypothesis, the best estimate of the population proportion voting for
Party A is 657/1718. The expected number of males voting for Party A would thus be
828 x 657/1718 = 316.64, and the number of females would be 890 x 657/1718 = 340.36.
These expected frequencies, F;, are calculated using the formula

row total x column total

grand total

Doing this for all combination of party and gender, we get the following table of expected
frequencies:

Expected Frequencies
Party A | Party B | Party C
Male 316.64 135.91 375.44
Female 340.36 146.09 403.56

The test statistic Y.(0; — E;)?/E; is computed and compared with the relevant x?
distribution. For a contingency table with r rows and ¢ columns, the degrees of freedom v
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is given by
v=(r—-1)(c-1),

since we only need (r — 1)(c — 1) values to completely determine the entire table (try it!).
In our case, v = (2—-1)(3—1) = 2.
In general, we have the following procedure:

Recipe 34.5.7 (x? Test for Independence).
1. State hypotheses and significance level.
2. Compute expected frequencies under Hy and tabulate them.
3. Combine any rows/columns if there are expected frequencies under 5.
4. Determine the degrees of freedom and state the test statistic.
5. Calculate the p-value.

6. State the conclusion of the test in context.
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35 Hypothesis Testing (Non-Parametric)

Previously, we examined tests that require certain assumptions about the underlying
distribution from which the data arises. Tests which do not require such assumptions are
called non-parametric. Note that non-parametric tests are generally less powerful than the
equivalent parametric tests, especially if the assumptions required by the parametric tests
can be justified.

35.1 Sign Test
35.1.1 Single Sample

Consider a random sample of size n from a population which has a continuous distribution
with median m. We are interested in whether the median m takes on a particular value
myg. That is, we are interested in testing the null hypothesis

Hy: m =my
against any of the possible alternative hypotheses:
Hi:m>mog Hy: m<mg Hi:m=#mg.

Define K, to be the number of data values greater than mg, and K_ to be the number
of data values smaller than mgy. Under Hy, we expect about the same number of data
values that are greater than mg and less than my.

m mo

Hence, our test statistic is either

1 1
K ~Bl|n,= or K_~Bln,=],
2 2

depending on which is more convenient. For now, we take K to be our test statistic.

If we test Hy against Hy: m > myg, then we reject Hg if the observed number of data
values greater than myg is too large, i.e. ky > ¢y for some critical value c4. Alternatively,
we can consider the p-value, which is given by P[K > k]. If this p-value is smaller than
our significance level «, we reject Hg.

] ]
T T

mo m

If we test Hy against Hi: m < myg, then we reject Hy if the observed k4 is too small.
Alternatively, if the p-value P[K < k] is smaller than our significance level «, we reject
Hy.
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Lastly, if we test Hg against Hy: m # myg, then we reject Hy if the observed k. is too
small or too large. In this case, the p-value is given by

2 min{P[K, > ky],P[K4 < ky]}.

Note that we choose the shorter tail since we want the more “extreme” end.
To summarize,

Hy m = myg

H; m > my m < my m # my
p-value (Ky) | PIKy > ki) | P[Ky <ky] | 2min{P[K; > k], P[K; < k4]}
p-value (K_) | P[K_ <k_] | P[K_ >k_] | 2min{P[K_ > k_] ,P[K_ < k_]}

In the case where there are zeroes, we discard them and reduce the sample size accordingly.

Sample Problem 35.1.1. The lifetimes of a random sample of candles, measured in
minutes are

354, 358, 348, 342, 352, 335, 364, 345, 360, 341.

The manufacturer claims that the median lifetime is at least 360 minutes. Use a sign
test, at the 5% significance level, to test whether the manufacturer’s claim is justified.

Solution. Let m be the population median. Our hypotheses are Hy: m = 360 and Hj:
m < 360. We take a 5% level of significance. Subtracting the observed data values by the
postulated median m = 360 and writing down the signs, we obtain

) ) ) ) ) ) +7 ) 07 e

Let Kt be the number of data values greater than 360. Discarding the zero, we have, under
Hy, K+ ~ B(9,1/2). From the sample, ky = 1. The p-value is hence P[K; < 1] = 0.0195.
Since the p-value is smaller than our 5% significance level, we reject Hy and conclude there
is sufficient evidence at the 5% level that the manufacturer’s claim is not justified. O

35.1.2 Paired Sample

By considering the difference in population medians, the sign test can be used for paired
samples, as demonstrated in the example below.

Sample Problem 35.1.2. Students in a school take a mock examination before taking
the actual A-level examination. The marks for a particular subject, in both the mock
and actual examinations, by a random sample of 13 students are shown below.

Candidate Number | 1 2 3 4 5 6 7 8 9 |10 (11|12 | 13
Mock Exam Mark | 40 | 65 | 53 | 79 | 87 | 42 | 80 | 63 | 51 | 82 | 27 | 71 | 29
Actual Exam Mark | 45 | 68 | 47 | 75 | 8 |60 | 77 [ 69 | 60 | 88 | 30 | 73 | 35

Test, at the 5% level, whether the candidates did better in the actual A-level than in
the mock examination for this subject.

Solution. Let m be the population median mark difference of (Actual — Mock). Our
hypotheses are Hyp: m = 0 and Hy: m > 0. We take a 5% level of significance. Subtracting
matched pairs of (Actual — Mock) and writing down the signs, we obtain

+7 +7 ) ) +7 +7 ) +7 +7 +7 +7 +7 +.
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Let K be the number of data values greater than 0. Under Hy, K ~ B(13,1/2). From
the sample, k4 = 10. The p-value is hence P[K > 10] = 0.0461, which is greater than our
5% significance level. Hence, we reject Hy and conclude there is sufficient evidence at the
5% level that the students did better in the actual A-level examination. (Il

35.1.3 Large Sample

Let X ~ B(n,1/2). For large n (n > 30), we can approximate X with a normal distribution
via the Central Limit Theorem:

X ~ N(E 7) approximately.

n
274
This is useful when conducting a sign test with a large sample.

35.2 Wilcoxon Matched-Pair Signed Rank Test

When testing paired samples, one drawback of using the sign test is that it only takes
into account the sign of the differences between paired values. To see how this might be
problematic, consider the following set of differences:

Magnitude of Difference | 7 | 2 | 6 | 4 |22 |15 |5 | 1 |12 ] 16
Sign of Difference | + | = |+ |+ | + | + |+ | — | + | +

We see that negative differences are very small (e.g. —1, —2) as compared to some of
the positive differences (e.g. 22, 16).

The Wilcoxon matched-pair signed rank test improves on the sign test by considering
the magnitude of the differences. This is done by ranking the magnitudes of the differences
in ascending order, starting with rank 1. For instance, the ranks for the above example are
given by

Magnitude of Difference | 7 | 2 | 6 | 4 | 22| 15| 5 | 1 |12 | 16
+ [+ [+ [+ [+][-[+]+
513108 |41 719

Sign of Difference | +
Rank | 6

Let P be the sum of the ranks corresponding to the positive differences and let Q) be
the sum of the ranks corresponding to the negative differences. Let m be the population
median. Our null hypothesis is Hy: m = 0. From here, the main idea is

o If we test Hi: m > 0, we reject Hg if @ is too small, i.e. ¢ < ¢_ for some critical
value c_.

o If we test Hi: m < 0, we reject Hg if P is too small, i.e. p < ¢4 for some critical
value c;.

o If we test Hy: m # 0, we reject Hy when either P or () is too small.

In all cases above, we can either choose our test statistic 1" to be either P or (). Typically,
we take T' to be the smaller of two, as demonstrated above.

For small n, the critical value can be found in the provided formula list.
Sample Problem 35.2.1. Eight strands of wires were tested for their breaking points and
then were retested after they were rusted. The breaking points were recorded as follows:

Non-Rusted | 9.4 | 81 | 6.6 | 9.9 | 87 |83 | 70| 7.5
Rusted | 7.2 | 54 | 7181|7079 |85]6.2
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Carry out a Wilcoxon matched-pair signed rank test at the 5% level of significance to
determine whether, on average, the rusted wires have lower breaking points.

Solution. Let m be the population median difference of (Non-Rusted — Rusted). Our
hypotheses are Hyg: . = 0 and Hy: m > 0. We take a 5% significance level.

Non-Rusted | 94 | 81| 66 |99 |87 |83 | 7.0 |75
Rusted | 7.2 | 54| 71 |81 |70 (|79| 85 |6.2
NR-R|22|27|-05|18|17|04|—-15]|13
Rank | 8 7 2 6 ) 1 4 3

Let P be the sum of ranks corresponding to positive differences, and let () be the sum
of ranks corresponding to negative differences. Let T" be the smaller of the two. From the
above table, we see that p = 6 and ¢ = 30, so t = 6. From the formula list, we reject Hy if
t < 5. Since t = 6 > 5, we do not reject Hy and conclude there is insufficient evidence at
the 5% level that the rusted wires have lower breaking points. O

35.2.1 Large Sample

For large n (n > 20), the test statistic 7" can be approximated with a normal distribution
via the Central Limit Theorem:

nn+1) nn+1)2n+1)
TNN( 24

1 , > approximately.
With this approximation, we can calculate the appropriate p-value. Note that T can either

be P or Q.

35.3 Comparison of the Tests

The sign test and the Wilcoxon matched-pair signed rank test do not always produce the
same results.

The advantage of the Wilcoxon matched-pair signed rank test compared to the sign test
is that it takes into account the magnitude of the differences of the matched observations
as well as the signs of the difference. Thus, it is a more powerful test than the sign test.

However, one disadvantage of the Wilcoxon matched-pair signed rank test compared
to the sign test is that it requires an additional assumption that the distribution of the
differences must be symmetric about the median zero.
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36 Correlation and Regression

Correlation and regression are statistical methods that examine the relationship between
two quantitative variables.

Correlation is concerned with quantifying the (linear) relationship between two variables.
Informally, it allows us to tell how strongly two variables move with each other. For
instance, suppose we measure the heights and weights of a group of people. Intuitively,
we would expect taller people to be heavier, hence there is a positive correlation between
height and weight.

Regression, on the other hand, is concerned with quantifying how a change in one variable
will affect the other variable. That is, regression predicts the value of a variable based
on the value of the other variable. Reusing our previous example, regression allows us to
predict the height of a person that weighs 70 kg.

36.1 Independent and Dependent Variables

When performing correlation and regression analysis, we need two sets of data, one for
each variable. The resulting data is called bivariate data. A set of n bivariate data can be
expressed using ordered pairs (z;,¥;), where z and y are the two variables.

Definition 36.1.1. In a bivariate relationship, the independent variable is the one that
does not rely on changes in another variable, while the dependent variable is the one
that depends on or changes in response to the independent variable.

Informally, the independent variable is the variable we can “control” in an experiment,
allowing us to vary its value to observe the resulting change in the value of the dependent
variable.

Recipe 36.1.2. To determine if there exists an independent/dependent relationship
between two variables x and y, we look at

e The context of the question — Does one variable depend on the other?

e Key phrases in the question, e.g. “investigate how A depends on B” means that B
is likely the independent variable and A the dependent variable.

e Fixed or controlled variable in an experiment — If a variable is manipulated in fixed
increments, it is likely to be independent variable.

Note however, that not all bivariate relationships have an independent and dependent
variable. For instance, consider the following example:

Example 36.1.3. Six newly-born babies were randomly selected. Their head circumference
x cm, and body length, y cm were measured by the paediatrician and tabulated.

x| 31]32|335 |34 |355 | 36
y |45 49| 47 |50 | 53 |51

All three heuristics for determining the independent/dependent relationship between
x and y are not applicable. Hence, we say there is no clear independent and dependent
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| variables, and we assume that no such relationship exists between the two variables.

36.2 Scatter Diagram

A scatter diagram is obtained when each pair of data value (z;, ;) from a set of bivariate
sample {(z1,41),-.., (Tn,yn)} is plotted as a point on an x-y graph.

e axes need not start from 0;

in the table.

e data points should be marked with a cross (x);

e axes need to be labelled according to context;

Recipe 36.2.1 (Drawing a Scatter Diagram). When drawing a scatter diagram, note that

e the range of data values and the relative scale of the axes need to be indicated;

e the relative position of the points should be accurate.

Example 36.2.2. The number of employees, y, who stay back and continue in the office ¢
minutes after 5 pm on a particular day in a company is recorded. The results are shown

36.2.1 Interpreting Scatter Diagrams

t

Figure 36.1

t 15|30 45|60 | 75|90 105
y 3019|1513 |12 |11 | 10
Plotting the above points, we get our scatter diagram:
T
30 x .
y X
10 B
| |
15 105

There are four main relationships we can observe on a scatter diagram:

e Positive linear relationship — As z increases, y increases.

e Negative linear relationship — As z increases, y decreases.

e Curvilinear relationship — The points seem to lie on a curve.

e No clear relationship — The points seem to be randomly scattered.
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T T
5 X 5F x 4
Yy x Y x
0F x - ol <« 4
L L L L
0 10 0 10
T T
Figure 36.2: Positive linear relationship. Figure 36.3: Negative linear relationship.
51 x | 51 . ]
Y Y N
OF x X X
L L L L
0 10 0 10
Figure 36.4: Curvilinear relationship. Figure 36.5: No clear relationship.

36.3 Product Moment Correlation Coefficient

As mentioned in the introduction, correlation refers to the relationship between two
variables. We can quantify this relationship by the product moment correlation coefficient.

Definition 36.3.1. The product moment correlation coefficient, denoted r, for a sample
of bivariate data, is given by

o SE-Pu-n
VE @ -/ (v -7

We can manipulate r to get rid of T and y:

. Yy — ey
VI L (Tt /T - LDy

where n is the number of ordered pairs in the sample.

36.3.1 Characteristic of r

r can only take on values between —1 and 1. A summary of the value(s) of r and the
associated linear correlation is given below.
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Value of r Linear Correlation Observation on Scatter
Diagram
r=1 Perfect positive linear correlation | The points all lie on a straight line
with positive gradient
r~1 Strong positive linear correlation The points lie close to a straight
line with positive gradient
O0<r<l Positive linear correlation Most points lie in a band with
positive gradient
r= No linear correlation No pattern or non-linear pattern
-1<r<o0 Negative linear correlation Most points lie in a band with

negative gradient

ra—1 Strong negative linear correlation The points lie close to a straight
line with negative gradient

r=-1 Perfect negative linear correlation | The points all lie on a straight line
with negative gradient

To understand why this is the case, consider the sign of . Looking at the definition of r,
it is clear that

r>0 <= > (x-7)(y—7) >0
Likewise,
r<0 <> (x-7)(y—7) <0

Consider now the following figure:

,,,,,,,,, .,;;,,,,,,
(T, 7)
c l D
Figure 36.6

Consider quadrant A. Any data point (x,y) within this quadrant will satisfy z > Z and
y >7,so (z—7T)(y—7y) > 0. Similar analysis reveals that

>0 for quadrants A and C,
<0 for quadrants B and D.

(fc‘—x)(:t/—y)Z{

Thus, if the overall sum is positive, the points must have been largely scattered within
quadrants A and C, which we visually interpret as a “positive gradient”. Likewise, if the
overall sum is negative, the points must have been largely scattered within quadrants B
and D, which we interpret as a “negative gradient”. Lastly, if the overall sum is near 0,
the points must have been scattered randomly throughout all four quadrants, so there is
no linear relationship between the variables.

36.3.2 Importance of Scatter Diagram

The value of r should always be interpreted together with a scatter diagram where possible.
The value of r can be affected by outliers and can give a misleading conclusion on the linear
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correlation of two variables. For instance, the following two sets of bivariate data differ
only by one data point, yet they have drastically different product moment correlation
coeflicients:

[

L
1 10
T x

10

Figure 36.7: r = 0.975. Figure 36.8: r = 0.821.

Thus, the scatter diagram should always be used in the interpretation of correlation, as
it not only shows the pattern trend between the variables, but it also reveals the existence
of any outliers which may have affected the value of r.

36.3.3 Correlation and Causation

A strong or perfect linear correlation between two variables does not necessarily imply one
directly causes the other; correlation does not imply causation.

36.4 Predicting or Estimating Using Regression Line

In statistical studies, when it is observed that a significant linear correlation exists between
two variables of study, best-fit lines or regression lines are often obtained in order to make
predictions or estimations relating to « and/or y. For bivariate data, there are two possible
regression lines that we can draw:

e regression line of y on z, or

e regression line of z on y.

36.4.1 Regression Line of y on x

Let (z;,y;) for i =1,...,n be a set of n observed data points.

Definition 36.4.1. The vertical residual, denoted v;, is the deviation between the actual
and predicted y-values.
v; = y; — (a + bx;)

for some constants a and b.

We can think of a vertical residual as the (signed) vertical distance between an observed
data point (x;,y;) and the line y = a + bx.
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Figure 36.9: The vertical residuals as vertical distances between actual and observed values.

Definition 36.4.2. The least-squares regression line of y on x is obtained by finding
the values of @ and b in y = a + bz that minimizes the sum of the squares of the vertical

residuals, S
n

S=3 vk =3y~ (a+bm)?.
=1 =1

The values of a and b that minimize S is called the least-squares estimates of a and b.
b is also sometimes called the regression coefficient.
The following result can be shown using functions of two variables (see ?? Problem 3):

Proposition 36.4.3. The regression line of y on x is given by y — 3y = b (z — T) where

po 2= (y—5) _>ay-n(@) @)
3 (x - 7)° > a? —n(z)”

Observe that the regression line of y on x passes through the mean point (z,7).

36.4.2 Regression Line of = on y

The regression line of x on y is similar. In this case, however, we are concerned with
horizontal deviations instead.

Definition 36.4.4. The horizontal residual, denoted h;, is the deviation between the
actual and predicted z-values.

hi = yi — (¢ + d;)
for some constants ¢ and d.

Analogous to v;, we can think of a horizontal residual as the (signed) horizontal distance
between an observed data point (z;,y;) and the line x = ¢ + dy.
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Figure 36.10: The horizontal residuals as horizontal distances between actual and observed
values.

Definition 36.4.5. The least-squares regression line of = on y is obtained by finding the
values of ¢ and d in x = ¢ + dy that minimizes the sum of the squares of the horizontal

residuals, S
n

S =31 =" lni — (c+dy)]*.
=1

i=1
Problem 1. The regression line of x on y is given by # — 7 = d (y — %), where
jo 2@ -y _Yry—n@ G
> (-9 > y?—n ()

As in the y on z case, we call d the regression coefficient. Note that 1/d, and not d, is
the gradient of the regression line. Observe that the regression line of x on y also passes
through the mean point (Z,7).

36.4.3 Determining Which Regression to Use

If there is an independent variable x, we use the regression line y on x regardless of whether
we are predicting or estimating y or x, and vice versa when y is the independent variable.

However, if there is no clear dependent-independent relationship, we determine the
independent variable based on the given value. For example, if we are given the value of z,
we use the regression line y on .

36.4.4 Interpolation and Extrapolation

Definition 36.4.6. An estimate is said to be an interpolation if it is within the given
range of values of data. Else, it is an extrapolation.

Extrapolation of the sample should be used with caution as the relationship between x
and y may not be linear beyond a certain point.

36.4.5 Reliability of an Estimate

There are three criteria we typically use when commenting on the reliability of an estimate:

e Appropriateness of the regression line used — The correct regression line should be
used for the estimate to be reliable.
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e Strength of linear correlation — |r| should be close to 1 for the estimate to be reliable.

e Interpolation or extrapolation — Interpolation is likely to give a more reliable estimate
than extrapolation.

For an estimate to be reliable, all three criteria should be satisfied. If at least one of the
criteria is not satisfied, we deem the estimate to be unreliable.

36.5 Transformations to Linearize Bivariate Data

The relationship between two variables involved, x and y, may not always be linear. Thus,
it would be inappropriate to use the regression lines relating to x and y to make estimations.
However, non-linear relationships can be transformed into a linear form by a process usually
called transformation to linearity. The table below shows some examples:

Original Equations | Transformed Equations | Linearly-related Expressions
y = a+ ba? - y vs z°
y = ab” Iny=Ina+zlnb Iny vs
y = ax? Iny=Ina+blnzx Iny vs Inx

Sometimes, we are given a scatter diagram and are tasked with comparing two or more
proposed models and determine which model is a better fit. In such a scenario, we simply
state which equation fits the shape of the scatter plot better. If there is more than one
possibility, we can compute the product moment correlation coefficient for each model and
“break the tie” by choosing the model with |r| closest to 1.

36.6 Bonus: A Probabilistic Approach to Linear Regression

In an ideal world, our variables will be exactly related by the model y = a + bx. However,
in the real world, whenever we observe a data point, our readings will contain some error
€, so our observations are actually modelled by y = a + bx + €. In real life, these errors
are caused by thousands of different factors. We can hence think of € as the sum of many
independent random variables. But by the Central Limit Theorem, it follows that € is

distributed normally, so
€~ N(O, 02).

Suppose now that we obtain an observation, (z;,y;). Since ¢ = y; — (a + bx;), the
probability of observing this data point is given by

Voro 202

If we make n independent observations, then the overall probability of observing all n data
points is simply the product of each individual probability:

a i — (a Ty 2
Pldata] = | | \/2%0 exp (_(yz (2;; b)) ) '
i=1

It is now natural to define the “best” model (y = a + bz) as the one that maximizes the
probability of observing our data. That is, we wish to find a and b that maximizes

T 1 (yi — (a + bx;))?
H V2o P <_ 202 ) '

i=1

— (a+ bzy))?
Pl(wi,9:)] = Ple = ei] = Ple = y; — (a + bwy)] = ! exp<—(yz o )
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Since the logarithm is monotonic, we can convert our objective function from a product
into a sum:

L )2 n L 12
argmaxlnH \/70' exp (_ (yi (;la-l; bx;)) ) _ argnblaxz (_ (i ((210—1; bx;)) ) 7

where we ignored the constant terms contributed by 1/v/27o since they do not affect the
location of the maxima. We can further ignore the 1/02 term since it is a constant factor.
Lastly, flipping the sign changes our objective into a minimization problem, so we get

argmln Z (a + bx;))?.

But this is exactly the objective of the least-squares regression line of x on y we introduced
earlier!

36.7 Bonus: r and Vectors

Suppose we have two sets of data, say z1,...,2, and y1,...,y,. Let T and y denote their
respective means. Recall that the product moment correlation coefficient r between these

two samples is given by
> (x - f) (v-79)

\/Z (-2 Y (-7

Observe that the definition of r resembles the definition of the cosine of an angle between
two vectors! Indeed, if we define

T =T y1—y
X = : and y= : ,
Lp — X Yn — Y
then we can simply express r as

X'y
TS EE

where 6 is the angle between the two vectors x and y.! Similarly, we can rewrite the

regression coefficients b and d vectorially:

Xy
2

and d= ﬂ.

b=
vl

x|
If we manipulate the above two expressions, we see that

Xy and d:ﬂ.

b=
x| vl

'We can think of these two vectors as the “deviation” between the sample data and their respectively means.
Indeed, it is not too hard to see that the sample variances are given by s% = T |x|> and 5% = L ly|>.

The scaled dot product ﬁ (x - y) also has a special name, called the “sample covariance”, typically
denoted s%y, so the product moment correlation coefficient can be expressed more succinctly as

2
_ SXy

Sx8y
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Now observe that the numerator of b is exactly the length of projection of y onto x.
Similarly, the numerator of d is exactly the length of projection of x on y.

That is to say, b measures the ratio between the vector projection of y onto x, and
similarly for d:

- length of projection of y onto x _length of projection of x onto y

d d=
length of x an length of y

This aligns with our intuition of b and d: If the two samples share a strong linear correlation,
we would expect the regression lines of y on « and x on y to be roughly the same. Indeed,
x and y are roughly multiples of each other, say x ~ Ay for some A, so

A b'4 1 1

bzm:w and d%u:—:bzf.

M [Ax| [ d
But b and 1/d represent the gradients of the regression lines of y on x and of x on y
respectively, so the two lines have roughly equivalent gradients, i.e. the two lines are
roughly the same.
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37 Mathematical Logic

Mathematics is a deductive science, where from a set of basic axioms, we prove more complex
results. To do so, we often restate a sentence into statements, which are mathematical
expressions. One important axiom that all statements obey is the law of the excluded
middle.

Axiom 37.0.1 (Law of the Excluded Middle). The law of the excluded middle states that
either a statement or its negation is true. Equivalently, a statement cannot be both true
and false, nor can it be neither true nor false.

37.1 Statements

37.1.1 Forming Statements

We call a sentence such as “x is even” that depends on the value of z a “statement about
x”. We can denote this statement more compactly as P(z). For instance, P(5) is the
statement “5 is even”, while P(72) is the statement “72 is even”, and so forth. We can
also write P(x) more compactly as P.

We now introduce some operations of statements, namely the negation, conjunction and

disjunction operations.

Definition 37.1.1. The negation of a statement P, denoted =P, is false when P is true,
and true when P is false. In a truth table,

T
F

F
T

Example 37.1.2. If P(z) is the statement “z is even”, then —P(z) is the statement “z is
odd”.

Definition 37.1.3. The conjunction of two statements P and @, denoted P A @, has
truth table

Ed

| PAQ |

PlQ
T[T
T|F
F|T
F|F

sl ieslReslle)

Example 37.1.4. If P is the statement “I like cats”, and @ is the statement “I like dogs”,
then P A @ is the statement “I like cats and dogs”.
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Definition 37.1.5. The disjunction of two statements P and @, denoted PV @, has truth
table

Example 37.1.6. If P is the statement “I like cats”, and () is the statement “I like dogs”,
then PV @ is the statement “I like cats or dogs or both”.

Proposition 37.1.7 (De Morgan's Law). Let P and @ be statements. Then
~(PAQ) = (P)V(=Q)

and
~(PVQ) <= (P)A(=Q).

Proof. Consider the following truth tables:

PlQIPAQ|PVQ | A(PANQ) | ~(PVQ) | =P | 2Q | (P)A(=Q) | (=P)V (=Q)
T|T| T T F F F | F F F
T|F| F T T F F | T F T
F|T| F T T F T | F F T
F|F| F F T T T[T T T

We see that the truth table of = (P A Q) is equivalent to that of (=P) V (=Q), thus the
statements are equivalent.

Similarly, the truth table of = (P V Q) is equivalent to that of (=P) A (@), thus the
statements are equivalent. O

Example 37.1.8. Let P be the statement “I like cats”, and @) be the statement “I like
dogs”. Then —(P A Q) is “It is not the case that I like both cats and dogs”, while
(=P) Vv (—-Q) is “I do not like cats, or I do not like dogs, or I do not like both”. Clearly,
the two statements are equivalent.

37.1.2 Conditional and Biconditional Statements

In this section, we examine how statements are linked together to form more complicated
statements. The first type of statement we will examine is the conditional statement.
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Definition 37.1.9. A conditional statement has the form “if P then @Q”. Here, P is the
hypothesis and @ is the conclusion, denoted by P = (). This statement is defined to
have the truth table

P =]
T

Q
T
F
T
F

=S| RSN e

F
T
T

In words, the statement P = ( also reads:
e P implies Q.
e P is a sufficient condition for Q).
e () is a necessary condition for P.
e P only if Q.
To justify the truth table of P = (@), consider the following example:
Example 37.1.10 (Conditional Statement). Suppose I say

“If it is raining, then the floor is wet.”

We can write this as P = (), where P is the statement “it is raining” and @ is the
statement “the floor is wet”.

e Suppose both P and @) are true, i.e. it is raining, and the floor is wet. It is
reasonable to say that I am telling the truth, whence P — (@ is true.

e Suppose P is true but @ is false, i.e. it is raining, and the floor is not wet. Clearly,
I am not telling the truth; the floor would be wet if I was. Hence, P = @ is
false.

e Suppose P is false, i.e. it is not raining. Notice that the hypothesis of my claim is
not fulfilled; I did not say anything about the floor when it is not raining. Hence, I
am not lying, so P = () is true whenever P is false.

Examples of conditional statements in mathematics include
o If |z — 1| < 4, then —3 <z < 5.
e If a function f is differentiable, then f is continuous.

We now look at biconditional statements. As the name suggests, a biconditional statement
comprises two conditional statements: P —> @ and Q = P. The conditional statement
is much stronger than the conditional statement.
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Definition 37.1.11. A biconditional statement has the form “P if and only if”, denoted
P <= (. This statement is defined to have the truth table

(PIQ[P =0

| = | A
| | =] H
| = =]

When P <= (@ is true, we say that P and @) are equivalent, i.e. P = Q.
An equivalent definition of P <= (@) is the statement
(P = @) and (Q = P).

This allows us to easily justify the truth table of P <— Q:

|

Q[P =Qle = P[P Q)

.
o T e
) Y Y I
]
Hmmﬂﬂ

Examples of conditional statements in mathematics include
e A triangle ABC is equilateral if and only if its three angles are congruent.

e ¢ is a rational number if and only if 2a + 4 is rational.

37.1.3 Quantifiers

We now introduce two important symbols, namely the universal quantifier (V) and the
existential quantifier (3)

Definition 37.1.12. Let P(z) be a statement about x, where x is a member of some set
S (i.e. S is the domain of z). Then the notation

Ve S, P(x)
means that P(z) is true for every x in the set S. The notation
Jr e S, P(x)

means that there exists at least one element of x of S for which P(z) is true.

Example 37.1.13. Let P(x) be the statement “z is even”. Clearly, the statement
Vr € Z, P(x)

is not true; not all integers are even. However, the statement
dr € Z, P(x)

is true, because we can find an integer that is even (e.g. = = 8).
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Note that a statement P(z) does not necessarily have to mention x. For instance, we
could define P(x) as the statement “5 is even”. Compare this with how a function f(x)
does not necessarily have to “mention” z, e.g. we could have f(z) = 5.

Proposition 37.1.14. The negation of a universal statement is an existential statement,

and vice versa.
- (Vx € D, P(z)) <= dxe€D,—-P(x).

Proof. We prove that the negation a universal statement is an existential statement.
Observe that a universal statement is equivalent to a conjunction of many statements:

Vee D, P(x) <= P(x1))ANP(x2)A...,
where D = {x1, z2,...}. Using De Morgan’s laws, we can easily negate the above statements:
- (Vzx e D, P(z)) <= —P(z1)V-P(za)V....
However, the last statement is equivalent to the existential statement
dr € D, - P(x).

Thus,
- (Vz e D, P(z)) <= dzxeD,-Px).

Using a similar argument, one can prove that the negation of an existential statement is
a universal statement, i.e.
-~ (Ix e D, P(x)) <= VYxeD,-P(z).
O

Example 37.1.15. Let D be the set of all students in a class, and let P(x) be “x likes
durian”. Then the statement Vx € D, P(z) reads as “everyone in the class likes durian”.
Intuitively, its negation would be “someone in the class does not like durian”, which we
can write as dx € D, = P(z).

37.1.4 Types of Statements

Most of the statements we will encounter can be grouped into three classes, namely axioms,
definitions and theorems.

Definition 37.1.16.
e An axiom is a mathematical statement that does not require proof.

e A definition is a true mathematical statement that gives the precise meaning of a
word or phrase that represents some object, property or other concepts.

e A theorem is a true mathematical statement that can be proven mathematically.

37.2 Proofs

Mathematical proofs are convincing arguments expressed in mathematical language, i.e. a
sequence of statements leading logically to the conclusion, where each statement is either
an accepted truth, or an assumption, or a statement derived from previous statements.
Occasionally there will be the clarifying remark, but this is just for the reader and has no
logical bearing on the structure of the proof.
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Definition 37.2.1. A proof is a deductive argument for a mathematical statement,
showing that the stated assumptions logically guarantee the conclusion.

There are three main types of proofs: direct proof, proof by contrapositive and proof by
contradiction.

37.2.1 Direct Proof

A direct proof is an approach to prove a conditional statement P = . It is a series of
valid arguments that starts with the hypothesis P, and ends with the conclusion Q.
As an example, we will prove the following statement:

Statement 37.2.2. For all n € Z*, both n and n? have the same parity.

Proof. Since n can only be either odd or even, we just need to consider the following cases:

Case 1. Suppose n is even. By definition, there exists some k € Z such that n = 2k.
Then

n® = (2k)* = 4k* = 2 (2k?) = 2a,

where a = 2k?. Since a is an integer, it follows from our definition that n? is even. Hence,
n and n? have the same parity.

Case 2. Suppose n is odd. By definition, there exists some h € Z such that n = 2h + 1.
Then

n?=(2h+1)> =4h® + 4h+1=2(2h* +2h) + 1 =2b+ 1,

where b = 2h% 4 2h. Since b is an integer, it follows from our definition that n? is odd.
Hence, n and n? have the same parity. ]

37.2.2 Proof by Contrapositive

Suppose we wish to prove P = (). Occasionally, the hypothesis P is more complicated
than the conclusion @), which is not desirable. In such a scenario, we can choose to prove
the statement via the contrapositive, i.e. prove that =) = —P. This typically simplifies
the proof, since our hypothesis =) is now simpler.

We now show the equivalence between P — @ and =) — —P.

Proposition 37.2.3. Let P and @ be statements. Then

P = Q <+— -Q = -P

Proof. Consider the following truth table:

PlQ|P=Q| Q| -P|-Q= —-P
T|T T F F T
T|F F T | F F
F|T T F T T
F|F T T | T T

Since P = @ and =) = —P have the same truth table, they are equivalent. [

As an example, we will prove the following statement using the contrapositive.

Statement 37.2.4. For any real numbers x and y, if 2%y + 3% < 30, then z < 2 or y < 3.

Proof. Since the hypothesis is much more complicated than the conclusion, we are motivated
to use the contrapositive.

Suppose = > 2 and y > 3 (this is the negation of z < 2 or y < 3). Then 2%y > (2)2(3) = 12
and zy? > (2)(3)? = 18. Thus, 2%y + 2y?> > 12 + 18 = 30. (this is the negation of
22y + xy? < 30). Thus, by the contrapositive, the statement is true. O



37.2 Proofs 291

37.2.3 Proof by Contradiction

A proof by contradiction is a proving technique where we want to prove that a statement
is true by assuming that it is false, and arrive at a contradiction. That is, to prove a
statement P, we can

1. Assume —P.
2. Derive a contradiction, or absurdity.
3. Conclude that —P is false, which implies P is true.

A classic example of a proof by contradiction is the irrationality of v/2.

Statement 37.2.5. /2 is irrational.

Proof. Seeking a contradiction, suppose /2 is rational. Write v/2 = a/b, where a and b
are coprime integers with b £ 0. Squaring, we get

a2

2 2
2= 72 = a” = 2b°. (1)
Thus, a? is even, which implies @ is even. Hence, a = 2k for some integer k. Substituting
this back into (1), we get
(2k)? = 2v* = b* = 2k?,

whence b? is even, which implies b is also even. Thus, both a and b have a factor of 2,
contradicting our assumption that @ and b are coprime. Thus, our assumption that /2 is
rational is false, whence v/2 is irrational. O

37.2.4 Induction
Induction is typically used to prove statements of the form “P(n) is true for all n € Z*”.
There are several variants of induction.

Principle of Mathematical Induction

The basic form of mathematical induction requires two steps:

e Showing that P(0) is true, and

e Proving that P(k) = P(k+ 1) for some k € Z*.

With these two statements, we see that
P(0) = P(1) = P(2) = PB3) = ...,

i.e. P(n) is true for all n € Z*.

Of course, the base case need not always be n = 0. If we wish to prove that P(n) holds
forn=m,m+1,m+ 2,... for some integer m, our base case becomes n = m, so we have
to verify that P(m) holds.

Intuitively, we can think of induction as a ladder. The base case acts as the first rung,
while the statement P(k) = P(k + 1) enables us to climb the ladder rung by rung.

A classic example of an inductive proof is to verify that the first n natural numbers sum
ton(n+1)/2.
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Statement 37.2.6. For n a natural number, 1 +2+---+n=n(n+1)/2.

Proof. Let P(n) be the statement 1 +2+---+n =n(n+ 1)/2. We induct on n.

The base case P(1) is trivial, since 1 = (1)(2)/2. Suppose that P(k) holds for some
natural number k. Consider the sum of the first £ + 1 natural numbers. By our induction
hypothesis, we see that

k(k+1)
2

k+1)((k+1)+1)
5 ,

1424 4k+(k+1)= +(k+1):(

so P(k + 1) also holds. By the principle of mathematical induction, it follows that P(n)
holds for all natural numbers n. O

Principle of Strong Induction

Another common variant of induction is strong induction. Like before, it involves showing
two steps:

e Showing that P(0) is true, and

o If P(0), P(1), ..., P(k) are true, then so is P(k + 1).

Here, the inductive step is replaced with a stronger hypothesis that requires all the terms
before P(k + 1) to be true, as demonstrated in the following example:
Statement 37.2.7. All integers greater than 1 are either a prime or a product of primes.
Proof. Let P(n) be the statement “n is either a prime or a product of primes”. We induct
on n. The base case n = 2 is trivial (2 itself is a prime). Now suppose P(2) to P(k) are
true for some integer k > 2. If k 4 1 is prime, then P(k + 1) is trivially true. Else, k + 1
must be composite, so we can write k+ 1 = ab, for some 2 < a,b < k. But by our induction

hypothesis, both a and b are either primes or a product of primes, hence ab itself is a
product of primes, so P(k + 1) is true. This closes the induction. O

We can also use multiple base cases for strong induction:

e Showing that the base cases P(0), P(1), ..., P(m) are true, and

e Proving that if P(k), P(k+1), ..., P(k +m) are true, then P(k +m + 1) is true.

All Horses are the Same Colour

Caution must be exercised when proving a statement inductively. Consider now the
following “proof” that purports to show that all horses share the same colour.

Statement 37.2.8. All horses are the same colour.
Proof. Let P(n) be the statement “A group of n horses have the same colour”. We induct

on n. P(1) is trivial. Suppose that P(k) is true for some integer £ > 1. Consider now a
group of k£ + 1 horses.

e First, exclude horse £ + 1. Horses 1 to k are a group of k horses, so by our induction
hypothesis, they must all be of the same colour.

e Next, exclude horse 1. Horses 2 to k + 1 form another group of k horses, so they
must also all be of the same colour.
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Hence, horse k + 1 must have been the same colour as the non-excluded horses, i.e. all £+ 1
horses share the same colour, so P(k + 1) holds. Thus, by the principle of mathematical
induction, P(n) is true for all integers n > 1, so all horses are the same colour. O

Of course, we know that the claim is wrong, so we must have made an error somewhere
in the proof. As an exercise, find the flaw in the proof. (Hint: consider the inductive step
P(l) = P(2).)

37.2.5 Counter-Example

In the case where we wish to prove a statement false, we can find a counter-example. In
providing a counter-example, it must fulfil the hypothesis, but not the conclusion. That is,
to show that P = (@) is false, we must show that P is true but @ is false.

Example 37.2.9 (Counter-Example). Consider the statement c | ab, then ¢ | a or ¢ | b,
where a, b, c € Z. We can easily find a counter-example to this statement, e.g. a = 3 x 37,
b=7x37,¢c=3xT.
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38 Number Theory

38.1 Congruence

Definition 38.1.1. Let two integers a and b (with b # 0). If there exists some integer n
such that a = bn, we say

e b divides a, and
e ¢ is divisible by b.

We write this as b | a.

Proposition 38.1.2. For a,b,c € Z,if a | b and a | ¢, then a | (b £ ¢).

Proof. From our definition, we there exists integers z and y such that b = ax and ¢ = ay.
Hence,
btc=artay=a(zxty).

Since x £+ y is an integer, a | (b =+ ¢). O

Definition 38.1.3 (Congruence Modulo). Let a,b,n € Z with n > 0. We say that a is
congruent to b modulo n, denoted as

a=b (modn),
iff n divides a — b. Equivalently, a = b + nk for some k € ZZ.

Example 38.1.4. 25 = 7 modulo 3 since 25 — 7 = 18 is a multiple of 3.

Proposition 38.1.5 (Congruence is an Equivalence Relation). Let a,b,n € Z.
e Congruence is reflexive, i.e. a = a modulo n.
e Congruence is symmetric, i.e. if a = b then b = a (modulo n).

e Congruence is transitive, i.e. if a = b and b = ¢, then a = ¢ (all modulo n).

Proof. Trivial. O

Proposition 38.1.6. For all integers a,b, ¢, d, k,n, with n > 1, suppose a = b (mod n)
and ¢ = d (mod n). Then

e atc=b+d (mod n).

e a-c=b-d (mod n).

a+k=0b+k (modn).
e ka = kb (mod n).

e o =b" (mod n) for all m € Z*.



38.1 Congruence 295

In other words, congruence modulo preserves addition, subtraction, multiplication, and
exponentiation. Take not that congruence modulo does NOT always preserve division.
That is, if ¢ | a and d | b, it is not always true that

(mod n).

a
Cc

ISHIRS)

We now state an important result that formalizes our notion of remainders when dividing
integers.

Lemma 38.1.7 (Euclid’s Division Lemma). Let n € Z*. Then for any m € Z, there exists
a unique integer r with 0 < r < n such that

m=r (mod n).
Equivalently, there exists an integer ¢ such that
m=qn-+r.

We will prove this statement for m,n > 0. We can take m > n since if 0 < m < n, we can
simply take ¢ =0 and r = m.

Proof. We prove that such an r exists, and show that it must be unique.

Existence. Let ¢ be the largest number such that m > ng and let r = m — ng > 0.
Seeking a contradiction, suppose r > n, i.e. r =n +d for d > 0. Then

m=ng+r=ng+ (n+d) =n(g+1)+d>n(g+1),

contradicting the maximality of . Hence, 0 < r < n, i.e. r exists.

Uniqueness. Suppose there exist r1, o, with 0 < 71,79 < n such that
m=qn-+7ry=qn-+re.

Then r; = (g2 — ¢1)n + r2. Since 0 < 71,79 < n, we must have r; = ry. Hence, 7 must be
unique. This concludes the proof. O

Lemma 38.1.8 (Euclid's Lemma). Let p be prime. If p divides ab, then p divides a or p
divides b.

Proof. Let
k l
a:Hp?ia b:Hq;nja
i=1 j=1

where p; and ¢; are primes, while n; and m; are positive integers. Then

k l
plab=TTr [Td"
=1 j=1

By the uniqueness of prime decomposition, either p = p; for some i = 1,...,k (in which
case p | a), or p = ¢; for some j = 1,...,0 (in which case p | b). Hence, either p | a or
p|b. O
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Theorem 38.1.9. There are infinitely many primes.

Proof. Seeking a contradiction, suppose there are finitely many primes p1, po, ..., pn. Con-
sider

a=pipa-...-pn+ 1.
Since a > p1,po, ... pn, by our hypothesis, a cannot be a prime, i.e. a is composite. Hence,
it must have a prime factorization. Without loss of generality, suppose p; be a prime factor
of a. Then p; | a. However,

prla—1=pip2...pn
too. Hence, by divisibility rules, p; must divide the difference between a and a — 1, i.e.
prlla—(a—1)]=1,

which implies that p; = 1. This is a contradiction, since 1 is not a prime. Thus, there must
be infinitely many primes. O
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